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PREFACE 


The  preparation  of  this  work  on  arithmetic  was  under- 
taken by  me  only  after  much  urging  from  many  sides.  It 
would  seem  that,  while  much  time  is  given  to  this  subject 
in  our  High  Schools,  the  results  are  not  what  might  be 
expected.  I  have  thought  that  if  less  time  were  given  to 
the  solving  of  strange  and  artificial  problems  and  more  to 
the  theory  of  the  subject  and  to  the  careful  working  out  of 
normal  problems,  the  subject  would  have  a  higher  value 
educationally  and  practically.  Students  would  be  better 
prepared  for  dealing  with  such  problems  as  present  them- 
selves later,  when  they  are  called  upon  actually  to  apply 
their  knowledge.  On  this  account  I  have  given  much 
attention  to  the  theory  of  the  subject,  and  to  methods  of 
computation. 

The  chapters  on  commercial  applications  are  somewhat 
concise,  the  object  being  to  avoid  the  confusion  too  often 
caused  by  the  presentation  of  details. 

Chapters  on  Series  and  Logarithms  have  been  introduced. 
The  difficulties  connected  with  these  parts  of  the  subject 
are  not  great,  certainly  not  so  great  as  are  often  found  in 
pointless  problems,  and  in  overcoming  these  difficulties  the 
student  will  feel  that  he  is  making  progress.  Further,  a 
knowledge  of  Series  makes  it  possible  to  treat  the  subject 
of  Annuities  in  a  direct  and  natural  manner  and  allows  the 
student  to  grasp  the  full  significance  of  the  recurring 
decimal.  It  is  not  necessary  to  refer  to  the  practical  value 
of  a  knowledge  of  Logarithms. 

5"// 
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While  the  responsibility  for  the  plan  and  the  treatment 
of  the  subject  necessarily  rests  upon  me,  I  am  under  obli- 
gations to  many  friends.  In  particular,  I  wish  to  offer  my 
thanks  to  Dr.  Glashan  of  Ottawa  and  to  Dr.  McDonald  of 
the  University  of  California  for  helpful  advice  and 
suggestive  criticism.  To  Dr.  Goggin  of  The  Canada 
Publishing  Company  I  also  owe  much;  to  his  sound  judg- 
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INTRODUCTION 


Arithmetic  is  the  science  of  number.  The  source  of 
number  is  to  be  found  in  the  question,  How  many?, 
asked  with  respect  to  a  collection  of  objects  admitting  a 
common  name.  The  answer  to  this  question  is  a  number. 
Originating  in  this  way,  number  soon  offers  itself  as  a 
measure  of  quantity.  For  example,  if  a  length,  call  it 
one  foot,  be  chosen  as  unit,  i.e.,  a  standard  with  which 
to  compare  other  lengths,  and  if  a  second  length  contains 
the  unit  five  times,  the  measure  of  the  latter  length  is 
said  to  be  five.  The  length  itself  is  five  feet.  The  num- 
ber five  is  here  an  abstraction  reached  through  comparing 
the  two  lengths  in  the  waj-  indicated  ;  it  gives  the  ratio  of 
the  latter  length  to  the  unit.  In  the  quantity  five  feet 
there  appear  two  elements,  one  foot, — the  unit, — and  the 
number  five, — the  measure.  Hence  a  quantity  is  defined 
when  the  unit  and  the  measure  are  given. 

Arithmetic  investigates  the  relations  among  numbers 
and  the  operations  on  and  with  them.  When  physical 
quantities  admit  measurement,  relations  among  the  num- 
bers which  are  their  measures,  reveal  facts  about  the  actual 
quantities,  and  arithmetic  finds  practical  applications. 

In  dealing  with  numbers  a  first  requisite  is  a  numera- 
tion or  a  system  of  names.  The  reader  is  ah-eady  familiar 
with  the  system, 

one,  two,  three,    .     .     .    ten,    .     .     .    hundred,   .     .     . 

and  with  the  special  part  played  in  it  by  the  number  ten. 
The  next  need  is  a  notation  or  method  of  writing  number.s. 
The  reader  is  acquainted  also  with  the  symbols  or  figures, 

1,  2,  3,     .     .     .     9, 
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employed  to  denote  one,  two,  three,  .  .  .  nine,  and 
with  the  decimal  notation  in  which  these  nine  symbols  or 
digits,  combined  with  the  sjnnbol  0  (read  zero  or  nought), 
serve  to  denote  larger  numbers.  For  example,  4305  means 
four  thousand,  three  hundred,  no  tens  and  five,  or  four 
thousand,  three  hundred  and  five.  Here  the  4,  say,  has  an 
intrinsic  value,  four,  and  a  value  due  to  its  place,  the  com- 
plete value  appearing  in  the  expression  four  thousand. 

A  numeration  and  a  notation  being  accepted,  the 
student  is  ready  to  make  a  study  of  the  processes  of  arith- 
metic and  to  apply  the  results  to  practical  ends.  In  the 
treatment  of  the  subject  that  is  to  follow  it  will  be  assumed 
that  the  reader  already  possesses  a  knowledge  of  the 
elementary  processes,  so  that  the  chief  concern  will  be  the 
presentation  of  the  theory  of  arithmetic  and  the  applica- 
tion to  problems  of  its  operations  and  results. 

The  plan  folloAved  may  be  briefly  sketched.  In  Part  I 
is  given  a  connected  elementary  treatment  of  the  ordinary 
theory.  Part  II  deals  with  applications  which  afford  a 
certain  training  and  which  in  the  main  can  be  described  as 
of  practical  use.  In  Part  III  appear  certain  developments 
and  more  difficult  applications,  an  acquaintance  with  which 
is  to  be  supposed  in  one  who  may  wish  to  become  a  teacher 
of  the  subject. 


PART  I 

THE  SIMPLER  THEORY 


CHAPTER  I 
THE   SIMPLE  RULES 

1.  Addition.  In  one  bag  suppose  there  are  5  marbles 
and  in  another  4  ;  suppose  also  that  we  wish  to  know  how 
many  marbles  there  are  in  the  two  bags.  By  counting  it  is 
found  that  there  are  9 ;  we  have  found  a  sum  or  made  an 
addition.  The  5  marbles  and  the  4  marbles  are  addends 
and  their  sum  is  9  marbles.  We  may  now  say  that  the  sum 
of  $5  and  $4  is  $9,  or,  passing  to  numbers,  that  the  sum  of 
5  and  4  is  9.     In  symbols,  this  is  written 

5+4  =  9. 

The  sign  of  addition  +  is  called  plus,  and  the  relation 
5-f-4  =  9  is  read^i'e  plus  four  equal  nine. 

In  the  same  way  we  may  have  the  sum  of  several 
quantities  or  numbers.     For  example, 

$3+$9+$12+$23=$47; 
8+4+7+9  =  28. 

For  the  addition  of  several  numbers  the  following  laws 
can  be  seen  to  hold  in  any  given  case : 

(1.)  The  sum  is  not  affected  by  any  change  in  the  order 
of  the  terms. 

Ex.  5+9+7  =  5+7+9  =  9+5+7=21. 
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(II.)  The  terms  may  be  grouped  into  partial  sums  with- 
out affecting  the  result. 

Ex.  5+7+3+8=  (5+7)  +  (3+8)  =12+11=23. 

Of  the  truth  of  these  laws  we  are  at  once  satisfied,  but 
it  would  be  out  of  place  here  to  raise  the  question  of  a 
proof. 

The  appearance  of  zero  as  an  addend  has  no  effect  on 
the  sum.     In  symbols, 

7+0=7=0+7. 

In  the  case  of  the  addition  of  several  quantities,  the 
units  must  be  the  same,  if  the  total  is  to  be  given  as  one 
sum. 

2.  Multiplication.  Suppose  that  in  an  addition  all  the 
addends  are  the  same  as  in  7+7+7+7=28.  Here  we  say 
that  there  are  four  sevens,  or  that  7  is  taken  four  times. 
Hence  4  times  7  make  28  and  this  fact  is  written 

7X4=28,  or  7.4=28. 

We  have  performed  the  multiplication  of  7  by  4  ;  7  is  the 
multiplicand,  4  the    multiplier,  and  28  the  product. 

Plainly  also  $7X4  =  $28.  Hence  in  a  multiplication  the 
multiplicand  may  be  either  a  number  or  a  quantity ;  the 
multiplier  however  is  a  number,  indicating  how  many  times 
the  multiplicand  is  to  be  taken.  If  the  multiplicand  is  "a 
number  the  product  is  a  number;  if  it  is  a  quantity  the 
product  is  a  quantity  measured  by  the  same  unit. 

We  pass  easily  to  the  idea  of  the  product  of  several 
numbers.  For  example  3X7X5  is  to  be  understood  as 
meaning  that  3  is  to  be  multiplied  by  7  and  the  result 
multiplied   by    5,   so    that   the   product   is   21X5  or  105. 

For  the  product  of  several  numbers,  the  following  laws 
are  seen  to  hold  in  any  given  case : 


THE   SIMPLE    RULES  5 

(I.)  The  product  is  not  affected  by  any  change  in  the 
order  of  the  factors. 

Ex.   3X7X5  =  3X5X7  =  7X3X5  =  105. 

(II.)  The  factors  may  be  collected  into  groups  without 
affecting  the  result. 

Ex.  2X5X7X3=(2X5)X(7X3)=10X21  =  210. 

(III.)  The  product  of  the  sum  or  the  difference  of  two 
numbers  and  a  third  number  is  equal  to  the  sum  or  the 
difference  of  the  products  of  each  of  the  two  numbers  and 
the  third  numher. 

Ex.   (7-5)X3=(7X3)-(5X3)=21-15  =  6. 

As  in  the  case  of  addition,  we  are  at  once  satisfied  of  the 
truth  of  these  statements,  but  the  question  of  the  proof  is 
not  raised. 

If  zero  occurs  as  a  multiplicand  or  as  a  multiplier  the 
product  is  zero.     In  sjTnbols, 

oxii=o=iixa. 

If  a  quantity  is  multiplied  by  several  numbers  in  succes- 
sion, the  quantity  must  be  retained  as  the  multiplicand  ; 
the  remaining  factors  may  be  taken  in  any  order. 

3.  SubtFECtion.  The  addition  of  19  and  13  yields  the 
sum  32.  This  result  furnishes  also  an  answer  to  the  two 
equivalent  questions  : 

(i)    ^V}lat  number  added  to  19  ivill  give  the  number  32  f 
{2)  If  19  be  taken  from  32  what  number  remains  f 
The  answer  is  13,  and  this  fact  is  written 
32-19  =  13. 

The  process  of  finding  such  a  number  is  called  sub- 
traction. 
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The  sign  of  subtraction  —  is  called  minus,  and  the 
relation  32  —  19  is  read  thirty-two  minus  nineteen  equals 
thirteen. 

Plainly,  then,  subtraction  is  the  inverse  of  addition . 
lu  the  subtraction  just  made  32  is  called  the  minuend, 
19  the  subtrahend,  and  13  the  remainder  or  the  dif- 
ference. 

The  minuend  is  not  to  be  less  than  the  subtrahend.  In 
the  subtraction,  8—8,  the  remainder  is  0,  in  accordance 
with  the  relation  8+0=8. 

In  the  subtraction  of  quantities,  as  in  their  addition,  the 
same  unit  must  be  employed  in  the  statement  of  the 
quantities. 

4.  Division.  The  multiplication  of  13  and  17  yields 
the  product  221.  This  result  furnishes  also  answers  to 
the  questions  : 

{l)    What  must  13  he  multiplied  by  to  give  the  product 

221  ? 

{2)  What  number  multiplied  by  17  will  give  the  product 
221? 

The  answer  to  (l)  is  17,  to  (2)  is  13.  Since  13X17 
=  17X13,  the  two  questions  are  seen  to  be  essentially  one, 
which  may  be  stated  in  general  terms  thus  :  Given  the 
product  of  two  numbers,  and  one  of  the  numbers,  ivhat  is  the 
other  number  f  The  process  of  finding  this  number  is 
called  division.  Thus  division  is  the  inverse  of  multiplica- 
tion. 

The  divisions  just  made  are  written  in  symbols  thus  : 

221-M3  =  17,  or  W=17; 

221^17  =  13.  or  VV=13. 
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In  the  division  221-M3=17,  221  is  called  the  dividend, 
13  the  divisor,  and  17  the  quotient,  i.e.,  the  number 
telling  how  many  times  13  is  contained  in  221. 

If  the  original  multiplication  is  concerned  with  quantity 
as  in 

$13X17 =$221, 

the  two  inverse  problems  implied  in  questions  (i)  and  (2) 
yield  two  distinct  interpretations.  First,  $221-^$13=17 
means  that  $13  is  contained  in  $221  seventeen  times. 
Next,  $221  ^17 =$13  means  that  the  one-seventeenth  part 
of  $221  is  $13.  It  is  plain  that  either  of  these  results 
follows  from  the  other  ;  further,  since  they  both  follow  at 
once  from  the  relation,  13X17=221,  (among  the  numbers 
13,  17,  221),  there  is  at  bottom  only  one  process. 

The  two  interpretations  may  be  illustrated  by  the 
following  simple  problems  : 

(1)  How  many  yards  of  cotton  at  9  ct.  a  yard  may  be  bought  for 
63  ct? 

Here,  for  every  time  9  ct.  is  contained  in  63  ct.  one  yard 

may  be  bought. 

The  number  of  times  9  ct.  is  contained  in  63  ct. 

63  ct       „ 

.'.  1  yd.  may  be  bought. 

(2)  If  7  yd.  of  cotton  cost  63  ct.,  find  the  cost  of  1  yd. 

Here,  7  yd.  cost  63ct.  ; 

1  yd.  is  the  one-seventh  part  of  7  yd.  ; 
,".  cost  of  1  yd.  =  one-seventh  of  the  cost  of  7  yd., 

Since  the  product  of  0  and  any  number  is  0,  it  is  plain 
that  a  division  by  0  is  without  meaning.  Hence  division 
by  zero  is  not  an  admitted  operation. 
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The  operations  of  addition,  subtraction  and  multiplica- 
tion, as  explained,  can  always  be  performed  ;  that  is,  the 
results  are  always  numbers  or  quantities  of  the  same  kind 
as  those  appearing  in  the  operations.  That  this  is  not  true 
of  division  is  shown  by  the  following  example  : 

Ex.  If  3  yd.  of  cotton  cost  25  ct,  find  the  cost  of  1  yd. 

The  cost  of  1  yd.  is  one-third  of  25  ct. 
The  formal  division  is  : 

3)25ct.(8ct. 
24  ct. 
1  ct. 

Hence  the  cost  is  8  ct.  and  one-third  of  1  ct.  ;  the  division  of 
the  number  1  by  3  can  only  be  indicated  and  the  result  of  the 
division  of  1  ct.  by  3,  namely,  one-third  of  1  ct.,  we  denote  by 
\  ct.  The  cost  of  1  yd.  is  then  S\  ct.,  which  is  read  eight  and 
one-third  cents. 

The  result  in  the  example  just  considered  involves  the 
quantity  \  ct.  The  unit  of  money  here  is  one  cent,  and  \, 
serving  to  measure  the  quantity  \  ct.,  we  shall  call  a 
number.  Such  a  number  will  be  called  a  fractional 
numbep,  or  simply  a  fraction,  to  distinguish  it  from  those 
previously  occurring  which  will  be  called  integ^ral  numbers 
or  integers. 

Consider  next  the  example  : 

Ex.  If  3  lbs.  of  sugar  are  worth  17  ct.  find  the  value  of  1  lb 

As  before  we  denote  the  result  by  5|  ct.,  Avhich  is  read 
five  and  two- thirds  cents,  and  for  the  same  reason  f  is 
called  a  fraction. 

In  a  formal  division  as 

3)17(5 
15 

9 
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we  may  say  that  the  quotient  is  5f ,  or,  if  we  wish  to  avoid 
fractions,  that  the  quotient  is  5  and  the  remainder  is  2. 
It  is  to  be  noted  that  the  divisions 

$15  ^     15  yd.   ^     15  tens  ^     15  ^ 
$3  '       3  yd.  '      3  tens  '      3  ' 
all  yield  the  same  quotient  5. 

5.  Powers.  A  product  as  7X7X7X7  is  generally 
written  7*.  This  number  is  called  the  fourth  power  of  7 
and  is  read  seven  to  the  fourth.  The  number  4,  indicat- 
ing how  many  times  the  factor  occurs,  is  called  the  index 
of  the  power,  or  the  exponent.  Usually  7%  7%  are  read 
seyen  squared,  seven  cubed  and  called  the  square  of 
seven,  the  cube  of  seven. 

It  is  easy  to  shew  that 

(1)  7^X7^=7''+'=7\ 

(2)  3*'-^3'=3^^-''=3*, 

(3)  (5^)'=5^"''=52\ 

The   reasoning   employed    in    proving    these   relations   is 
general  and  we  may  state  the  following  laws  of  indices: 

(J.)  The  product  of  two  poivers  of  the  same  number  is  a 
power  of  that  number  whose  index  is  the  sum  of  the  indices 
of  those  powers. 

{II.)  The  quotient  of  the  poiver  of  a  number  by  a  power 
of  that  number  of  lower  index  is  a  power  of  tJuxt  number 
whose  index  is  the  difference  of  the  indices  of  those  poivers. 

(HI.)  A  power  of  a  number,  raised  to  any  power,  is  a 
power  of  that  number  whose  index  is  the  product  of  the 
indices  of  those  powers. 

6.  Important  Theorems.  The  following  theorems  are 
given  formal  statement  because  of  the  frequent  use  made 
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of  them.     Thej'  are  implied  iu  the  meanings  we  attach  to 
the  simple  rules  and  may  be  verified  in  any  given  case. 

(I.)  If  equals  are  added  to  or  subtracted  from  equals  the 
wholes  or  the  remainders  are  equal. 

{II.)  If  equals  are  multiplied  or  divided  hy  equals  the 
products  or  quotients  are  equal. 

{III.)  If  the  multiplier  is  multiplied  or  divided  by  any 
number  the  product  is  multiplied  or  divided  by  that  number, 

{IV.)  If   the  divisor  is   multiplied   or  divided  by  any 
number  the  quotient  is  divided  or  multiplied  by  that  number. 

Exercises. 

1.  Shew  that  the  number 

137594 

may  be  read,   one  thousand  three   hundred    and    seventy-five 
himdred  and  ninety-four. 

Give  other  ways  of  reading  the  number. 

2.  Explain  the  successive  steps  in  the  subtraction 

30045 
13789 
16256 

3.  Write  out  an  explanation  of  the  multiplication 

5389 

2037 

37723 

16167 

10778 

10977393 

4.  Perform  the  multiplication 

537892X441639 
employing  only  three  partial  multiplications. 
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5.  Shew  that 
47325=9999X4+999X7-f-99X3+9X2+(4+7+3-f2+5). 

Hence  shew  that  if  this  number  is  divided  by  9  the  remainder  is 
the  same  as  when  the  sum  of  its  digits  is  divided  by  9. 

Is  this  statement  general  ?  If  so,  offer  reasons  for  its  genera 
acceptance. 

If  the  following  numbers  are  divided  by  9  find  tlie  remainders 
in  each  case  : 

37259,     493825,     671238, 
75416,     275983,     439647. 

6.  When  53824  is  divided  by  9  the  remainder  is  4  and  when 
49875  is  divided  bj'  9  the  remainder  is  6  ;  shew  that  when  the 
product  53824  X  49875  is  divided  by  9  the  remainder  is  the  same 
as  when  tlie  product   4X6  is  divided  by  9  and  is  therefore  0. 

7.  A  person  finds  48011798  as  the  product  of  8734  and  5497; 
shew  without  multiplying  that  he  is  in  error. 

8.  3794324  =  100X37943  +  24.  Now  100X37943  being  an 
integral  number  of  hundreds  is  divisible  by  4  ;  24  is  also  divisible 
by  4.     Thus  the  original  number  is  divisible  by  4. 

What  conclusion  is  to  be  drawn  from  this  ? 

In  a  similar  way  obtain  the  following  results : 

(a)  A  number  is  divisible  by  8  if  the  number  given  by  its 
last  three  digits  is  divisible  by  8. 

(6)  A  number  is  divisible  by  5  if  the  number  given  by  its 
last  digit  is  divisible  by  5,  i.e.,  if  the  last  digit  is  0  or  5. 

(c)  A  number  is  divisible  by  2  if  the  number  given  by  its 
last  digit  is  divisible  by  2. 

{d)  A  number  is  divisible  by  25  if  the  number  given  by  its 
last  two  digits  is  divisible  by  25. 

(e)  A  number  is  divisible  by  125  if  the  number  given  by  its 
last  three  digits  is  divisible  by  125. 

9.  Obtain  the  quotients  in  the  following  cases  without 
dividing : 

(1)  37475-25,  (2)  537625-125,  (3)  376-2,   (4)  7395-5. 

10.  Obtain  the  following  products  hj  a  simple  division : 
(1)  5937X5,  (2)  39587X25,  (3)  473967X125. 
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11.  Formulate  laws  for  subtraction  and  division  analogous 
to  those  stated  for  addition  and  multiplication,  indicating  any 
limitations. 

12.  How  many  integers  between  1  and  300  are  exactly 
divisible  by  13  ? 

13.  How  many  integers  between  200  and  400  are  exactly 
divisible  by  29  ? 

14.  What  is  the  least  number  which  (1)  added  to,  (2)  sub- 
tracted from,  3597  will  give  a  result  divisible  by  37  ? 

15.  Shew  that  there  is  no  essential  difference  between  simple 
addition  and  compound  addition. 

Compare  the  other  simple  and  compound  rules. 

16.  What  number  divided  by  1293  will  give  37  as  quotient 
and  597  as  remainder  ? 

17.  Divide  75382  by  63  employing  two  short  divisions, 
explaining  how  the  remainder  is  found. 

18.  Divide  89372154  by  693  employing  short  divisions  only, 
explaining  how  to  find  the  remainder. 

19.  The  cost  of  7  yds.  of  cotton  at  5ct.  a  yd.  is  5ct.X7  or  35ct. 
Shew  that  this  may  be  regarded  in  such  a  way  as  to  give  for 
result  7ct.X5  or  35ct. 

20.  Shew  that  by  repeated  divisions  by  7  the  number  76598 
may  be  expressed  in  the  form, 

4X75+3X7*+6X73+2X72+lX7+4 
i.e.,    4.75+3.7*+6.73+2.72+1.7+4. 

Here  no  digit  higher  than  7  is  employed.     The  given  number  is 
said  to  be 

436214 

in  the  scale  of  seven,  just  as,  for  example,  3725  in  the  ordinary 
scale  of  10  means 

3.103+7.102+2.10+5. 

21.  Shew  that  14326  in  the  scale  of  seven  is  equal  to  30124  in 
the  scale  of  6. 
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CHAPTER  II 
MEASURES   AND    MULTIPLES 

1.  Measures  or  Factors,  and  Multiples.     When  one 

number  is  contained  an  integral  number  of  times  in 
another,  the  former  is  a  measure  or  factor  of  the  latter ; 
the  latter  is  a  multiple  of  the  former.  For  example,  5 
is  a  factor  of  15  ;  it  may  be  employed  to  measure  15,  for 
15  =  3  fives  ;   also  15  is  a  multiple  of  5. 

In  this  chapter  the  word  factor  or  measure  will  mean 
integral  factor  or  measure,  and  divisible  will  mean  exactly 
divisible. 

A  number  which  has  no  other  factor  than  itself  and 
unity  is  a  prime  number  or  a  prime.  A  number  which 
has  factors  other  than  itself  and  unity  is  a  composite 
number. 

A  composite  number  can  always  be  represented  as  a  pro- 
duct of  prime  numbers. 

Ex.  15561  =  5187X  3  =  1729  X3X3  =  247X7X3X3=:19X 
13X7X3X3. 

It  is  plain  in  any  given  ease    that  : 

A  composite  number  can  be  expressed  as  a  product  of 
prime  factors  in  only  one  ivay. 

A  formal  proof  of  this  theorem  is  not  here  offered. 

The  truth  of  the  following  theorem  is  also  readily  seen : 

A  composite  number  is  divisible  by  every  number  formed 
by  miiltipltjing  together  any  two  or  more  of  its  prime  factors; 
imity,  the  prime  factors  themselves,  and  all  the  numbers  that 
can  be  this  formed  make  up  all  the  factors  of  the  number. 
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In  the  case  of  very  large  numbers  a  great  many  trials 
may  be  necessary  to  determine  whether  or  not  the  number 
is  composite,  and  the  resolution  into  factors  may  be  a 
tedious  operation. 

The  multiples  of  a  number  are  formed  by  multiplying  it 

by  1,   2,  3,  4, ;     these    are    called    the    first,   the 

second,  the  third, multiples  of  the  given  number. 

Manifestly  the  number  of  such  multiples  is  unlimited. 

2.  Common  Measures.  The  numbers  15  and  35  written 
as  products  of  prime  factors  are  5X3  and  5X7.  Thus  5  is  a 
common  factor  or  a  common  measure  of  15  and  35. 
B\*  what  has  been  seen,  it  is  the  only  common  measure, 
other  than  1,  of  these  numbers. 

Next  take  the  numbers  60  and  84.  Written  as  pro- 
duets  of  prime  factors  these  are  2X2X3X5,  2X2X3X7. 
Then  all  the  common  measures  of  60  and  84  are  seen  to  be 
1,2,3,2X2,3X2,3X2X2.  Of  these  3X2X2  or  12  is 
the  grreatest  common  measure.    It  is  evident  then  that: 

All  the  common  measures  of  tico  numhers  are  factors  of 
the  greatest  com,mon  measure,  and  every  factor  of  the  greatest 
common  measure  is  a   common  measure  of  the  numhers. 

It  may  be  that,  when  the  numbers  are  resolved  into 
prime  factors,  they  are  seen  to  have  no  common  factor 
other  than  1  ;  the  numbers  are  then  said  to  be  prime  to 
each  other  or  to  be  relative  primes. 

We  thus  see  that  all  the  common  measures,  and  there- 
fore the  greatest  common  measure  of  two  numbers  may  be 
at  once  found  if  the  numbers  are  first  resolved  into  prime 
factors.  As  the  resolution  into  prime  factors  may  be 
difficult,  we  shall  explain  the  method  of  finding  the  greatest 
common  measure  of  two  numbers  given  by  Euclid  [The 
Elements,  Book  vii,  Prop.  2.]. 
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Lemma.  Every  common  factor  of  (wo  numbers  is  a 
factor  of  (he  sum  or  difference  of  any  multiples  of  these 
numbers. 

Consider  the  numbers  30  and  45  ;  they  have  a  common 
factor  5,  for  30=5X6  and  45  =  5X9.  Then  every  multiple 
of  30  or  45  is  an  integral  number  of  fives ;  hence  also  the 
sum  or  diiference  of  any  nuiltiples  of  30  and  45  is  an 
integral  number  of  fives,  i.e.,  has  five  as  a  factor.  The 
case  in  which  the  difference  of  the  multiples  should 
happen  to  be  zero  is  included  in  this  statement.  Though 
here  particular  numbers  have  been  taken  the  reasoning  is 
general. 

Now  take  the  numbers  299  and  243  and  examine  the 
operation : 

299)943(3 
897 
46)299(6 
276 
23)46(2 
46 

Here  299,  the  smaller,  is  divided  into  943,  the  larger,  the 
quotient  being  3  and  the  remainder  46  which  is  necessarily 
less  than  299.  Then  46  is  divided  into  299,  with  quotient 
6  and  remainder  23.  Then  23  is  found  to  divide  46  exactly. 
Now,  by  the  lemma,  every  factor  common  to  299  and 
•943  is  a  factor  of  943—299X3  or  46  and  is  therefore  a 
common  factor  of  46  and  299 .  Also  every  common  factor 
of  46  and  299  is  a  factor  of  46+299X3  or  943,  and  hence 
is  a  common  factor  of  299  and  943.  Thus  46  and  299 
have  precisely  the  same  common  factors  as  299  and  943. 
In  like  manner  it  is  seen  that  23  and  46  have  the  same 
common  factors  as  46  and  299,  and  therefore  as  299  and 
943.      But  23  is  itself    the  greatest  common  measure  of 
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23  aud  46 ;  it  is  therefore  the  greatest  common  measure  of 
299  and  943. 

As  in  the  case  of  the  lemma,  particular  numbers  have 
been  taken  but  the  reasoning  is  general. 

To  find  the  G.  C.  M.  (denoting  thus  the  greatest  common 
measure)  of  three  numbers,  we  resolve  the  numbers  into 
theii'  prime  factors  and  the  G.  C.  M.  is  at  once  recognized. 
Or  in  the  case  of  numbers  not  readily  factored,  we  find  the 
G.  C.  M.  of  the  first  two  numbers  by  Euclid's  method,  and 
then  the  G.  C.  M.  of  this  and  the  third  number;  the 
number  thus  found  is  the  G.  C.  M.  sought.  For  every 
common  measure  of  the  first  two  numbers  is  a  factor  of 
their  G.C.M.;  the  greatest  number  that  will  divide  exactly 
this  G.  C.  M.  and  the  third  number  is  then  the  G.  CM.  of 
the  three  numbers.  The  case  of  more  than  three  numbers 
will  now  present  no  difficulty. 

3.  Common  Multiples.  Consider  the  numbers  4  and 
9,  i.e.,  2 y. 2  and  3X3;  these  numbers  are  prime  to  each 
other.  Every  multiple  of  4  must  contain  the  factors  2X2; 
every  multiple  of  9  must  contain  the  factors  3X3.  Since 
in  the  two  sets  of  factors  there  is  no  factor  in  common,  the 
smallest  number  that  will  contain  both  4  and  9  is  2X2X3X3 
or  4X9  i.e.,  36.  All  other  numbers  that  will  contain  both 
4  and  9  will  have  factors  additional  to  2X2X3X3,  Z.^^.,  will 
be  multiples  of  36.  The  least  common  multiple  of  4 
and  9  is  then  36.  In  like  manner  we  can  shew  in  any  given 
case  that: 

The  least  common  multiple  of  two  numbers,  prime  to  each 
other,  is  their  product,  and  that  all  other  common  multiples 
are  multiples  of  their  least  common  multiple. 

Take  next  20  and  35,  i.e.,  5X2X2  and  5X7.  Here 
there    is   one    factor,    5,  common    to    20    and    35.     Every 
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multiple  of  20  must  have  among  its  prime  factors  both  5 

and  2X2;   every  multiple  of  35  must  have  among  its  prime 

factors  both  5  and  7.     The  smallest  number  fulfilling  both 

requirements  is  5X(2X2)X(7)  or  140.     This  then  is  the 

L.  C.  M.  (denoting  thus  the  least  common  multiple)  of  20 

and  35.      As  in  the  earlier  case,  it  is   seen  that  all  other 

common  multiples  of  20  and  35  are  multiples  of  140,  their 

L.C.M.     We  may  in  like  manner  treat  any  two  numbers 

whose  prime  factors  may  be  found. 

It  has  just  been  shewn  that  the  L.C.M.  of  20  and  35,  i.e., 

of  5X(2X2)  and  5X7,  is  5X(2X2)X7,    and  5   is   their 

5X(2X2)X5X7     20X35 
G.C.M.      Now  5X(2X2)X7= ^^ ~ =-^ 

It  thus  appears  that: 

The  L.  C.  M.  of  two  numbers  is  the  quotient  of  their 
product  by  their  G.C.M. 

For  any  two  given  numbers  this  may  be  shewn  to  be 
true. 

If  the  numbers  are  not  easily  factored,  their  G.C.M.  may 
be  found  by  Euclid's  method. 

The  L.  C.  M.  of  several  numbers  whose  prime  factors 
are  known  may  at  once  be  \\Titten  down.  It  is  also  easy  to 
shew  that  the  L.C.M.  of  three  given  numbers  maybe  found 
by  finding  first  the  L.C.M.  of  two  of  the  numbers  and  then 
the  L.C.M.  of  this  and  the  third  number. 

Exercises. 

1.  Find  the  G.  CM.  of  2509  and  5597  and  give  a  complete 
statement  of  the  reasons  for  concluding  that  the  result  found  is 
the  G.  C.  M. 

2.  Shew  that  to  determine  whether  227  is  a  prime  or  not  it  is 
necessary  to  test  for  its  divisibility  by  2,  3,  5,  7,  11,  13  only. 

3.  Shew  by  indirect  reasoning  that  any  common  multiple  of 
two  integral  numbers  is  a  multiple  of  their  L.  C.  M. 
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•4.  Given  three  numbers  no  two  of  which  have  a  common 
factor,  as  24,  55,  91,  shew  that  their  L.  C.  M.  is  their  product. 

5.  Find  the  least  number  which  when  divided  by  15,  18,  24 
will  in  each  case  leave  a  remainder  13,  and  find  other  numbers 
that  satisfy  this  condition. 

6.  Find  the  least  integer  by  which  720  can  be  multiplied  to 
give  a  product  which  is  the  square  of  some  number. 

7.  Find  the  least  integer  by  which  1056  can  be  divided  to  give 
a  quotient  which  is  the  square  of  some  number. 

8.  Find  the  least  integer  bj'  which  75  can  be  multiplied  to 
give  a  product  which  is  the  cube  of  some  number. 

9.  Find  the  least  integer  by  which  2160  can  be  divided  to  give 
a  quotient  which  is  the  cube  of  some  number. 

10.  The  product  of  four  consecutive  integers  is  73440  ;  find 
these  integers. 

11.  Find  the  G.C.M.  of  64753  and  shew  that  the  work  might 
have  been  abbreviated  thus  : 


64753 

208909 

6153 

14650 

1465 

2344 

586 

879 

293 

12.  In  the  preceding  example  shew  that  after  the  first  division 
the  remainder  may  be  divided  by  10  and  the  work  shewn  thus: 


64753 

208909 

6153 

1465 

293 

VULGAR   FRACTIONS  19 

CHAPTER  III 

VULGAR  FRACTIONS 

1.  Meaning*  of  Fraction.  In  the  treatment  of  division 
attention  was  directed  to  the  problems: 

(1)  If  3  yd.  of  cotton  cost  25ct.,  find  the  cost  of  1  yd.; 

(2)  If  3  lb.  of  sug:ar  are  worth  17ct.,  find  the  value  of  1  lb. 

The  results  were  found  to  be  Sjct.,  5fct.  We  agreed  to 
regard  i  and  f  as  niimbers  because  they  served  to  measure 
quantities,  namely,  one-third  of  one  cent,  and  one-third  of 
two  cents ;  they  were  called  fractional  numbers  or 
fractions  to  distinguish  them  from  the  numbers  previously 
met,  namely,  integral  numbers  or  integers. 

The  fraction  i  is  read  one-third :  by  this  is  meant  one- 
third  of  one,  i.e.,  one  of  the  three  equal  parts  that  make 
up  the  unit.  This  is  the  essential  property  of  i  and  it  is 
expressed  thus:   iX3=l,  or  i+j+i  =  l. 

The  fraction  |  is  read  two-thirds  :  by  this  is  meant  one- 
third  of  two,  i.e.,  one  of  the  three  equal  parts  that  make 
up  two  units.  This  is  the  essential  property  of  f  and  it  is 
expressed  thus:  |X3  =  2,  or  1+1+1  =  2.  Now  one-third 
of  two  means  one-third  of  one  together  with  one-third  of 
one,  i.e.,  two  of  the  three  equal  parts  that  make  up  the 
unit.     Hence  f  has  either  of  the  two  meanings  : 

(l)   Tlie  quotient  of  2  by  3,  i.e.,  one-third  of  two; 

(3)  Two-thirds,  or  two  of  the  three  equal  parts  that  make 
up  the  unit. 

The  latter  meaning  is  the  one  generally  given  to  |.  On 
this   account    the    integers    2   and   3  used  in  writing  the 
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fraction  f  are  called,  the  former  the  numerator,  the  latter 
the  denominator  of  the  fraction .  The  equivalence  of  ( i ) 
and  (2)  is  expressed  thus: 

i  of  2=1- 
We  see  then  that  while  a  fraction  arises  through  the 
division  of  an  integer  by  an  integer,  and  therefore  denotes 
a  quotient,  it   may  also   be  regarded   as  denoting  one  or 
more  of  the  equal  parts  of  the  unit. 

2.  Fundamental  Theorem.     Consider  the  fractions 

f  and  U 
noting  that  10=2X5,  15  =  3X5. 

Here  if  means  the  quotient  of  10  by  15,  i.e.,  of  2  fives 
by  3  fives,  which  is  the  quotient  of  2  by  3  or  the  fraction  f . 

Hence 

2 XSl. 

3  —  15 

Or  we  may  reach  this  result  thus : 

3  thirds  =  15  fifteenths,  (each  denoting  the  unit)  ; 
.*.  1  third  =i  of  15  fifteenths, 

=  5  fifteenths ; 
.'.2  thirds =10  fifteenths, 
i.e.,     f  =  if 
The  reasoning  is  general  and  we  have  the  theorem : 

If  the  numerator  and  the  denominator  of  a  fraction  he 
each  multiplied  or  divided  hy  the  same  number  the  value  of 
the  fraction  is  not  changed. 

A  fraction  is  in  its  lowest  terms  when  the  numerator 
and  the  denominator  are  prime  to  each  other. 

3.  Addition  and  Subtraction.     To  find  the  value  of 

2  _l     3 

we  may  say  that  this  sum  means  I  of  2  together  with  \  of 
3,  or  in  all  \  of  5,  i.e.,  4.     Or  we  may  say  that  the  meaning 
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is  2  sevenths  and  3  sevenths,  i.e.,  5  sevenths  or  I-  Tlie 
method  of  adding  fractions  with  the  same  denominator  is 
then  manifest. 

Next  to  find  the  valne  of 

2  4-3. 

By  the  fnndamental  theorem, 

2  _  gxl  _  1  4    3  _  3XS  _  1  ."! . 
J — 5XT — ^5?  T — 7x5   ^3 
•   213 14  1  15 29. 

Hence  to  add  fractions  with  different  denominators  we 
express  them  as  fractious  with  the  same  denominator.  Tlie 
simplest  common  denominator  is  the  L.  CM.  of  the  given 
denominators. 

The  question  of  subtraction  may  be  treated  in  the  same 
way. 

4.  Multiplication.  Before  touching  the  question  of 
multiplication  of  fractions  let  us  seek  the  value  of  |  of  4. 
The  meaning  is  evident;  just  as  we  construct  mentally  f  of 
1  we  may  construct  mentally  f  of  any  quantity.  It  is 
evident  that  f  of  any  quantity  is  twice  as  much  as  ^  of 
that  quantity.    Now, 

T  =  f^  =  iT  ;    (15  twenty-firsts) 

1    _  f  5  _  1  ^f  ti  —  5    . 

•       2    ,,f   5  _    5     I     .5_  -_  1  0  _  2211, 
.    .     3    or    ^  —  3TI  ?1  — ?T  —  3X1 

An  expression  as  f  of  4  is  called  a  compound  fraction, 
and  the  rule  for  finding  its  value  is  at  once  seen. 

Let  us  now  turn  to  the  multiplication  of  fractions. 
Take  first 


The  meaning  attached  to  multiplication  gives 

^3  Xd  — I^ST^SS    1^23"—    23    —^i 

and  such  a  multiplication  presents  no  difficulty. 
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Next  consider 

Here  |  appears  as  a  multiplier.  Since  up  to  this  point 
the  multiplier  has  always  indicated  the  number  of  times 
the  multiplicand  has  been  taken  (as  an  addend),  the 
operation  proposed  does  not  come  within  the  range  of 
multiplication  as  thus  previously  understood.  Now  we 
have  seen  that 

4X2=V- 

In  the  multiplication  proposed  the  multiplier  is  |,  i.e.,  one- 
third  of  2.  Therefore,  in  accordance  with  our  idea  of 
multiplication  we  say  that  the  product  when  the  multiplier 
is  f  is  one-third  of  the  product  with  a  multiplier  2.     Hence 

5  V  2  —  1     „f    10 1x2. 

Thus  tX|  and  f  of  4  have  the  same  value,  and  a  meaning 
has  been  assigned  to  multiplication  of  fractions.  The  rule 
may  be  stated  as  follows : 

The  product  of  two  fractions  is  a  fraction  tvhose 
numerator  is  the  product  of  their  numerators,  and  denomi- 
nator the  product  of  their  denominators . 

The  following  examples  will  help  the  student  to  see  that 
in  the  multiplication  thus  defined  the  older  meaning  has 
been  conserved,  and  that  the  rules  for  working  problems 
demand  no  new  statement. 

Ex.  1.  Find  the  cost  of  |  yd.  of  cloth  at  $i  a  yd. 

To  retain  the  language  suited  to  a  like  problem  involving 
integers  only  we  should  say 

The  cost  =  the  product  of  $i  by  | 
But  we  know  that 
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Now  the  meaning  given  to  multiplication  of  fractions  requires 
that 

2    _!•   4    4    V    2. 

Therefore  the  rule  in  such  problems  covers  the  case  in  which 
the  numbers  are  fractional. 

Ex.  2.  Find  the  area  of  a  rectangle  \  ft.  by  \  ft. 
The  rule  in  like  problems  involving  integers  only  makes  it 
desirable  to  say 

The  area  =  {\  X  |)  square  feet. 
But  if  a  figure  is  constructed  it  is  readily  seen  that 

The  area  =  i  of  2  of  1  square  foot. 
Therefore  as   in   the   preceding   example   the   rule   in   such 
problems  covers  the  case  in  which  the  numbers  are  fractional. 

The   product  of   several   fractions   may  now  easily  be 
found. 


5.  Division.     We  know  that 

As  in  the  case  of  integers  we  shall  say 

1  0  _i_5 2. 

^T   ■   T  — 7 

To  obtain  this  result  we  may  then  divide  10  by  5  and  21  by  7. 

If  as  in  I^TT,   these  divisions  are  not  both  exact,  we 
may  proceed  thus : 

3    .      5    _3X5X11_^   5    _3xi  1  _3  w  i  t 
^~TT— 8X5X11    •   XT— 8x   6    —^-^"7 

Hence  the  rule : 

The  quotient  of  one  fraction  by  another  is  equal  to  the 
product  of  that  fraction  by  the  reciprocal  of  the  other. 

6.  Complex  Fractions.      The  fractions  dealt  with  up 
to  this  point  are  the  quotients  of  integers.     We  may  now 

2| 
consider  quotients  such  as  -^    for 

o^ » 

92 

^— 8  _:- 2  2  _  8  V    T.— 2  8. 
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These  quotients  we  shall  call  fractions — complex  frac- 
tions,— to  distinguish  them  from  those  previously  treated 
which  will  be  called  simple  fractions. 

The  rules  and  operations  devised  in  the  case  of  simple 
fractions  may  be  extended  to  complex  fractions. 

7.  Measures  and  Multiples.    Since 

5    V  Q  —  15 

we  say  as  in  the  case  of  the  integers  that  is  is  a  measure 
or  factor  of  if  and  that  i|  is  a  multiple  of  ^3. 

If  one  fraction  is  a  factor  of  another  and  both  are  in  their 
lowest  terms  it  is  easily  seen  that  the  numerator  of  the 
former  is  a  factor  of  the  numerator  of  the  latter  while  its 
denominator  is  a  multiple  of  the  denominator  of  the  latter. 

Ex.  /j  is  a  factor  of  1|- 

ForM^/T=HxV=oX2  =  10. 

If  one  fraction  is  a  multiple  of  another  and  both  are  in 
their  lowest  terms  it  is  also  evident  that  the  numerator  of 
the  former  is  a  multiple  of  the  numerator  of  the  latter  while 
its  denominator  is  a  factor  of  the  denominator  of  the  latter. 

Ex.  if  is  a  multiple  of  ff?- 

For  i|-Tf7  =  Hx4«=4X5  =  20. 

We  are  now  in  a  position  to  find  the  G.  C.  M.  of  several 
fractions  in  their  lowest  terms. 

Take,  for  example,  H'  If'  !§•  The  numerator  of  every 
common  measure  must  be  a  common  factor  of  12,  24,  30, 
and  the  denominator  must  be  a  multiple  of  35,  25,  49. 
The  greatest  common  measnre  will  then  be  a  fraction  with 
the  greatest  numerator  and  the  least  denominator  satisfying 
these  conditions.     The  numerator  is  therefore  the  G.C.M. 
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of  12,  24,  30  which  is  6,  and  the  deuomiiiator  is  the  L.C.M. 
of  35,  25,  49  which  is  1225. 

.-.  The  G.C.M.  of  H' §|.  IS  is  r/so' 

Hence:  The  G.  CM.  of  two  or  more  fractions  in  their 
lowest  terms  is  the  fraction  whose  numerator  is  the  G.  C.  M. 
of  their  numerators,  and  denominator  the  L.  G.M.  of  their 
denominators. 

Similar  reasoning  will  shew  that :  The  L.  C.  M.  of  two 
or  more  fractions  in  their  lowest  terms  is  a  fraction  tvhose 
numerator  is  the  L.  G.  M.  of  their  numerators  and  denomi- 
nator the  G.  G.  M.  of  their  denominators. 

8.  Ratio  and  Proportion.  When  we  compare  two 
numbers  or  two  quantities  of  the  same  kind  with  the  view 
of  finding-  how  large  or  how  small  one  is  relatively  to  the 
other,  we  are  said  to  seek  their  ratio.  Take  the  two 
numbers  3  and  12;  plainly  12  is  4  times  3  and  3  is  i  of  12, 
So,  of  the  two  quantities  $2  and  $3,  the  former  is  f  of  the 
latter,  the  latter  f  of  the  former.  Thus  the  ratio  of  two 
numbers  or  of  two  like  quantities  is  expressed  by  the  frac- 
tion with  those  numbers,  or  the  measures  of  those  quantities 
as  numerator  and  denominator. 

The  two  numbers  or  quantities  whose  ratio  is  stated  are 
called  the  terms  of  the  ratio,  the  former  the  antecedent, 
the  latter  the  consequent.  The  numerator  and  the 
denominator  of  a  fraction  are  also  called  its  terms. 

Two  ratios  are  equal  when  the  fractions  expressing  those 
ratios  are  equal.  For  example,  the  ratio  of  2  to  3,  is  equal 
to  the  ratio  of  10  to  15,  since  f =Ti-  We  state  this  fact 
thus:   2  is  to  3  as  10  is  to  15,  or  in  symbols  2:3: :  10:15. 

The  four  numbers  2,  3,  10,  15  are  said  to  be  in 
proportion  or  to  be  proportionals. 
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9.  Convention.     Suppose  that  it  is  required  to  find  the 
value  of 

1  4_1  V-T-— 2 5_  ^f    2  -^    9 

It  is  plain  that,  in  the  absence  of  some  agreement  as  to 
which  operations  are  first  to  be  performed,  the  problem  is 
indefinite.  The  convention  ordinarily  made  is  that  first 
the  fractions  connected  by  "  of  "  are  to  be  taken  together ; 
next  multiplications  and  divisions  are  to  be  performed  in 
the  order  in  which  they  occur;  and  finally  the  additions 
and  subtractions  are  to  be  made  in  order.  In  the  example 
offered  the  successive  steps  are  here  shewn : 

^+ix  A-f-4  of  f-rV=i+ix  A-t-K-A 

In  practice  several  steps  may  frequently  be  combined. 

When  expressions  are  enclosed  by  brackets  they  are  to 
be  regarded  as  making  up  one  value.     Thus 
fX(f+fXi)^{f  of  (i+i)} 
=  fX(|+A)-{|  of  M 

—  fX  i'oT~TO'— 3  ^  10^-^    3    — T^7 

Exercises. 

1.  Reduce  to  equivalent  fractions  with  a  common  numerator 

5  4  6  10  12 

TT'     T3^'      S3'      T5'      S?' 

and  arrange  the  fractious  iu  order  of  magnitude. 

2.  Find  the  value  of 

3.  Shew  that  the  G.  C.  M.  of  several  fractions  as 

9  15  2  4 

10'       16'      26' 

may  be  found  by  reducing  them  to  a  common  denominator. 
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4.  Shew  that  the  L.  C.  M.  of  several  fractions  as 

1  5  11 

T^'     18'      24' 

may  be  found  by  reducing  them  to  a  common  denominator. 

5.  By  considering  the  complementary  f inactions  shew  that  if 
the  same  number  is  added  to  each  term  of  a  proper  fraction  {i.e., 
a  fraction  less  than  one)  the  value  of  the  fraction  is  increased. 

Note.  Two  fractions  whose  sum  is  unity  are  called  comple- 
mentary. 

6.  Shew  that  if  the  same  number  is  added  to  each  term  of  an 
improper  fraction,  the  value  of  the  fraction  is  diminished. 

7.  In  the  case  of  the  division  of  two  fractional  quantities,  e.g., 

$3  _L.d;5 

point  out  the  difficulty  in  applying  the  ordinary  rule,  and  shew 
how  it  is  overcome. 

8.  How  much  must  be  added  to  the  numerator  of  x|^  to  give  a 
fraction  equal  to  |  ? 

9.  How  much  must  be  taken  from  the  numerator  of  fl  to  give 
a  fraction  equal  to  f  ? 

10.  Find  the  number  which  added  to  both  terms  of  y^  will 
give  a  fraction  equal  to  f . 

11.  Find  the  number  which  taken  from  both  terms  of  Is  will 
give  a  fraction  equal  to  |. 

12.  If  four  numbers  are  in  proportion  shew  that: 

(a)  The  ratio  of  the  first  to  the  third  is  equal  to  the  ratio  of 
the  second  to  the  fourth. 

(b)  The  pi'oduct  of  the  extremes  is  equal  to  the  product  of  the 
means. 
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CHAPTER  IV 


DECi:\[ALS 

1.  Introduction.  In  the  luimber  2222,  the  successive 
2's  from  the  right  give  a  scale  of  values  increasing  10-fold, 
or  from  the  left  a  scale  of  values  diminishing  in  like 
manner.  Thus  the  2  on  the  right — 2  units — denotes  one- 
tenth  of  the  2  just  before  it,  one-hundredth  of  the  2  next 
to  the  left  and  one-thousandth  of  the  2  on  the  extreme  left. 
Suppose  now  a  point  is  introduced  just  after  the  2  units, 
solely  to  indicate  that  the  place  just  before  it  is  that  of  the 
units,  and  let  2's  be  added  as  in  2222-222.  Then  the  2 
just  after  the  point  would  1)e  expected  to  mean  one-tenth  of 
the  2  next  to  the  left,  i.e.,  one-tenth  of  2  units  which  is 
2  tenths;  the  next  2  would  be  expected  to  mean  one- 
tenth  of  the  2  tenths,  or  one-hundredth  of  the  2  units 
which  is  2  hundredths ;  and  the  next  2  to  mean  2 
thousandths. 

We  agree  so  to  regard  them.  Then  35-279  means  35 
and 2  tenths,  7  hundredths  and  9  thousandths;  since  2  tenths 
equals  200  thousandths,  and  7  hundredths  equals  70 
thousandths,  the  part  -279  may  be  read  279  thousandths. 

The  point  is  called  the  decimal  point  and  35-279  or 
-279  is  called  a  decimal  fraction  or  a  decimal. 

In  writing  decimals  which  have  no  integral  part  it  is 
well  always  to  write  0  in  the  units  place.  The  fact  that 
the  figures  written  are  named  by  referring  to  the  units 
place  is  emphasized,  and  the  function  of  the  decimal  point 
is  less  likely  to  be  overlooked. 

It  is  evident  that  35-279  =  35tVA  =  ¥thjV,  so  that  a 
decimal  may  be  expressed  as  a  vulgar  fraction.  Hence  the 
simple  rules  for  decimals  may  be  derived  from  those  for 
vulgar   fractions.       The    student    is    recommended    so   to 
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derive  them.  In  the  text,  however,  no  explicit  reference 
will  be  made  to  the  rnles  for  vnlgar  fractions,  the  desire 
being  to  shew  that  the  rnles  for  decimals  follow  naturally 
from  the  rules  for  integers. 

From  what  has  been  said  as  to  the  meaning  of  decimal, 
it  is  easy  to  compare  two  decimals  differing  only  in  the 
position  of  the  decimal  point  as  2-783  and  27-83.  In  the 
latter  the  2,  the  7,  the  8  and  the  3  denote  ten  times  as 
much  as  the  2,  the  7,  the  8  and  the  3,  respectively,  in  the 
former.  Therefore  27-83  =  2-783X10.  Hence  the  fol- 
lowing : 

Fundamental  Principle.  //  in  a  decimal  fraction  the 
point  he  moved  one  place,  tiro  places,  three  places,  etc.,  to  the 
right,  the  resulting  decimals  are  10  times,  100  times,  1000 
times,  etc.,  as  great  as  the  original  decimal;  tvhile  if  the 
point  be  moved  one  place,  two  places,  three  places,  etc.,  to  the 
left  the  resulting  decimals  are  one-tenth,  one-hundredth,  one- 
thousandth,  etc.,  of  the  original  decimal. 

It  is  to  be  noted  that,  since  the  value  of  a  number 
depends  only  on  its  significant  figures  and  the  places  they 
occupy,  zeros  may  be  added  to  the  right  of  a  decimal,  just 
as  they  may  be  supplied  at  the  left  of  an  integral  number, 
without  changing  its  value. 

2.  Addition  and  Subtraction.  The  addition  or  sub- 
traction of  decimals  presents  no  difficulties.  As  in  the  case 
of  integers  the  decimals  should  be  arranged  so  that  figures 
carrying  the  same  names  are  in  columns  ;  the  work  then 
calls  for  no  new  considerations. 

Ex.  1.  Addition.  Ex.  2.   Subtraction. 

23-715  13017 

1-2034  ^-93854 

-0173  1007846 

138-7 
163-6357 
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3.  Multiplication.  If  the  multiplier  is  integi-al,  as  for 
example  in  27* 316X23  the  product  can  be  at  once  found. 

Ex.  27-316 

23 

81-948 
546-32 
628-268 

Here  3  times  6  thousandths  are  18  thousandths,  etc.,  while 
20  times  6  thousandths  are  120  thousandths,  etc. 

If,  however,  the  multiplier  is  a  decimal  as  in  23- 357  X 
1-23,  we  have  the  same  difficulty  as  in  the  case  of  vulgar 
fractions.  The  multiplier  denotes  the  number  of  times  the 
multiplicand  is  to  be  taken,  and  here  1-23  cannot  signify  a 
number  of  times.     But  let  us  first  multiply  by  123, 

23-357 

123 

70-071 

407-14 

2335-7 

2872-911 

Now  1-23  is  one-hundredth  of  123;  if  then,  as  is  in  entire 
accord  with  what  we  have  seen  to  hold  in  the  ease  of 
integers,  we  say  that  the  product  with  multiplier  1-23  is  to 
be  one-hundredth  of  what  it  would  be  with  multiplier  123, 
we  have  a  meaning  for  the  multiplication  proposed.     For 

23-357X123=2872-911 
.-.  23-357X1-23=28-72911. 

This,  then,  will  be  the  accepted  meaning  of  nndtiplication 
of  decimals  and  as  in  the  case  of  vulgar  fractions  examples 
may  be  cited  to  shew  that  it  faithfully  inter])rets  previously 
formed  ideas  of  multiplieation. 

Ex.  1.   Fiutl  the  cost  of  3-5  yd.  of  cloth  at  $1-5  a  yd. 
Result  =  $1-5  X  3-5  =  $5-25. 
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Ex.  2.  Find  the  area  of  a  rectangle  3-5  ft.  by  4-5  ft. 
Result=  (3-5X4-5)  sq.  ft. =  15-75  sq.  ft. 

The  rule  for  the    multiplication  of  two  decimals  is  now 
readily  seen  to  be  as  follows : 

Multiply  the  given  decimals  as  if  they  were  integers  and 
mark  off  in  the  result  as  many  decimal  places  as  there  are  in 
both  the  given  numbers. 

The  idea  of  product  may  now  be  extended  to  the  case  of 
several  factors. 

4.  Division.  As  in  vulgar  fractions,  the  enlarged  idea 
of  multiplication  makes  it  necessar}'  that  we  accept  divisions 
in  which  the  quotient  is  not  integral.  The  process  of 
division  is  illustrated  by  the  following  example 

Ex.  Find  the  quotient  of  2-72118  by  2-31. 

^,          ^.    ,2-72118    ,,           ,.    /2- 72118X100 
The  quoUent       0-31  ^uoUent o.^i^\^^ 

=  the  quotient  "^ 

This  last  is  found  as  in  ordinary  division. 

231)272-118(1-178 
231 
41-1 
23-1 
18-01 
16-17 
1-848 
1-848 

The  rule  is  then: 

Multiply  divisor  and  dividend  by  a  number  10,  100,  1000 
etc.,  sufficient  to  make  the  divisor  integral  and  then  proceed 
as  in  ordinary  division. 
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5.  Approximations.  Suppose  that  the  result  of  a 
computation  is  17' 358973;  for  practical  purposes  it  might 
be  sufificieut  to  retain  only  two  decimal  places.  Noting 
that  the  result  lies  between  17-35  and  17-36  and  that  it  is 
nearer  in  value  to  the  latter,  we  say  that  17-36  is  the  result 
correct  to  two  places  of  decimals.  Sometimes  it  is  said  that  in 
such  a  case  17-35  is  the  result  correct  to  two  places  of 
decimals,  the  meaning  being  that  it  is  17-35  if  figures  after 
the  second  place  are  not  regarded.  We  shall  retain  the 
former  meaning  and  say  that  17-36  is  an  approximation 
to,  or  an  approximate  value  of,  17-358973,  correct  to  two 
places  of  decimals. 

Since  then  approximate  results  are  often  sufficient,  it  may 
be  that  the  work  of  computation  itself  may  be  shortened. 
That  this  can  be  done  in  the  case  of  such  additions  as 
ordinarily  occur,  and  in  the  case  of  subtraction,  is  at  once 
seen. 

Ex.  1.  (a)  (b) 


2-37859423 

2-3786 

3-01583 

3-0158 

7-503698723 

7-5037 

28-073845 

28-0738 

40-971907953 

40-9719 

It  is  supposed  tliat  the  sum  is  required  correct  to  3  places  of 
decimals.  In  (a)  the  complete  work  is  given.  In  (b)  the 
decimals  ai*e  written  correct  to  four  places  of  decimals.  The 
sum  correct  to  three  places  of  decimals  is  40-972. 

Ex.  2.  (a) 

13-70239586 
5-938249738 
7-76414G122 

It  is  supposed  that  the  difference  is  required  to  three  places  of 
decimals.  In  (a)  the  complete  work  is  given.  In  (b)  the 
decimals  are  written  correct  to  four  places  of  decimals.  The 
difference  required  is  7-764. 
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The  following  examples  exhibif.  a  contracted  process  for 
multiplication : 

Ex.  1.  Find  the  product  17-3789543X8  correct  to  three  places 
of  decimals. 

(a)  (b)  (<•) 

17-3789543  17-3789543  17-3789543 

8  8  8 


139-0316344  139-0316  139-031 

In  (a)  the  complete  work  is  given.  In  (b)  we  work  to  tlie  fourth 
place  of  decimals  and  have  regard  to  what  is  "  carried  "  into  tins 
place  from  the  multiplication  in  the  next  place.  In  (c)  the  multi- 
plication is  to  three  places  ;  this  is  given  to  shew  the  need  for 
multiplying  to  the  fourth  place.     The  answer  is  139-032. 

Ex.   2.  Find   the  product  271-3845X29-378    correct  to  two 
places  of  decimals. 


(a) 

(b) 

X  xxxx 

(c) 

271-3845 

271-3845 

271-3845 

29-378 

29-378 

8  7392 

2-1710760 

5427-690 

5427-690 

18-996915 

2442-460 

2442-460 

81-41535 

81-415 

81-415 

2442-4605 

18-997 

18-997 

5427-690 

2-171 
7972-733 

2-171 

7972-7338310 

7972-733 

In  (a)  the  complete  work  is  given.  In  (b)  we  decide  as  in  Ex.  1 
to  work  to  tlii-ee  decimal  places,  i.e.,  to  thousandths,  and  begin  the 
multiplication  with  the  2  tens  of  the  multiplier.  The  2  tens 
multiplied  into  the  5  ten-thousandths  of  the  multiplicand  give  10 
thousandths,  a  result  in  the  third  place,  and  the  mxdtiplication  by 
2  begins  at  this  place.  Having  completed  the  multiplication  by 
2,  which  began  at  5,  we  make  a  mark  above  the  5.  Then  we 
multiply  by  the  9  units  of  the  multiplier  :  9  units  multiplied  into 
the  4  thousandths  of  the  multiplicand  gives  36  thousandths,  a 
result  in  the  third  place.  Thus  the  multiplication  begins  at  4,  the 
first  figure  to  the  rigiit  of  the  marked  5.  Having  completed  the 
multiplication  by  9  which  began  at  4,  attention  having  been  paid 
to  the  4  carried  from  the  product  5X9,  we  make  a  mark  above  the 
4.  In  the  same  way  the  multiplication  by  3  is  seen  to  begin  at  8, 
the  first  figure  to  the  left  of  the  one  just  marked,  and  so  on.     In 
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estimating  the  amount  to  be  "  carried  "  we  should,  for  example, 
reg'ard  48  as  50,  54  as  50,  and  75  now  as  70  again  as  80  as  might  be 
judged  best.  As  one  becomes  expei't  in  the  process,  the  judg- 
ment becomes  sharpened  in  this  respect.  Thus  in  the  multiplica- 
tion (b)  with  multiplier  8,  to  get  the  amount  to  be  carried,  we  have 
3X8=24,  but  we  see  also  that,  on  account  of  the  next  earlier 
figure,  this  should  be  30. 

In  (c)  there  is  essentially  the  same  work  as  in  (b),  but  when 
the  2  is  placed  under  the  figure  where  multiplication  by  it  is  to. 
begin,  the  remaining  figures  of  the  multiplier  are  written  in 
reverse  order  so  that  each  is  below  the  figure  where  multiplication 
by  it  is  to  begin. 

The  result  required  is  7972-73. 

A  contracted  process  for  division  will  now  be  indicated. 

Ex.  Divide  correctly  to  3  places  of  decimals  23-  62782364  by 
3-2759. 

Here  the  quotient  will  have  one  figure  before  the  decimal 
point  so  that  the  required  result  will  have  four  figures. 

(a)  (b) 


3- 2759)  23- 62782364(7-213 
22-9313 

3- 2759)  23- 62782364  (7- 213 
22-9313 

69652 
65518 

6965 
6552 

41343 
32759 

413 
328 

85846 

85 

(c) 

(d) 

3-2759)23-62782364(7-213 
22-931 

3- 2759)  23- 62782364  (7- 213 
3127  22-9313 

696 

655 

.  41 

33 

6965 

6552 

413 

328 

8 

85 

In  (a)  is  given  the  ordinary  division.  To  determine  the  last 
figure  we  note  that  85874-^32759  is  more  nearly  equal  to  3  than 
to  2;  it  is  not  necessary  to  multiply  out  by  3.  In  (b)  after  the 
first  partial  division,  instead  of  bringing  down  the  2  from  the  next 
place  in  the  dividend,  we  drop  the  last  figure  9  of  the  divisor, 
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placing  a  mark  above  it  to  indicate  that  it  has  been  dropped  ;  the 
reason  for  this  is  found  in  the  fact  that  the  figure  of  the  quotient 
is  given  by  the  first  one  or  two  figures  of  the  divisor  and  the 
dividend,  so  that,  when  9  is  marked  out,  there  remains  a  suflicicnt 
number  of  figures  to  shew  that  the  next  figure  of  the  quotient  is 
2.  The  amount  to  be  carried  from  the  part  marked  out  is  to  be 
regarded.  The  work  proceeds  thus  until  the  result  souglit  is 
reached.  In  (c)  the  process  begins  by  marking  out  i),  the  numlx-r 
of  figures  remaining  in  tlie  divisor  being  sufiicient  to  lead  to  four 
figures  in  the  quotient.  But  as  thei'e  is  doubt  as  to  whether  for 
last  figure  of  the  quotient  we  should  take  3  or  2,  and  as  certainty 
is  first  of  all  to  be  secured,  (b)  is  to  be  preferred  to  (c).  Thus  the 
division  should  be  begun  with  a  number  of  figures  in  the  divisor 
one  or  even  two  more  than  the  number  required  in  the  quotient. 
In  (d)  the  work  is  essentially  as  in  (b)  except  that,  instead  of 
marking  out  the  figures  of  the  divisor,  we  place  the  successive 
figures  of  the  quotient  below  the  last  flgnre  of  the  divisor  used  in 
obtaining  them. 

The  result  required  is  7-213. 

6.  The  Conversion  of  Vulgar  Fractions  into  Deci- 
mals. It  has  been  observed  that  decimals  may  always  be 
expressed  as  vulgar  fractions.     Thus 

^  Q7^ 3  •?  5    3  :<  5  X  5  X  5 3 

U'OlO —  1000  —  8x6x5x6        ^• 

There  arises  then  the  question  whether,  conversely,  vulgar 
fractions  may  always  be  expressed  as  decimals.  The  vulgar 
fractions  will  be  supposed  given  in  their  lowest  terms. 

Ex.  1.     Express  f  as  a  decimal. 

The  given  fraction  is  the  quotient  of  3  by  4.  If  the  division 
is  performed  we  obtain  the  result  given  below. 

4)  3- 0(0- 75 

-^1^ .-.  1=0-75. 

0-20 
0-20 
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Ex.  2.  Express  |  as  a  decimal. 
Proceed  as  in  Ex.  1. 

After  the  first  partial  division  it  is  seen  that  the  operation 
will  ever  pi'esent  the  partial  quotient  G  and  the  remainder  3. 
Hence  f  does  not,  in  this  way  at  least,  yield  au  ordinary  decimal. 
We  may  say  that 

|=6|  tenths-=0-6|=- 0-66 1=0- 6661=  •   •  • 

or  that,  correctly  to  four  places  of  decimals, 

1^0-6667 

Ex.  3.  Express  as  a  decimal  x^. 

Proceed  as  before. 

12)  7- 0(0- 583 

1-00 
•96 
40 
36 
4 

As  in  Ex.  2,  after  the  second  partial  division,  the  partial 
quotient  3  and  the  remainder  4  will  recur  and  we  may  write 

/^=0-58t*^=0- 583 A=0- 5833 A=-  •  •  • 

From  these  examples  it  is  plain  that  not  all  vulgar  fractions 
can,  in  the  way  given,  be  expressed  as  ordinary  decimals. 
The  reason  for  this  will  appear. 

In  Ex.  1,  the  result  might  have  been  reached  thus  : 

3  _  _J_  _         SX.-iXS         _     7j    _  ^  „,-. 

4  2X2  (2X5IX(2X6)  ro(T         "    '"• 

In  like  manner 

7    7       7X2X2         2»    nOQ 

25— F^  — (5X2)X(5.2)  — TTytT  — ^-O 

and 

11  11  llXflX5  275  ri..-)r>g 

^^  10X2X2         10X(2X5)X(2X5)         TTTTHy         V^IO. 
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It  thus  appears  that : 

( /)  In  order  that  a  vulgar  fraction  may  he  expressed  as 
a  decimal  it  is  necessary  and  sufficient  that  the  denominator 
contain  no  prime  factors  other  than  2  and  5. 

Such  a  fraction  may  be  brought  to  tlie  form  of  a 
decimal  by  multiplyiug  numerator  and  denominator  by 
the  power  of  2  or  of  5  necessary  to  make  tlie  denominator 
a  power  of  10. 

In  the  case  of  f  which  cannot,  therefore,  be  expressed 
as  an  ordinary  decimal  we  have 

2 ^ 

^    10' 

.*.  |XlO=6l,      (multiplying  each  number  by  10). 
.'.  f  xy=6,  (subtracting  |  from  each  uumber). 

.'.  |=t)  (dividing  each  number  by  9), 

as  is  otherwise  evident.  After  the  analogy  of  the  notation 
for  the  decimal  fraction,  we  agree  to  denote  f  by  0-6,  the  dot 
above  the  6  indicating  that,  in  the  equivalent  vulgar  fractiou, 
6  is  to  have  the  denominator  9 ;   we  therefore  write, 


^=0-6 


In  like  manner. 


/^=0-45A,(=0-4545A=  •  •  •) 

*  ■  ^        100 

.'.  x'tX100  =  45A 
/.  TT  X99  =  45 

5    45 

•  •    TT — ?¥• 

Following  the  earlier  analogy  let  us  then  write, 
tV  =  0-45 
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Similarly, 

if=0-405if  =  |§|  =  0-405. 
We  have  seen  that 

|  =  0-G|  ==  0-061  =-0-6GG|=- 
Thus  I  can  be  represented  indifferently  bj^ 

0-0,  0-60,  0-666,  •  •  • 
and  since 

the  notation  is  consistent. 

Further  let  us  agree  that  0-06,  0-006,  0-045,  are  to  denote 
¥0'  ^fir'  AV'  ^o  that  the  moving  of  the  point  one  place 
to  the  left  will  mean  as  in  ordinary  decimals  a  division  by 
10. 

Turn  now  to  Ex.  3.     It  has  been  shewn  that 

^\  =  0-58tV  =  0-583iV  =  0-5833tV  =  •  •  • 

From  the  work  it  is  seen  that  A  =0-3  (  =  3). 

1  —  0'58t?_   5  8  4_  ^i_  ,.f  f).o 
.  .    IS—     -|,^,.    —  TOO    1    100  or  u-j 

=  0-58  +  0-003,  (as  agreed) 

=  0-583  (let  us  write). 

As  a  further  example  it  can  be  shewn  that 

Hl  =  0-7635i. 

Since  in  any  division  the  remainder  is  less  than  the  divisor, 
the  division  indicated  by  a  fraction  will  either  terminate  or 
Avill  present  a  recurrence  of  figures  in  the  quotient.  There- 
fore every  vulgar  fraction  can  be  expressed  in  one  or  other 
of  the  forms  above  given. 
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A  result  as  0'25  is  called  an  ordinary  decimal  or  simply  a 
decimal.  Results  as  0-3,  0-76351  are  called  recurring',  cir- 
culating" or  periodic  decimals;  0-3,  0-45  are  called  pure 
recurring  decimals,  consisting  as  they  do  of  a  recurring 
part  only ;  0*  76351 , 0-  583  are  called  mixed  recurring  decimals 
as  they  have  one  part  an  ordinary  decimal  and  another  a 
recurring  decimal. 

By  definition,  a  pure  recurring  decimal  may  be  at  once 
written  as  a  vulgar  fraction.  The  following  example  will 
illustrate  how  to  express  a  mixed  recurring  decimal  as  a 
fraction. 

Ex.  0-25387=  0- 25+0- 00387 


The  following  rule  may  be  stated: 

To  reduce  a  mixed  recurring  decidual  to  a  vulgar  fraction, 
write  as  numerator  the  difference  between  the  number  formed 
by  the  figures  of  the  decimal  and  the  number  formed  by  the 
figures  of  its  non-periodic  part,  and  as  denominator  as  many 
nines  as  there  are  figures  in  the  periodic  part,  followed  by  as 
many  zeros  as  there  are  figures  in  the  non-periodic  part,  after 
the  point. 

From  (I)  it  is  evident  that  recurring  decimals  must 
arise  from  fractions  in  whose  denominators  appear  factors 
other  than  2  and  5.     From  an  example  as 

A  =  0-45=il 

it  is  seen  that  the  denominator  of  a  fraction  yielding  a  pure 
recurring  decimal  must  be  a  factor  of   some  one  of  the 
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numbers  9,  99,  999, Since  neither  2  nor  5  is  a 

factor  of  any  such  number  it  follows  that  the  denominator 
of  such  a  fraction  cannot  have  either  2  or  5  as  a  factor. 

In  the  case  of  a  mixed  recurring  decimal  as  0-25389  we 
can  suppose  that  the  last  figure  of  the  non-periodic  part  is 
always  different  from  the  last  figure  of  the  period.  For  if 
they  were  the  same,  as  in  0-21371,  this  decimal  would  have 
been  written  0-2137.  Therefore,  in  reducing  such  a  decimal 
to  a  vulgar  fraction,  as  for  example 

n   Oroon 2  5  3  8  9-2  5  __         2  5  3  6  4 

yj'  —OOOJ 999  0  0  999X10X10 


we  shall  always  find  a  numerator  which,  not  ending  in  0, 
cannot  have  both  5  and  2  as  factors,  and  a  denominator  in 
which  all  the  factors  2  and  5  appear  in  the  factors  10. 
Therefore  5  and  2  occur  as  factors  in  the  denominator  each 
as  many  times  as  there  are  figures  in  the  non- periodic  part 
of  the  decimal.  In  the  reduction  of  the  vulgar  fraction  to 
its  lowest  terms,  either  the  2's  or  the  5's  in  the  denominator 
must  persist.  Hence  mixed  recurring  decimals  must  arise 
from  fractions  in  whose  denominator  appear  factors  not 
prime  to  10  as  well  as  factors  prime  to  10. 

From  these  considerations  we  have : 

(//)  In  order  thai  a  fraction  maij  he  expressed  as  a  pure 
recurring  decimal  it  is  necessary  and  sufficient  that  its 
denoitiinator  he  prime  to  10. 

{Ill)  In  order  that  a  fraction  may  he  expressed  as  a 
mixed  recurring  decimal  it  is  necessary  and  sufficient  that  its 
denominator,  while  containing  factors  prime  to  10,  he  not 
prime  to  10. 
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Exercises. 

1.  Find  by  the  contracted  method  the  following  products: 

(1)  73- 2509X23- 5738,  to  four  places  of  decimals  ; 

(2)  13- 72564X3- 275,  to  three  places  of  decimals; 

(3)  0-1378-12X0-370589,  to  five  places  of  decimals; 

(4)  3-0789X5-3827,  to  three  places  of  decimals; 

(5)  2-13789X3-5269X1-37285,  to  four  places  of  decimals. 

2.  Find  by  the  contracted  method  the  following  quotients: 

(1)  7-3569407-2-237859,  to  four  places  of  deeimals; 

(2)  0-3758674-0-0893765,  to  four  places  of  decimals; 

(3)  37-2039-0-87538,  to  three  places  of  decimals; 

(4)  5-93725—  0-837,  to  four  places  of  decimals; 

(5)  3-698573-13-57389,  to  five  places  of  decimals. 

3.  Express  as  decimals — simple  or  recurring — the  following 
vulgar  fractions : 

(1)1;  (2)H;  (3)tVo;  (4)M;  (5)A\;  (6)|;(7)}; 
(8)11;  (9)  If;  (10)11;  (11)  t;  (12)  t\;  (13)  ||  ; 
(14)  iff;  (Vo)Vd;   (16)  t^V 

In   each   case   by  an   examination   of   the   vulgar  fraction, 
account  for  the  precise  form  of  the  decimal. 

4.  By  I'educiug  to  vulgar  fractions  find  the  sum  of 

0-23,  0-574,  0-2357, 

and  derive  a  method  of  finding  the  sum  without  the  reduction  to 
vulgar  fractions, 

5.  By  reducing  to  vulgar  fractions  find  the  sum  of 

0-137,  0-23589,0-2345637, 

and  derive  a  method  of  finding  the  sum  without  the  reduction  to 
vulgar  fractions. 
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6.  Explain  iu   each   ease  how  to   find    the  vulgar   fi'aetions 
equivalent  t.> 

(1)0:3^7;   (2)0-13578;   (3)0-2537458;    (4)13-3725. 

7.  Find  the  error  made  iu  taking  0-4285  as   the  equivalent 
off. 

8.  Find  the  value,  correct  to  four  places  of  decimals,  of 

3-  7259  X  2-  373G5  XO-  98723 
2-18974X1-38279 

9.  Find,  correct  to  seven  places  of  decimals,  the  value  of 

111111  1 

(1)  -+-^  + \-—.  + + + 

^'  f  rv^Q  —      ■--  __.7  ,A^O  -«-■—  11 


5       3.5=^       5.5'^       7.5'       9.5'-'       11.5"       13.5 


11111  1  1 

(2)    --f -  +  • :  + -  + -f X 


11      3.11^      5.11^       7.11"       9.11-'       11.11"     13.11^^ 

10.  Find  the  sum 

3     I     r,     I      7 
8    I    7  ~r  To 

and  express  the  result  as  a  decimal  correct  to  three  places  of 
decimals.  Also,  expressing  each  fraction  as  a  decimal  to  a 
sufficient  number  of  places,  find  the  sum  correct  to  three  places 
of  decimals  and  compare  results. 

11.  Find  the  product 


and  express  the  result  as  a  decimal  correct  to  three  places  of 
decimals.  Also,  expressing  each  fraction  as  a  decimal  to  a 
sufficient  number  of  places,  find  the  pi'oduct  correct  to  three 
places  of  decimals  and  compare  results. 

12.  Write  down  five  fractions  which  k-ad  to  finite  or  simple 
decimals,  five  which  lead  to  pure  recurring  decimals,  and  five 
which  lead  to  mixed  I'ecurring  decimals. 


CHAPTER  V 
INVOLUTION  AND  EVOLUTION 

1.  Involution.  The  operation  of  finding  a  given  power 
of  a  given  number  is  called  involution.     For  example, 

ll-'^-llX  11X11X11=14041. 

In  the  case  of  the  power  of  a  fraction,  as  (f)^,  we  have 


V7/  -  7^  j-x  7~7«~343' 


so  that  the  power  is  a  fraction  whose  numerator  is  that 
power  of  the  numerator,  and  whose  denominator  is  that 
power  of  the  denominator,  of  the  given  fraction. 

It  appears  then  that  involution  demands  only  multipli- 
cation and  therefore  presents  no  difficulty. 

The  following  forms  will  be  of  immediate  use : 

(1)  24^=24X20+24X4, 

=20X20+4X20+20X4+4X4, 
=202+2x(20X4)+4-. 

Or,  if  h  and  1c  are  any  two  numbers, 

{h-\-kY={li-\-k)Xh+{h+k)Xk. 
=7i''+2M+Z;2, 
=/j2+(2/*+A)X^-. 

(2)  24^=242X20+24^X4, 

=(202+2x20x4+42  )X20 

+(202+2X20X4+42)X4, 
=20^+3X(202x4)+3X(20X42)+4^ 
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Or,  as  iu  (1), 

(A+;;.)3=(/,-f-;t-)2x7i+(/i+/,-)2x^-, 
=/^^^-3/i2^+3/^^■2+^•^ 

Note  :  The  student  should  give  a  verbal  statement  of  the 
results  in  (1)  and  (2).  It  would  be  well  also  to  illustrate  (1)  bj-  a 
diagram. 

2.  Square  Root.  The  product  9X9  or  81  has  been 
called  the  square  of  9.  On  the  other  hand  9  is  called  the 
square  root  of  81;  81  is  said  to  be  a  square  number,  or 
a  perfect  square,  or  simply  a  square. 

The  squares  of  uumbers  expressed  by  one  figure  are 
expressed  by  one  or  two  figures.  The  table  for  such 
squares  is  familiar  to  the  student. 

The  squares  of  numbers  expressed  bj'  two  figures  are 
integers  expressed  by  three  or  four  figures,  for  10"  =100, 
100^=10,000,  and  all  integers  of  two  figures  are  less  than 
100. 

To  devise  a  method  for  finding  the  square  root  of  an 
integer  of  three  or  four  figures,  we  shall  first  construct  the 
square  of  an  integer  of  two  figures  and  then  seek  to  recover 
from  the  square  these  two  figures,  i.e.,  the  two  parts,  of  the 
root. 

Ex.  47-=40-+2x40X7+7-=1600+560-l-49=1600+609=2209. 

We  first  see  that  2209  lies  between  40-  and  50^ ;  the  first  two 
figures  of  2209  (from  the  left)  suffice  to  give  this  fact,  i.e.,  to 
determine  that  4  is  the  first  figiare,  and  therefore  that  40  is  the 
first  part,  of  the  root.  If  now  Jc  is  the  other  figure  of  the  root, 
or  rather  the  remaining  part  of  the  root, 

(40+A-)2=2209. 
.'.  402+2X40XA-+Z;2=2209; 
.-.  2X40X/.+Z;-=609, 

where  G09  is  the  remainder  when  40"  is  taken    from   2209.      But 
A  is  a  number  expressed  by  one  figure,    so   that  2X40X^'   must 
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make  up  the  greater  part  of  GOO.  Hence  if  we  divide  609  by 
2X40  we  get  an  indication  as  to  the  vakie  of  k.  Here  the  indica- 
tion is  7  and  we  have  only  to  make  sure  that  2X40X7+7^=609, 
which  is  seen  to  be  tnie.  In  making  the  verification  it  is  well  to 
note  that  2X40X7+7^=7X (2x40+7).  The  process  thus  ex- 
plained may  be  presented  in  concise  form  thus: 


(a) 

(b) 

2209(40+7 
1600 

2209(47 
16 

2X40=80 
80X7+7^=87X7= 

609 
609 

87 

609 
609 

In  (a)  all  the  woi'k  is  given.  In  (b)  we  carry  in  mind  that  4 
here  means  40  and  therefore  that  2X4  means  80,  so  that,  after 
dividing  by  80  and  getting  the  indication  7,  we  add  7  to  80  by 
writing  it  after  8.  The  process  then  serves  to  recover  47  the 
square  root  of  2209. 

As  a  further  example  we  find  the  square  root  of  841. 

841(29 
4 
49     441  .-.The  square  root  of  841  is  29. 

441 


Next  consider  the  squares  of  integers  expressed  by  three 
figures.  It  is  plain  that  the  squares  will  be  integers 
expressed  by  five  or  six  figures,  for  100"  =10,000  and  1000^ 
=  1,000,000.  Before  seeking  a  method  for  extracting  the 
square  root  of  such  numbers,  we  construct  a  square. 

Ex.  3572=300^+2x300x57+572=127449, 

or,     3572=3502+2x350x7+72=127449. 

From  127449  we  wish  to  find  a  way  of  recovering  357.  First 
we  see  that  127449  lies  between  3002  and  4002,  and  the  first  two 
figures  of  the  square  suffice  to  determine  this  fact  and  therefore 
to  shew  that  the  first  part  of  the  I'oot   is   300.      Taking  3002   ^j. 
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90000  from  127449,  we  have  37449.  As  in  the  earher  example  and 
for  the  same  reason,  we  divide  2X300  into  37449  to  get  an  indi- 
cation as  to  the  remaining  part.  The  indication  is  GO,  but  on 
trial  this  is  found  to  be  too  great.  We  might  now  make  trial 
with  59,  or  with  other  numbers,  and  we  should  in  the  end  come 
upon  57.  But,  for  the  moment,  we  shall  seek  only  the  second 
figure  of  the  root  and  we  make  ti-ial  with  50.  This  is  found  to  be 
too  small;  we  know  then  that  127449  lies  between  350^  which  is 
122500,  and,  360^  which  is  129G00,  and  this  fact  reveals  itself  in 
the  second  two  figures  of  127449.  We  now  consider  350  as  one 
part  of  the  I'oot,  and  we  take  away  350^  fi-om  127449  to  find  the 
remaining  part  of  the  root.  Now  3502=300^+2X300X50+50- 
and  we  have  already  taken  away  300  2,  so  that  from  the  re- 
mainder we  have  to  take  only  2X300X50+50"  or  32500,  which 
leaves  4949.  As  before,  we  divide  2X350  into  4949  to  get  an 
indication  as  to  the  remaining  figiire  of  the  root.  The  indication 
is  7  and  on  trial  this  is  found  to  be  correct. 

The  work  may  be  pi-esented  thus : 


(a) 

(b) 

127449(300+50+7 

12'74'49(357 

90000 

9 

300X2=600 

37449 

65 

374 

600X50+50^= 

32500 

325 

350X2=700 

4949 

707 

4949 

700X7+7  2  = 

4949 

4949 

In  (a)  the  complete  work  is  given.  In  (b)  all  unnecessary 
figures  are  omitted.  The  number  127449  is  marked  off  into 
periods  of  two  from  the  right  for  reasons  that  appeared  in  the 
explanation. 

By  a  coiitiuuation  of  the  process,  the  square  root  of  any 
square  integer  expressed  by  a  greater  number  of  figures 
may  now  be  found. 

Again   since 

1-23- =1-5129, 


it  is  seen  that  the  square  of  a  decimal  has  an  even  number 
of  decimal  places.  The  square  root  may  be  found  without 
regard  to  the  decimal  ])oint  and  then  the  decimal  point 
can    be    introduced j    or   the    figures    may  be    marked   off 
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in  periods  of  two  from  the  decim:il  point,  aud  the  decimal 
poiut  introduced  at  the  proper  time. 

Ex.  l-87'69(l-37 

1 


2-3 

0-87 
0-69 

2-67 

0-1869 
0-1869 

The  square  root  sought  is  therefore  1-37. 
If  an  integer  or  a  decimal  is  not  a  square,  the  square 
root  may  be  found  to  any  degree  of  approximation. 
Ex. 


43-  (6-5574 
36- 

12-5 

700 
6-25 

13-05 

0-7500 
0-6525 

13-107 

97500 
91749 

13-1144 

575100 
524576 

Here  we  may  say  at  successive  steps  that : 

The  square  root  of  43  is  greater  than  6    and  less  than  7. 

"    43         "  "    6-5  "         "      6-6 

"    43         "  "    6-55  "         "      6-56 

"    43         "  "    6-557  "         "      6-558 

"    43         "  "    6-5574  "         "      6-5575 

and  further  that  the  square  root  of  43  is   6-  657  correct   to  three 
places  of  decimals. 

It  is  to  be  noted  that  the  operation,  in  the  example  just 
treated,  will  not  terminate.  For  if  it  did,  the  square  root  of 
43  would  be  either  an  integer,  or  a  fraction  which  can  be 
supposed  in  its  lowest  terms.  It  is  not  an  integer,  nor  can 
it  be  a  fraction;  for,  if  so,  the  square  of  a  fraction  in  its  low- 
est terms  would  be  equal  to  43,  an  integer,  aud  this  is  im- 
possible. 
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It  is  plain  that  the  square  root  of  a  fraction  is  the 
quotient  of  the  square  root  of  the  numerator  by  the  square 
root  of  the  denominator.  If  the  denominator  is  not  a 
square,  as  in  f ,  it  is  best  to  say 

5 6X7 35 

The  square  root  of  35  may  now  be  found  to  any  degree  of 
approximation  and  then  the  result  divided  by  7. 

The  symbol  for  square  root  is  \/;  thus  the  square  root 
of  539  is  written  x/539. 

3.  Cube  Root.  The  product  9X9X9  or  729  has  been 
called  the  cube  of  9.  On  the  the  other  hand  9  is  called  the 
cube  root  of  729  ;  729  is  said  to  be  a  cube  number,  or  a 
perfect  cube,  or  simply  a  cube. 

The  cubes  of  integers  expressed  by  one  figure  are  integ- 
ers expressed  by  one,  two  or  three  figures.  The  student 
should  make  a  table  of  cubes  of  the  first  9  integers. 

The  cubes  of  integers  expressed  by  two  figures  are  in- 
tegers expressed  by  four,  five  or  six  figures,  for  10^  =  1000 
and  100^  =  1,000,000. 

To  obtain  a  method  for  finding  the  cube  root  of  an  in- 
teger expressed  by  four,  or  five,  or  six  integers,  we  shall 
first  construct  the  cube  of  an  integer  of  two  figures. 

Ex.     42='=(40+2) '=40^+3X40' X2+3X40x22+2^ 

=64000-f9600+480+8=&4000-f  10088=74088. 

It  is  now  proposed  to  recover  from  74088  its  cube  root.  It  is 
first  seen  that  74088  lies  between  40^  and  50^,  a  fact  which  re- 
veals itself  in  the  first  two  figures  of  74088.  Let  h  be  the  remain- 
ing part,  so  that  h  is  a  number  expressed  by  one  figure.  Then 
must 

(40X70 '=74088. 

.-.  40'+3X402X/t-t-3X40X7j2+7t3=74088; 

.-.  3X402x/i-j-3X40X/t2+/i3=10088, 
where  10088  is  the   remainder  when  40'  is   taken   from   74088. 
Now,  h  being  a  number  expressed  by  one   figure,  3X40^ X/t  must 
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make  up  a  \nrge  part  of  10088.  Hence,  if  we  divide  10088  V)y 
3X40^,  i.  e.,  by  4800,  we  g^et  an  indication  as  to  the  other  part 
of  the  root.  The  indication  yielded  is  2;  testing  we  find  that  2 
fulfils  all  requirements.     In  making  the  test  it  is  well  to  note  that 

3X(402x2)+3X(40X22)+23=(3X402+3X40X2+2-)x2. 


The  work  may  be  presented  thus : 

(a) 

74088(40+2 
64000 

(b) 

74088(42 
&1 

3X40^=4800 
3X40X2=  240 
2^=      4 
5044X2= 

10088 
--  10088 

4800 

240 

4 

5044 

10088 
10088 

In  (a)  the  complete  work  is  given,  while  in  (b)  certain 
unnecessary  figures  are  omitted.  Thus  the  cube  root  42  has 
been  I'ecovered. 

Next  consider  the  cubes  of  integers  expressed  by  three 
figures.  It  is  evident  that  their  cubes  will  be  integers  ex- 
pressed by  seven,  eight,  or  nine  figures, for  100^  =1,000, (XX) 
and  1000 •■'  =1,000,000,000.  We  shall  construct  the  cube  of 
an  integer  of  three  figures. 

Ex.  45l3=400='+3X4002x31+3X400X5l2+51^ 

=G4000000-f5lX(3X4002+3X400X51+5l2), 
=(>4000000+27733851=91733851. 

It  is  proposed  now  to  recover  the  cube  root  of  this  last 
number.  It  is  first  seen  that  the  number  lies  between  400^  and 
500^,  so  that  400  is  the  first  part,  i.e.,  4  is  the  first  figure,  of  the 
root.  Taking  400^  from  the  number  we  have  27733851.  Wo 
now  divide  this  by  3X400^  to  get  an  indication  as  to  the  remaining 
part.  The  indication  is  50  and  as  in  the  case  of  tlie  square  we 
find  that  the  root  lies  between  450^  which  is  91125000  and  460^ 
which  is  97336000,  and  the  second  figure  of  the  root  is  revealed 
in  the  three  figures  following  91.  Now  450'^ — the  cube  of  the 
part  of  the  root  now  found — is  equal  to 

400^+3X400^  X.50+3X400X502+50^ 
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Therefore,  to  subtr;ict  450''  from  the  origiual  number,  we  have 
only  to  subtract 

(3X4002+3X400X50+50-)X50 

from  the  remainder  27733851.     The  remaining  figure  of  the  I'oot 
is  found  in  like  manner.     The  work  is  given  below. 

(a) 

91733'851  (400+50+1 
64000000 
3X4002=480000  27  733  851 

3X400X50=  00000] 

50^  =     2500 1 

3X400^+3X400X50+50^=542500  |  27  125  000 

50^  =    2500i  608  851 

3X(400-+2X400X50+502)=607500 
(=3X450") 

3X450X1     =     1350 

V  = ^1 

3X4502+3X450X1+1^  =008851  608  851 

(b) 

91'733'851(451 

04 
4800      -^ 
600\      27733 


25 1 
5425 r      27125 
_25)        608851 


607500 

1350 

1 

608851       ()08851 


In  (a)  the  complete  work  is  given;  in  (b)uunecessai"y  figures 
are  omitted.  The  explanation  given  above  furnishes  the  reason 
for  marking  off  the  figui'es  from  the  right  in  periods  of  three. 

By  a  continuation  of  the  process,  the  cube  root  of  any" 

integral  cube  may  be  found.     - 

As  iu  the  case  of  square  root,  it  may  be  shewn  that: 
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(1)  The  cnl)e  root  of  a  decimal  may  be  found,  care 
being  taken  to  mark  off  the  periods  of  three  figures  from 
the  decimal  point. 

(2)  If  a  number  is  not  a  cube,  an  approximation  to  its 
cube  root  may  be  found . 

(3)  The  cube  root  of  a  fraction  is  the  quotient  of  the 
cube  root  of  its  numerator  by  the  cube  root  of  its  denom- 
inator. 

(4)  The  cube  root  of  a  fraction  as  4  is  best  found  by 
regarding  the  fraction  as 

5X7X7      .  245 
7X7X7  ^^   343' 

(5)  The  process  of  finding  the  cube  root  of  a  number, 
which  is  not  a  cube,  as  4  or  7,  does  not  terminate,  i.e.,  the 
cube  root,  being  neither  an  integer  nor  a  fraction,  is  an 
irrational  number. 

The  symbol  for  cube  root  is  -^  ;  thus  the  cube  root 
of  597  is  written  v/597. 

4.  Highep  Roots.  It  rarely  happens  that  there  is  need 
to  extract  higher  roots,  and  then  these  roots  are  best  found 
by  indirect  methods.  It  may,  however,  be  pointed  out 
that  the  fourth  root  may  be  obtained  by  two  successive 
operations  of  square  root,  the  sixth  root  by  finding  first  a 
square  root  and  then  a  cube  root  or  first  a  cube  root  and 
then  a  square  root ;   and  so  on. 

The  operation  of  finding  a  root  is  called  evolution. 

5.  Irrational  Numbers.  It  has  been  shewn  that  in 
the  case  of  such  indicated  operations  as  -v/S,  ^5  it  is  im- 
possible to  find  the  roots  sought,  either  as  integers  or 
as  fractions,  i.e.  these  roots  cannot  be  expressed  as  ratios. 
Yet  it  will  be  seen  that  \/3,  ^5  may  be  employed  to 
measure  quantity.  We  shall  therefore  speak  of  them  as 
numbers,  and,  in  virtue  of  the  fact  that  they  cannot  be 
expressed  as  ratios,  we  shall  call  them  irrational  numbers. 
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The  extraction  of  roots  is  not  the  only  source  of  irrational 
numbers.  Special  irrational  numbers  of  the  kind  here  met, 
as  \/3,  ^7,  are  called  surd  numbers  or  surds. 

A  complete  theory  of  oi)eratious  with  surd  numbers — 
as  their  addition,  subtraction,  multiplication  and  division, 
their  powers  and  roots — has  been  constructed.  Its  present- 
tation  does  not  fall  within  the  plan  of  this  book.  However, 
a  few  examples  are  given  to  show  the  way  in  which  surd 
numbers  are  treated. 

Ex.  1.  Find  the  sum  of  i/3  and  i/5. 
The  simplest  complete  expression  for  the  sum  is: 
v/3+i/5, 

but  it  cannuot  be  said  that  the  result  has  been  found.  In  an 
actual  problem,  as  an  approximate  value  of  either  i/3  or  \'o 
would  be  sufficient,  so  also  would  an  approximate  value  for  their 
sum.     We  should  theu  say 

v^ 3+1/ 5=1  7321+2  2361,  each  root   correct  to  4  decimal  places; 
=3-968,  the  sum  correct  to  three  decimal  places. 

Ex.  2    Fiud  the  product  of  V3  and  V5. 

As  in  the  preceding  example  we  may  say  that  the  product   is 

^/3X-i/5 

and  to  this  result  like  remarks  would  apply. 

Approximately 

v^3Xv/5=l- 7321X2-2361,  each   root   correct   to  4  decimal  places; 
=3-873,  the  product  correct  to  three  decimal  places. 

Under  certain  assumptions  we  can  say 

(i/3Xv/5)2=i/3Xv/r)Xv/3Xi/o 

=(,/3Xi/'3)X(v/5Xv'5) 

=3X5 

=15 

.'.   1/3X1/5=1/ 15. 

The  result  is  correct,  but  the    student    should    point    the    as- 
sumptions. 

As  a  verification,  i/15=3- 8730.   .   .   . 
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Exercises. 

1.  Find  the  square  roots  of  the  following  numbers: 

169,  289,  361,  441,  1024,  2916,  6084,  9801. 

2.  Find  the  cube  roots  of  the  following  numbers: 
1331,  1728,  4913,  9261,  15625,  24389,  103823,  405224. 

3.  Find  the  squure  roots  of  the  following  numbers: 

15129,  54756,  92416,  370881,  574564,  801025. 

4.  Find  the  cube  roots  of  the  following  numbers  : 

1367631,  12812904,  107171875,  401947272. 

5.  Find  the  square  roots  correct  to  three  places  of   decimals 
of  the  following  numbers  : 

7,    13,   29,    73,   127. 

6.  Find  the  cube  roots  correct  to   two  places  of  decimals  of 
the  following  numbers: 

11,   23,   99,   153,   513. 

7.  Find  the  square  roots  of  : 

8-41,  28- 09,  1-7424,  10-6929,  0-4489. 

8.  Find  the  cube  roots  of: 

2197,  12-167,2-299968,  0-636056. 

9.  Find,  to  the  nearest  thousandth,  the  square  roots  of: 

0-7,  0-07,  0-312,  0-0312,  0-00312. 

10.   Find,  to  the  nearest  hundredth,  the  cube  roots  of: 
0-3,  0-05,  0-23,  U023,  00023. 
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11.  By  resolving  into  factors,  find  tke  square  roots  of: 

3969,  6084,  27225,  50625; 

and  the  ciibe  roots  of: 

9261,  42875,  373248,  681472. 

12.  Find,  to  the  nearest  tenth,  the  fourth  root  of  7  and  the 
sixth  root  of  11. 

13.  Find  the  square  roots  correct  to  two  places  of  decimals 
of  the  following  fractions,  first  by  extracting  the  square  roots 
of  the  numerators  and  the  denominators  and  performing  the 
divisions,  and  then  by  considering  the  equivalent  fractions  with 
square  denominators: 

9  7  13          18 

T3    '    T2   '    ^T   '    ^5   • 

14.  Find  the  cube  roots  correct  to  two  places  of  decimals, 
first  by  extracting  the  cube  roots  of  the  numerators  and  denom- 
inators and  pel-forming  the  divisions,  and  then  by  considering  the 
equivalent  fractions  with  cube  denominators  : 

27         5  13         17 

1^^  '  ^    '    ^5  '  ^?"  • 

15.  Test  the  following  relations  by  working  to  three  places 
of  decimals  in  the  case  of  square  roots,  and  to  two  places  of 
decimals  in  the  case  of  cube  roots  : 

^5Xv/7=i/35;  t/11Xi/13=i/143:  i/95-t/19=i/5;  i/75=5i/3; 
^3Xir5=#'15;  ^5X^7=^35;  #^55-^11=^5;  #^88=2^11. 


PART  II 

APPLIED  ARITHMETIC 

The  most  useful  and  perhaps  the  most  interesting 
applications  of  arithmetic  are  to  be  found  in  the  problems 
that  arise  in  business  transactions  and  in  geometrical 
measurements.  Such  problems  form  the  subject  matter  of 
Sections  I  and  II.  In  Section  III  are  treated  certain  types 
of  problems  that  do  not  fall  into  any  definite  class,  and  in 
Section  IV  is  given  a  series  of  sets  of  problems  for  solution. 

In  every  problem  of  applied  arithmetic,  the  student 
should  first  make  sure  that  he  understands  the  nature  and 
meaning  of  the  application.  Thus  in  a  problem  of  com- 
mercial arithmetic  it  is  necessary  to  know  the  meaning  of 
the  terms  employed,  to  understand  the  transactions  appearing 
in  it,  and  to  have  in  mind  any  convention  of  business  life 
that  may  bear  upon  it;  in  a  problem  of  mensuration,  there 
is  a  like  need  of  a  knowledge  of  the  implied  geometry. 
Not  infrequently  the  difficulty  of  a  problem  is  due  to  a 
failure  on  the  part  of  the  student  to  grasp  its  full  meaning 
rather  than  to  an  inability  to  supply  the  necessary  reasoning. 


SECTION  I 

COMMERCIAL  ARITHMETIC 
CHAPTER  I 

PERCENTAGE:  SIMPLE   APPLICATIONS 

1.  Definition.  The  term  per  cent.,  i.  e.,  per  cevtum, 
means  on  each  hundred,  so  that,  for  example,  6  per  cent, 
means  6  on  each  hundred,  and  6  per  cent,  of  any  number 
or  quantity  means  if  o  of  that  number  or  quantity.  The 
expression  per  cent,  is  frequently  denoted  by  the  symbol 
%;  for  example,  5  per  cent,  is  written  5%.  Plainly  100% 
of  any  quantity  is  that  quantity  and  100%  is  joo  or  1. 

From  what  has  been  said  it  follows  that  any  percentage 
can  be  expressed  formally  as  a  fraction:  e.g.,  8%  =  t^o  =/3. 
C^onversely  any  fraction  can  be  expressed  as  a  percentage. 
For  take  the  fraction  | .     Then 

We  might  also  have  said: 

2 2X2" —  4  0  —An  °  I 

Exercises 

1.  Express  the  following  percentages  as  fractions  in  their 
lowest  terms  : 

257o,  22r/.,  33r/o,  12r/c,  67o,  207O, 

45V„,  87r/o,  407,,  187o,  237o,  ISr/c 
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2.  Express  as  percentages  : 

1  3  5  2  7  17  2  11  1  •  2  3 1 

T'        5'        TS'        5'        TZ'        SC         35ff'  3-728' 

0-03,         0-375,        0031,         315. 

When  the  result  is  not  integral  find  it  also  to  the  nearest 
hundredth  of  one  per  cent. 

3.  Express  the  pound  as  a  percentage  of  the  kilogramme 
to  the  nearest  hundredth  of  one  per  cent. 

4.  Express  the  yard  as  a  percentage  of  the  metre,  to  the 
nearest  hundredth  of  one  per  cent. 

5.  A  candidate  makes  210  marks  out  of  a  total  of  275  in 
Grammar,  217  out  of  a  total  of  350  in  Arithmetic,  and  130  out  of 
a  total  of  200  in  History.  Find  to  the  nearest  unit  his  percentage 
in  each  subject,  and  on  the  whole  examination. 

G.  The  population  of  a  city  in  1890  was  185,000;  in  1900  the 
population  was  235,000.  Find  by  what  per  cent,  the  population 
increased. 

7.  A  merchant  bought  1000  yards  of  cloth  at  $1-20  a  yard, 
and  paid  duty  thereon  at  33^  per  cent.;  other  charges  amount 
to  $50- 00.  At  how  much  a  yard  must  it  be  sold  that  he  may  gain 
20  per  cent.'? 

8.  The  result  of  a  weight  analysis  is 

Sulphur  2-555  grams 
Copper    2-5185      " 
Iron         2-2265      " 


Total        7-3  " 

Find  the  percentage  composition. 

9.  A  man  held  a  25  per  cent,  interest  in  an  estate  and  trans- 
ferred 25  per  cent,  of  his  interest  to  another  man  for  $5250. 
Find  the  estimated  value  of  the  estate. 

10.  By  selling  cloth  at  $1-75  a  yard,  a  merchant  gains  16| 
per  cent.  At  what  price  should  it  be  sold  to  make  the  gain  33^- 
per  cent.? 

11.  An  article  was  sold  at  a  gain  of  10  per  cent. ;  had  it  been 
sold  for  $7-20  less  the  loss  would  have  been  5  per  cent.  Find  the 
cost  of  the  article. 
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12.  A  sold  ahorse  to  B,  gaining  1G|  per  cent.:  B  sold  it  to  C 
for  $tJ5-20  thus  losing  20  per  cent.     What  did  the  horse  cost  A? 

13.  If  a  number  be  increased  15  per  cent,  of  itself  and  the 
amount  increased  20  per  cent,  the  result  is  414;  find  the  number. 

14.  A  town,  of  which  the  population  in  1870  was  7500,  for 
two  successive  decades  increased  its  population  by  a  certain  per- 
centage. If  the  population  in  1890  w^as  10800,  find  the  rate  of 
increase  for  the  decade. 

15.  A  barrel  of  sugar  containing  200  pounds  cost  $10.  If 
3°/oOf  it  be  lost  in  weighing,  what  per  cent,  is  gained  by  selling  it 
at  8  cents  a  pound  ? 

16.  A  merchant  bought  goods  to  the  value  of  $3750.  He 
lost  12l7o  of  them  by  fire ;  for  what  must  the  remainder  be  sold 
to  yield  a  profit  of  57o  on  the  investment  ? 

17.  A  tea-chest  contains  100  pounds  of  tea;  CO  pounds  are 
sold  at  a  loss  of  15%-  For  what  per  cent,  in  advance  of  cost 
must  the  remainder  be  sold  in  order  to  make  a  gain  of  10°/„  on 
the  whole  ? 

18.  A  merchant  buys  cloth  which  depreciates,  and  he  sells 
35  yards  for  the  cost  of  25  yards.     Find  his  loss  per  cent. 

19.  If  a  manufacturer  reduces  the  woi-king  day  from  lOj 
hours  to  10  hours  -without  a  reduction  of  wages,  by  what  per  cent, 
are  wages  increased? 

20.  What  per  cent,  is  gained  by  using  a  yard  measure  |  of 
an  inch  too  short? 

21.  A  man  sold  two  horses  at  $180  each,  on  the  one  gaining 
20  per  cent,  ani  on  the  other  losing  20  per  cent.  Find  his  gain 
or  loss. 

22.  A  man  sold  two  lots  at  $1200  each.  On  one  of  the  lots 
his  gain  was  20  per  cent.  If  on  the  whole  he  neither  gained  nor 
lost,  at  what  per  cent,  loss  was  the  second  lot  sold  ? 

23.  A  merchant  marks  his  goods  at  an  advance  of  30  per 
cent,  on  the  cost  price  and  in  selling  makes  a  reduction  of  5  per 
cent.     What  profit  per  cent,  does  he  make  on  his  sales  ? 

Find  the  cost  price  and  the  marked  price  of  goods  sold  for 
$117-35. 
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24.  A  merchant  marks  his  g-oods  at  an  advance  of  25  per 
cent,  on  cost.  He  allows  a  customer  a  reduction  of  10  per  cent, 
on  his  bill  and  still  makes  a  profit  of  $5-60  on  the  transaction. 
What  was  the  amount  of  the  bill? 

25.  At  what  advance  on  cost  should  a  merchant  mark  his 
goods  so  that,  giving  a  reduction  of  10  per  cent,  on  the  marked 
price,  he  may  make  a  profit  of  25  per  cent.? 

The  reduction  is  what  fraction  of  the  cost  price? 

Find  the  cost  price  and  the  selling  price  of  goods  marked  at 
$17-25. 

26.  At  what  price  should  cloth  which  cost  84  cents  a  j^ard  be 
marked  that  it  may  be  sold  at  a  reduction  of  10  per  cent,  from 
the  marked  price  and  still  yield  a  profit  of  8  per  cent.  ? 

27.  Tea  costing  50  cents  a  pound  is  mixed  with  an  inferior 
quality  at  20  cents  a  pound  in  the  proportion  of  2  pounds  of  the 
former  to  3  pounds  of  the  latter,  and  the  mixture  is  sold  at  40 
cents  a  pound.     Find  the  gain  per  cent. 

28.  In  the  erection  of  a  bridge,  five  times  as  much  was  paid 
for  building  material  as  for  labor.  Had  19  per  cent,  less  been 
expended  for  material  and  15  per  cent,  more  for  wages,  it  would 
have  cost  $4680.     What  was  its  actual  cost? 

29.  Two  pounds  of  tea  and  6  pounds  of  sugar  cost  $2-20; 
if  sugar  rises  50  per  cent,  in  price  and  tea  10  per  cent,  they  would 
cost  $2-66.     Find  the  prices  of  tea  and  sugar. 

30.  A  man  whose  yearly  salary  is  $2000,  after  paying  rent  and 
living  expenses,  has  a  balance  of  $900  at  the  end  of  the  year. 
Rents  advance  20  per  cent,  and  living  expenses  25  per  cent,  and 
his  balance  now  is  $640.     Find  the  sum  now  paid  for  rent. 

31.  There  are  two  numbers  whose  sum  is  10;  if  one  of  them 
is  increased  25  per  cent,  and  the  other  increased  16|  per  cent,  the 
sum  of  the  numbers  is  then  12.     Find  the  numbers. 

32.  A  merchant's  total  sales  of  goods  amounted  to  $1165. 
He  sold  33i  per  cent,  of  them  at  an  advance  of  12^  per  cent,  on 
cost,  60  per  cent,  at  an  advance  of  25  per  cent.,  and  the  remainder 
at  a  loss  of  40  per  cent.     What  did  the  goods  cost  him? 

33.  A  merchant  buj's  cloth  and  sells  it  so  as  to  gain  20  per 
cent.  Had  he  bought  it  at  20  per  cent,  less,  and  sold  it  for  20 
cents  a  yard  less,  his  profit  would  have  been  30  per  cent.  Find 
the  cost  price  of  the  cloth. 
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2.  Trade  Discount.  A  certain  article  is  manufactured 
to  be  sold  by  the  dealers  at  $10.  The  manufacturer  in 
selling  to  the  dealers  makes  a  reduction  or  allows  a 
discount  of  20  per  cent. ;  this  means  a  reduction  of  $2 
from  the  list  or  catalogue  price,  and  the  cost  to  the  dealer 
is  $8. 

A  merchant  who  sells  his  goods  on  short  credit,  bills 
to  be  paid  at  the  end  of  each  calendar  month,  finds  it  an 
advantage  to  allow  a  discount  of  2  per  cent,  on  all  bills  for 
payment  at  time  of  sale.  For  immediate  payment  he  would 
then  deduct  80  cents  from  a  bill  of  $40-00  and  the  cost  to 
the  purchaser  would  be  $39-20. 

A  wholesale  dealer  finds  that  an  article  of  nominal  price 
$30-00  in  his  distributed  catalogues — a  price  on  which  he 
has  hitherto  allowed  a  discount  of  20  per  cent,  to  the  retail 
trade — may  now  be  obtained  by  him  at  a  lower  cost ;  this 
makes  it  possible  for  him  further  to  reduce  his  bills  by  10 
per  cent.  Instead  of  recalling  his  catalogues  he  may 
announce  to  the  trade  this  further  discount.  The  reduc- 
tion on  the  catalogue  price  is  then  20  per  cent,  and  10  per 
cent.  The  price  after  the  first  discount  is  $24-00;  on  this 
there  is  a  reduction  of  10  per  cent,  or  $2-40  and  the  net 
price  is  $21-60. 

The  foregoing  are  illustrations  of  Trade  Discount.  The 
rate  of  discount  is  usually  given  as  a  percentage  of  the 
price  to  be  discounted  or  of  the  amount  of  the  bill. 

Exercises 

1.  The  amount  of  a  bill  of  goods  is  $137-50  with  2  per  cent, 
off  for  cash.     Cash  payment  is  made;  Find  the  sura. 

2.  The  amount  of  a  bill  is  $28- 5G  with  Ij  per  cent,  off  for 
cash.     Find  the  sum  necessary  for  cash  payment. 
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3.  The  cash  pHj'inent  of  a  bill  on  whicli  a  discouiit  of  1  per 
cent,  for  cash  has  been  allowed,  is  $313-83;  iiiid  the  amount  of 
the  bill. 

4.  Merchandise  to  the  amount  of  $5-40-25  was  purchased  on 
May  3,  the  terms  being'  3  mo.,  or  3  per  cent,  olif  00  da.,  or  .') 
per  cent,  off  30  da.  What  amount  would  meet  the  bill  on  Max 
17  ?     On  June  27  ? 

o.  A  bill  of  goods  is  $720-00,  discounts  20  per  cent.,  10  per 
cent.     Find  the  cost  of  the  goods. 

6.  Find  the  difference  between  discounting  a  bill  of  $1,800 
at  20  per  cent,  and  10  per  cent.,  and  discounting  at  30  per  cent. 

7.  What  single  discount  is  equivalent  to  the  discounts  20  per 
cent.,  10  per  cent.? 

8.  Shew  that  the  discounts  30  per  cent,  and  20  per  cent,  are 
equivalent  to  the  discounts  20  per  cent,  and  30  per  cent. 

9.  A  merchant  buys  goods  listed  at  $180-00,  33|  per  cent, 
off  and  2  per  cent,  for  cash,  paying  at  once.  In  selling  he  allows 
10  per  cent,  of  the  list  price;    what  gain  per  cent,  does  he  make  ? 

10.  A  dealer  buys  goods  catalogued  at  $300  with  20  per  cent., 
10  per  cent.,  5  per  cent,  off  and  sells  them  for  $250;  find  his  gain 
per  cent. 

11.  What  single  discount  is  equivalent  to  thi'ee  discounts  of 
10  per  cent.? 

12.  What  second  discount,  taken  with  20  per  cent,  off,  is  the 
same  as  a  discount  of  30  per  cent.? 

13.  What  discount  followed  by  a  10  per  cent,  discount,  is  the 
same  as  40  per  cent,  off  ? 

14.  What  discount  twice  taken  is  the  same  as  19  per  cent, 
off  ?  to  30  per  cent,  off  ? 

15.  What  further  discount  would  be  necessary  to  make  a  10 
per  cent,  discount  followed  by  a  10  per  cent,  discount  equivalent 
to  a  20  per  cent,  discount  ? 
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3.  Commission.  An  ag'ent  receives  a  consigmnent  of 
1000  1)1)1.  of  tlour  which  he  is  to  sell;  for  making  the  sale 
he  is  to  receive  3  per  cent,  of  the  gPOSS  proceeds,  ?.  e.,  of 
the  sum  for  which  the  flour  is  sold,  and  to  remit  to  the 
consigrnor  the  balance,  /.  e.,  the  net  proceeds.  Suppose 
that  he  sells  the  flour  at  $6-00  a  bbl.     Then: 

The  gross  proceeds  =  $6  X  1000  =  $6000. 

The  agent's  commission  =  Tfo  of  $6000 =$180. 

The  net  proceeds  =  $6000— $180  =  $5820. 

It  is  plain  that  the  commission  is  also  equal  to  A  of  the 
net  proceeds. 

Next  suppose  that  an  agent  is  instructed  by  his  princi- 
pal to  buy  for  him  500  bbl.  of  apples  at  $1.25  a  bbl.  For 
the  purchase  $1-25X500  or  $625-00  will  be  necessary.  If 
the  agreement  is  that  the  agent  is  to  receive  2  per  cent,  of 
the  cost  of  the  apples,  for  making  the  purchase,  his  com- 
mission will  be  jh  of  $625-00  or  $12-50.  Therefore  there 
should  have  been  sent  the  agent  $625-  00+$12-50  or  $637-50. 
Here  the  commission  is  Tfir  of  the  sum  paid  for  the  apples, 
or  tI J  of  the  sum  remitted. 

The  rate  of  commission  is  ordinarilj^  given  as  a  per- 
centage to  be  charged  on  the  sum  for  which  the  agent  sells 
the  goods,  or  on  the  sum  invested  by  him  in  goods. 

If  the  agent  who  sells  a  consignment,  is  intrusted  with  the 
investment  of  the  proceeds  after  deducting  his  commis- 
sions, there  will  occur  problems  like  the  following  .- 

An  agent  whose  charge  for  sales  is  3  per  cent,  and  for  in- 
vestments 2  per  cent,  receives  a  consignment  of  flour  with  instruc- 
tions to  invest  the  proceeds  in  lumber,  reserving  his  two  commis- 
sions. Find  to  what  fraction  t>f  the  sum  received  for  the  flour 
his  commissions  will  amount. 
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The  first  commission  =  xwr?  <^f  ^ross  proceeds  of  sale. 
.'.  Net  proceeds  of  sale  =  jJn 

This  sum  is  to  be  regarded  as  belonging  to  the  consignor;  it 
is  to  be  employed  in  purchasing  lumber  and  paying  the  commis- 
sion therefor. 

.'.  The  second  commission  =  rfj  of  Tirij  of  gross  proceeds  of 

sale. 

.*.  The  two  commissions 

=(t§o+t§^  of  A^u)  of  gross  proceeds  of  sale. 
=  T§5  of  gross  proceeds  of  sale. 

The  followiug-  solution  of  the  problem  is  also  given: 

The  first  commission  =  xf^  of  gross  proceeds  (of  sale). 

The  second  commission  =  t§o  of  sum  invested  (in  lumber). 

Now  the  gross  proceeds  exceed  the  sum  invested  by  the  sum 
of  the  two  commissions.  Therefore,  had  the  second  commission 
been  reckoned  on  the  gross  proceeds,  it  would  have  been  greater 
by  T§^  of  the  sum  of  the  two  commissions;  but  in  this  case  the 
two  commissions  would  have  made  up  r&o  of  the  gross  pi-oceeds. 

•  *•  T5?T  of  gross  proceeds  :=  the  sum  of  the  two  commissions, 

+yI^  of  the  sum  of  the  two  com- 
missions, 

=  f§§  of   the  sum  of  the  two  com- 
missions. 
We  have  then 

T§§  of  the  sum  of  two  commissions  =  yf  ^  of  gross  proceeds. 

.'.T^^  "  "  "      =tA^  of  T§^  of  gross  proceeds. 

,".  sum  of  two  commissions  =T§fofT§o 

=  Y%-s  of  gross  proceeds 

(of  sale). 

It  is  easily  seen  that  the  sura  of  the  two  commissions  =/t 
of  sum  invested. 
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EXERCLSBS 

1.  A  commission  merchant  sold  450  barrels  of  flour  at  $5-85 
a  barrel.  If  the  rate  of  commission  was  4  per  cent.,  find  his  com- 
mission and  the  sum  remitted  to  his  principal. 

2.  An  ag'ent  sells  a  house  for  $9000.  The  rate  of  commis- 
sion is  5  per  cent. ;  find  his  commission  and  the  amount  the 
former  owner  receives  from  the  sale, 

3.  An  agent  sold  3000  tons  of  hay  at  $11-40  a  ton.  The  rate 
of  commission  being  5  per  cent.,  find  his  commission  and  the  sum 
remitted  to  the  consignor. 

4.  An  agent  arranges  for  the  purchase  of  12000  bushels  of 
wheat  at  63  cents  a  bushel.  If  his  rate  of  commission  is  at  2  per 
cent.,  what  sum  must  be  sent  him  to  complete  the  purchase  and 
pay  the  charges  '? 

5.  An  agent  receives  $1009-80  to  invest  in  tea  at  33  cents  a 
pound.  If  his  commission  of  2  per  cent,  is  first  to  be  deducted, 
find  how  many  pounds  it  was  meant  that  he  should  buy. 

0.  An  agent  receives  $1081-50  to  invest  in  apples  at  $1-75  a 
bai-rel.  His  commission,  which  is  at  3  per  cent.,  is  to  be  deducted; 
find  how  many  barrels  it  was  meant  that  he  should  buy. 

7.  An  agent  sells  a  house  for  $8400;  the  amount  received  b3' 
the  former  owner  from  the  sale  is  $7890.  Find  the  rate  of  com- 
mission charged. 

8.  A  commission  merchant  sells  1200  ban-els  of  flour;  his 
commission,  which  is  at  the  rate  of  2  per  cent.,  amounts  to 
$158-40.  For  how  much  a  barrel  did  he  sell  the  flour,  and  what 
sum  did  he  send  to  the  consignor  ? 

9.  A  commission  merchant  sells  a  consignment  of  bacon  at 
13  cents  a  pound.  His  commission  at  4  per  cent,  amounted  to 
$39-00.  Find  the  number  of  pounds  consigned  to  him,  and  the 
sum  sent  to  the  consignor. 

10.  An  agent  receives  for  letting  a  house  5  per  cent,  of  the 
gross  rental,  but  assumes  responsibility  for  making  the  collection. 
He  lets  the  house  at  $40  a  month,  and  in  the  course  of  3  years 
loses  the  rent  for  one  month.  What  sum  did  he  realize  from  his 
commissions  in  3  years  ? 

Find  also  the  amount  received  in  rent  by  the  owner  of  the 
house,  for  the  time  in  (luestion. 
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11.  An  agent  receives  a  certain  percentage  of  the  gross  rental 
for  letting  a  house,  and  assumes  responsibility  for  collecting  the 
rent.  On  a  liouse  let  at  .$36  a  month  for  three  j^ears,  he  fails  to 
collect  one  month's  rent,  and  in  the  three  j-ears  his  net  commission 
is  $41-76.     Find  the  percentage  allowed  him. 

12.  An  agent  receives  a  consignment  of  5000  pounds  of  tea 
with  instructions  to  sell  and  to  invest  the  proceeds  in  flour,  having 
deducted  iiis  commissions  for  the  two  transactions.  The  rate  of 
commission  for  selling  is  5  per  cent.,  and  for  buj'ing  2j  per  cent. 
He  sells  the  tea  at  41  cents  a  pouud  and  buys  the  flour  at  $4  a 
barrel.  Find  his  total  commission  and  the  amount  of  flour 
bought. 

1.3.  An  agent  sells  flour  at  $4- 10  a  barrel  and  buys  sugar  at  3^ 
cents  a  pouud,  having  deducted  his  charges.  The  rates  of  com- 
mission are  31  per  ceut.  for  sales  and  2^  per  cent,  for  purchases. 
His  total  commission  is  .$168.  Find  the  number  of  barrels  of 
flour  sold  and  the  quantity  of  sugar  purchased. 


4.  Insurance.  Suppose  that  the  owner  of  a  house 
worth  $6000,  washing  to  provide  against  complete  loss  in 
case  of  fire,  insures  it  for  $4000.  If  the  Insurance  Company 
charges  2  per  cent,  of  the  amount  insured  for,  the  insurance 
being  for  a  term  of  3  years,  the  premium  paid  by  the 
insured  to  the  insurer  (i.e.,  the  Insurance  Company)  at  the 
beginning  of  the  term  is  if^  of  $4000,  or  $80-00.  In  case 
of  complete  destruction  by  fire,  within  the  term,  the  company 
will  pay  the  insured  $4000.  If  the  destru(;tion  is  only 
partial,  the  company  will  i)ay  the  estimated  loss  if  less  than 
$4000,  otherwise  $4000. 

This  example  brings  out  the  essential  fact  in  problems 
in  Fire  Insurance.  The  premiums  in  problems  in  Life 
Insurance  and  in  Accident  Insurance  may  be  calculated  in 
the  same  manner. 

The  rate  of  insurance  is  generally  given  as  a  percent- 
age on  the  amount  insured,  or,  which  amounts  to  the  same 
thing,  as  a  sum  to  be  paid  for  each  $100  or  $1000  of  insur- 
ance. 
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Exercises 

1.  A  build  in  jr  valued  at  $9000  was  insured  for  a  period  of 
three  years  for  |  of  its  value,  the  rate  being  2  per  cent.  Find 
the  premium  paid. 

2.  A  merchant's  stock  was  insured  for  one  year  for  $16,000 
at  f  per  cent.     Find  the  premium  paid. 

3.  A  steamship  valued  at  $200,000  was  insured  in  three 
companies,  in  the  first  for  $50,000  at  |  per  cent,  in  the  second 
for  $60,000  at  i  per  cent.,  and  in  the  third  for  $40,000  at  if  per 
cent.     Find  the  total  premium. 

4.  A  ship's  cargo  valued  at  $48,000  was  insured,  ^  at  the 
rate  of  f  per  cent.,  ^  at  the  rate  of  f  per  cent.,  and  1  at  the  rate 
of  I  per  cent.     Find  the  premium  paid. 

5.  Find  the  charge  for  insuring  a  house  worth  $4500  for 
^  of  its  value  at  f  per  cent,  if  the  agent's  fee  for  issuing  the 
policy  is  fifty  cents. 

6.  A  house  was  insured  for  |  of  its  value,  the  rate  being  |- 
per  cent.    If  the  premium  paid  was  $42,  find  the  value  of  the  house. 

7.  A  building  valued  at  $12,000  was  insured  for  a  period  of 
three  years  for  f  of  its  value  at  the  rate  of  l^-  per  cent.  Soon 
after  the  insurance  had  been  effected,  the  building  was  completely 
destroyed.  Find  the  owner's  loss,  and  the  loss  to  the  insurance 
company. 

8.  A  steamship  valued  at  $150,000  and  insured  for  |  of 
its  value  at  f  per  cent,  sustained  damage  to  the  amount  of 
$24,000.  The  insurance  company's  liability  being  for  |  of  the 
damage,  find  the  company's  loss  through  having  carried  the  risk. 

9.  A  building  and  its  contents  valued  at  $36,000  were  insured 
for  $25,000  the  rate  being  1^  per  cent.  Soon  afterwards  the 
building  and  contents  were  completely  destroyed.  Find  the  loss 
to  the  insurer  and  to  the  insured. 

10.  A  company  issues  a  polic\'  of  $12,000  on  a  building  the 
rate  being  |  per  cent.,  and  reinsures  in  a  second  company  to  the 
amount  of  $5000  at  1  per  cent.  The  building  is  completely 
destroyed.     Find  each  company's  loss. 
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11.  A  ship's  cargo  valued  at  $80,000  was  insured  at  J  per 
cent,  so  that  in  case  of  loss  the  owner  would  recover  its  value 
and  the  amount  of  the  premium  paid.  For  what  sum  was  the 
cargo  insured  and  what  was  the  premium  paid  ? 

12.  The  premium  on  a  policy  issued  for  $4800  was  $30. 
Find  the  rate  of  insurance. 

13.  A  house  valued  at  $7500  was  insured  so  that  in  case  of 
loss  there  woidd  be  recovered  $5000  and  the  amount  of  the 
premium.     Find  the  premium  paid. 

14.  A  consignment  of  flour  valued  at  $10,800  was  insured  so 
that  in  case  of  loss  there  should  be  recovered  the  value  of  the 
flour,  the  cost  of  insurance,  and  $400  in  addition.  Find  the 
premium  paid. 

15.  A  man  insured  his  house  valued  at  $8000  so  that  in  case 
of  loss  he  should  recover  f  of  the  value  of  the  house  and  |  of  the 
premium  paid  which  was  at  the  rate  of  1^  per  cent.  Find  the 
premium  paid. 

Find  also  the  loss,  in  case  of  complete  destruction,  to  the  in- 
surer and  to  the  insured. 

16.  A  shipment  of  apples  was  insured  at  |  per  cent,  to  cover 
the  value  of  the  apples  and  the  premium  paid.  The  premium  paid 
was  $45.     Find  the  value  of  the  apples. 

17.  A  shipment  of  cattle  was  insured  at  1  per  cent,  to  cover 
the  value,  the  premium,  and  $.500  additional.  The  premium  was 
$100;  find  the  value  of  the  cattle. 

5.  Taxation.  The  estimated  requirements  for  school 
purposes  for  the  coming  year,  in  a  town  in  which  the  rate- 
able property  is  assessed  at  $4,500,000,  is  $18,000.  Then 
on  each  dollar  of  such  property  will  be  paid 

4  5  0  0  0  0  0  of  $18,000,  or  $0-004. 

The    rate    of   taxation  for  school  purposes  will  then  be  4 
mills  on  the  dollar  or  to  of  1  per  cent. 

The  foregoing  sufficiently  illustrates  the  way  in  which 
the  simpler  problems  of  taxation  arise. 
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Exercises 

1.  Find  the  tax  paid  on  property  assessed  for  $4000  if  the 
rate  is  19^  mills  on  the  dollar. 

2.  If  the  rate  of  taxation  is  19^  mills  on  the  dollar,  and  if  this 
rate  applies  to  incomes,  find  the  tax  paid  by  a  man  whose  annual 
income  is  $1800  if  $700  of  this  is  exempt. 

3.  The  assessed  value  of  the  property  of  a  town  is  $1,800,000 
and  the  rate  of  taxation  is  13  mills  on  the  dollar.  If  a  special 
collector  who  receives  ^  per  cent,  is  employed,  find  the  town's 
net  receipts  from  taxation. 

4.  A  village  requires  $1800  for  school  purposes  for  the  year. 
If  the  assessed  value  of  the  rateable  property  of  the  village  is 
$450,000,  find  the  rate  for  school  purposes. 

5.  What  rate  must  be  struck  on  rateable  property  and  income 
to  the  amount  of  $16,000,000  to  meet  an  estimated  expenditure  of 
$272,000,  for  the  year? 

G.  A  man  whose  annual  income  is  $2000  is  required  to  pay 
taxes  on  the  amount  over  $700.  If  his  tax  bill  is  for  $25-35,  find 
the  rate  of  taxation. 

7.  A  person  who  pays  a  rate  of  16  mills  on  the  dollar  on  all 
his  annual  income  but  $700  receives  a  tax  bill  for  $25-60.  Find 
his  income. 

8.  A  man  whose  income  is  $2500  finds  that  his  net  income 
after  paying  the  income  tax  is  $2465-15.  If  $800  was  exempt, 
find  the  rate  of  taxation. 

9.  A  man  whose  income  is  $3200  finds  that  his  net  income 
after  paying  the  tax  of  19^  mills  on  the  dollar  is  $3151-25.  Find 
how  much  of  his  income  was  exempt. 

10.  Incomes  of  not  less  than  $1200  are  taxed  for  all  in  ex- 
cess of  $500  :  incomes  of  less  than  $1200  are  not  rated.  If  the 
rate  of  taxation  is  18  mills  on  the  dollar,  which  is  the  better  in- 
come, $1200  or  $1190? 
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CHAPTER  II 
INTEREST 

1.  If  B  borrows  money  from  A,  actually  by  a  loan,  or  vir- 
tually through  not  paying  a  debt  when  it  becomes  due, 
then,  in  business  practice,  A  will  charge  B  interest.  The 
sum  charged  as  interest  will  depend  upon  the  sum  bor- 
rowed— the  principal — ,  the  time  for  which  the  sum  has 
been  borrowed,  and  the  rate  of  interest.  The  rate  of 
interest  is  given  as  the  percentage  of  the  principal  to  be 
charged  as  interest  when  the  loan  is  for  one  year.  For 
any  fractional  part  of  a  year,  the  interest  is  that  fractional 
part  of  one  year's  interest.  The  following  example  illus- 
trates how  to  find  the  interest  when  the  time  is  not  greater 
than  one  year. 

Ex.  Find  the  interest  on  $720- 75  for  3  mos.  (=  \  yr.)  at  6 
per  cent,  per  anuum. 

The  interest  for  1  yr.=Tfo  of  $720-75. 

\  "  =}ofTfn  of  $720-75 

=$10-81  (to  the  nearest  cent). 

If  we  wish  to  make  the  computation,  we  note  that,  6  per 
cent,  meaning  Tnrr  or  06,  we  have  only  to  multiply  by  6,  move 
the  decimal  point  two  places  to  the  left  and  then  divide  by  4. 

$720-75 

6 

4)43-2450 
10-81 

2.  Suppose  now  that  A  lends  B  $750  for  3  years  at  5  per 
cent,  per  annum.  The  rule  in  business  is  to  regard  the 
interest  as  becoming  due  at  the  end  of  each  successive  year, 
dating  .from  the  time  of  making  the  loan.  B's  obligation 
to  A  may  be  discharged  in  two  ways  : 
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(1)  He  may  pay  A,  at  the  end  of  the  first  year, 
lid  of  $750-00,  or  $37-50  interest;  at  the  end  of  the 
second  year,  $37-50  interest;  at  the  end  of  the  third 
year,  $37-50  interest,  and  in  addition  the  principal 
$750-00. 

(2)  He  may  defer  paying  the  interest  until  the  end 
of  the  time.  Then,  at  the  end  of  the  first  year,  the 
interest  having  become  due,  B's  indebtedness  to  A  is 
$750+$37-50  or  $787-50.  B  should  then  pay  interest 
on  this  sum  for  the  second  year.  This  interest  is  tI^t 
of  $787-50  or  $39-38.  Therefore,  at  the  end  of  the 
second  year,  B's  indebtedness  to  A  is  $787-50-|-$39-38 
or  $826.88,  and  this  sum  should  bear  interest  during 
the  third  year.  This  interest  is  yftr  of  $826-88  or 
$41-34,  so  that,  at  the  end  of  the  3  years,  B  should 
pay  A  $826-88+$41-34,  or  $868-22.  This  last  sum  is 
called  the  amount.  The  total  interest  earned  is 
$868-22-$750-00,  or  $118-22. 

The  two  ways  are  not  essentially  different,  for  we  can 
suppose  that,  in  the  first  case,  A  may  put  out  at  5  per  cent, 
interest  the  sums  paid  as  interest  at  the  end  of  the  first 
and  second  years ;  the  result  to  him  at  the  end  of  the  third 
year  would  then  be  the  same  as  in  the  second  case. 

By  special  arrangement,  A  may  agree  to  receive  the 
interest  at  the  end  of  the  three  years  as  if  the  interest  had 
not  become  due  at  the  end  of  each  year,  i.  e.,  without 
charging  interest  on  interest.  In  that  case  the  money  is 
lent  at  simple  interest.  If,  in  the  given  example,  simple 
interest  had  been  charged,  the  interest  would  have  been 
(yfo  of  $750)  X 3.  or  $112-50,  and  the  amount  $750-00+ 
$112-50,  or  $862-50. 

When  the  interest  becomes  due  at  the  end  of  each  year, 
(or  other  specified  term),  and  added  to  the  principal, 
becomes  interest-bearing,  the  loan  is  said  to  be  at  com- 
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pound  interest.  This  is  the  normal  case  and,  if  nothing 
to  the  contrary  is  said,  we  must  always  suppose  the  interest 
to  be  corapound,  when  the  time  is  greater  than  one  year 
(or  other  specified  term). 

3.  If  we  have  only  to  compute  the  interest,  not,  to  explain 
the  process,  we  may  present  the  work  thus  : 

Ex.  Find  the  compound  interest  on  $540  foi  3  years,  at  4  per 
cent,  per  annum. 

$540-00 
J 

21-60 
540 
561-60 
4 

22-464 
561-60 
584-064 
4 

23-36256 
584-064 


607-42656 
540-00 


$  67-43  (Total  »ccrued  interest.) 

It  is  important  to  regard  an  example,  as  the  one  just 
worked,  in  the  following  waj^  the  result  being  essential  in 
later  theory. 

The  int.  for  1  yr.=  xt^  of  principal. 
.•.  The  amt.  at  end  of  1  yr.=  \%^  "         " 

The  int.  for  2ud  yr.=  xutj  of  this  amount. 
.'.The  amt.  at  end  of  2nd  yr.=  U^     " 

=  fR^  of  fgl  of  principal ; 
—  (t§^)^  of  principal; 
Similarly  the  amt.  at  end  of  3rd  yr.=  (t§4)^  of  principal; 

=  (1^)'  of  $540-00; 
=  $540X(1-04)^ 
Hence  the  total  accrued  iuterest=  $540X(104)^— $540; 

=  $540[(l-04)'-lJ. 
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The  factor  (f^t)''  or  (l-04)-^  appearing  in  the  expres- 
sion for  the  amount  may  be  called  the  compounding^ 
factOP  or  the  amount  factor  for  3  years  at  4  per  cent. 
per  annum. 

4.  If  money  is  lent  at,  say,  6  per  cent,  per  annum,  pay- 
able half-yearly,  it  is  meant  that  the  rate  is  3  per  cent,  for 
a  half-year  and  that  interest  is  supposed  to  become  due  at 
the  end  of  each  half-year. 

In  banks  and  other  financial  institutions  there  is  little 
actual  computation  of  interest,  tables  having  been  made  in 
order  to  save  time  and  labor  as  well  as  to  guard  against 
possible  inaccuracy. 

Exercises 

1.  Find  the  interest  on: 

(1)  $  350- 00  for  2  months  at  4  per  cent,  per  annum; 

(2)  $  943- 75    "    3        "  3       " 

(3)  $3725-40   "   4         "  5       " 

(4)  $  563-84    "    5         "  4^     " 

(5)  £135  16s.  "6        "  3^     " 

2.  Find  the  interest  on: 
(1)  $  725-00    for    63  days  at 4  per  cent; 


(2)  $  938-45 

•   73 

"  5 

(3)  $  27  13 

'  129 

"  41 

(4)  $1537-44 

'  93 

"  6 

(5)  £237  r2s. 

'  146 

"  2^ 

Find  the  interest  on: 

(1)  $  630-00  from  Jan.     7,  1903,  to  July  13.  1903 

(2)  $7250-00      "     Feb.    4,  1902.  to  March  18,   1902 

(3)  $837564      "     July     5,  1902,  to  Feb.  13,1903 

(4)  $172000      "    April  23,  1903,  to  Sept.  17,1903 

(5)  £340  17s.    "     Feb.    3,  1896,  to  May  7,  1896 

Find  the  interest  on: 

(1)  $1200-00  for  3  years  at  5  per  cent.; 

(2)  $1645-00    "   2       "         4       •' 

(3)  $1720-15    "    3       "         3       " 

(4)  $180000    "    4       "         3i     " 

(5)  $2347-50    "3       "         2^     " 
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5.  Find  the  interest  onlOfiOOOO  for  ."i  years  at  4  per  cent, 
per  annum  compounded  lialf  yearly. 

6.  Find  the  interest  on  $1273-50  for  2  years  at  5  per  cent. 
compounded  half-yearly. 

7.  Find  the  interest  on  $600  from  Jan.  17,  1901,  to  May  21, 
1903,  at  5  per  cent,  per  annum. 

8.  Find  the  interest  on  $523-50  from  Sept.  11,  1901,  to  July 
3,  1903,  at  4  per  cent,  compounded  half-yearly. 

9.  Find  the  interest,  supposed  simple,  on: 

(1)  $1250-00  for  3  yrs.      4  mos.  at  5  per  cent.; 

(2)  $  763-50    "    2  yrs.  93  days  at  4       " 
(3)$     35-50    "    6  yrs.  146  days  at  5       " 

(4)  $2371-40    "    1  yr.     95  days  at  4|     " 

(5)  $395-19    "    2  yrs.   70  days  at  3|     " 


10.  What  principal  will  yield  $5-34  interest  in  43  days   at 
5  per  cent  ? 

11.  What  principal  will  in  2^  years  yield  $64-50  interest  at 
4  per  cent.,  simple  interest  ? 

12.  At   3|   per   cent,    simple    interest    what    principal    will 
amount  to  $640-30  in  2  yrs.,  3  mos.? 

13.  In  49  days  the  interest  on  $375-00  was  $1-89  ;     find  the 
rate. 

14.  In  89  days  the  interest  on  $480-00  was  $5-27;  find  the 
rate. 

15.  At  what  rate  will   $1240- 00  amount   to  $1245.35   in  45 
days  ? 

16.  In  what  time  will  $720  at  4  percent,  yield  $2-60  interest? 

17.  In  what  time  at  5  per  cent,  simple  interest   will  $503 
amount  to  $558-47  ? 
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18.  Write  down  the  amount  factor  for: 

(1)  3  years  at  45  per  cent; 

(2)  2  years  at  4  per  cent,  payable  half-yearly; 

(3)  2  years,  3  months  at  5  per  cent; 

(4)  2  years,  146  days  at  3^  per  cent; 

(5)  2  years,    10  months   at  5   per  cent,    payable    half- 
yearly. 

19.  In  3  years  $600  amounted  to  $694-575;  find  the  rate. 

20.  In  what  time  will  $4000  amount  to  $4564-66  at  4^  per 

centf 

21.  Find  the  difference  between  the  simple  and  the  com- 
pound interest  on  $1640.00  for  2  years  at  4  per  cent. 

22.  By  what  fraction  of  the  principal  does  the  compound 
interest  exceed  the  simple  interest  for  3  years  at  5-  per  cent  ? 

23.  The  difference  between  the  compound  and  the  simple 
interest  on  a  sum  of  money  for  2  years  at  5  per  cent,  is  $12;  find 
the  sum. 

24.  A  man  with  $7000  to  invest  has  a  choice  of  two  invest- 
ments, each  for  3  years,  one  yielding  5  per  cent,  simple  interest, 
the  other  yielding  4^  per  cent,  compound  interest.  What  will  be 
the  advantage,  at  the  end  of  the  time,  in  choosing  the  better 
investment  ? 

25.  A  deposits  $500  in  a  savings  bank  at  the  beginning  of 
each  year  ;  if  the  interest  allowed  is  4  per  cent,  compounded 
half-yearly,  what  sum  is  standing  to  A's  credit  at  the  end  of 
three  j'ears  ? 

26.  A's  monej'  exceeds  B's  by  $800,  A's  money  is  invested 
at  4  per  cent,  per  annum  and  B's  at  5  per  cent,  per  annum  ;  if 
B's  annual  income  exceeds  A's  by  $20,  find  the  investments  of 
each. 

27.  If  money  is  lent  at  6  per  cent,  per  annum  compounded 
half-yearly,  find  the  effective  rate  per  annum. 

28.  What  rate  compounded  half-yearly  is  effectively  6  per 
cent,  per  annum  ? 


CHAPTER  III 
DISCOUNT 

1.  On  the  19th  of  January,  1903,  as  the  result  of  a 
business  transaction,  John  Gray  gave  to  James  White  the 
promissory  note  here  copied  : 

$400  Toronto,  January  19,  1903. 

Three  months  after   date,  I  promise  to  pay  James 
White,  or  order,  the  sum  of  Four  Hundred  Dollars. 

{Signed)  JOHN  GRAY. 

On  the  13th  of  February,  James  White,  wishing  to 
obtain  money  at  once  by  means  of  this  note,  presents  it  at 
a  bank  to  be  discounted.  For  the  banker,  supposed  sat- 
isfied as  to  the  genuineness  of  the  note  and  John  Gray's 
ability  to  meet  it,  the  essential  questions  are: 

{l)  In  how  many  days  ivill  the  note  become  legally  duef 

{3)  WJiat  amount  will  John  Gray  pay  when  the  note 
becomes  due  f 

The  note  declares  itself  to  be  nominally  due  April  19 ; 
as  three  days  of  grace  are  always  to  be  allowed,  the  note 
will  be  legally  due  April  22,  the  date  of  maturity. 
Hence  the  note  becomes  due  in  (15+31  +  22),  or  68,  days 
after  being  presented  at  the  bank.  Also,  as  the  sum  men- 
tioned on  the  face  of  the  note,  $400— the  face  value  of 
the  note — does  not  bear  interest,  this  is  the  amount  that 
will  be  paid  at  the  date  of  maturity.  Thus,  if  in  exchange 
for  a  certain  sum  of  money  the  note  becomes  the  property 
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of  the  bank,  at  the  end  of  68  days  the  bank  will  receive, 
from  John  Gray  $400.  For  the  accommodation  and  for 
the  use  of  the  money  advanced,  the  bank  charges  a  Pate  of 
discount,  say  6  per  cent,  per  annum. 

The  discount  =  H^  of  tU  of  $400; 

=  $4-47  (to  the  nearest  cent). 

The  banker  gives  James  White  $400-00— $4-47  or 
$395-53,  the  proceeds.  James  White,  the  payee  or 
person  to  whom  or  to  whose  order  the  note  was  to  be  paid, 
indorses  the  note  by  writing  his  name  across  the  back, 
and  it  becomes  the  property  of  the  bank.  At  the  end  of 
68  days  the  bank  collects  $400  from  John  Gray,  the  maker 
of  the  note. 

2.  Next  suppose  that,  on  the  22nd  of  January,  1903,  A 
wishes  to  borrow  for  three  months  a  certain  sum  from  the 
bank.  The  security  being  satisfactory,  he  gives  the  bank 
a  promissory  note  at  three  months  and  the  bank  discounts 
the  note.  Suppose  the  note  is  for  $500  and  that  the  rate 
of  discount  is  5  per  cent.  The  note  matures  on  April  25, 
i.  e.,  at  the  end  of  9+28+31+25  or  93  days. 

The  discount  =  ^\  of  t§tj  of  $500 

=  $6-37  (to  the  nearest  cent). 
The  proceeds  =  $500-  00  -  $6-  37  =  $493-  63. 

A  will  receive  from  the  bank  $493-63,  and,  on  April 
25,  will  be  called  upon  to  pay  the  bank  $500-00.  In  such  a 
ease  it  is  frequently  said  that  A  borrows  $500-00  from 
the  bank,  paj'ing  the  interest  in  advance  at  the  rate  of 
5  per  cent,  per  annum. 

3.  The  preceding  examples  of  discounting  are  typical. 
Normally,  the  time  for  which  a  note  is  discounted  does 
not  exceed  3  or  4  months,  and,  in  Canada,  days  of  gi'ace  are 
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always  to  be  taken  iuto  account.  When  it  is  a  question  of 
discounting  for  a  longer  period,  the  discount  or  sum  to  he 
deducted  from  the  amount  of  the  note,  is  as  a  rule  determined 
from  the  rate  of  interest;  in  this  case  there  is  no  rate  of 
discount.  Questions  involving  the  rate  of  interest  will  Le 
treated  in  the  next  chapter. 

Exercises. 

1.  Find  the  discount  and  the  cash  proceeds  in  the  case  of: 

(1)  A   note   drawn  Feb.   3,   1903,  at  90  days  for  .$540  and  dis- 

counted March  19,  1903,  at  the  rate  of  6  per  cent. 

(2)  A  note    made    Dec.    13,    1902,   at   3    months   for   $624   and 

discounted  Jan.  5, 1903,  at  the  rate  of  5  per  cent. 

(3)  A  note  made  Jan.   15,   1903.  at  60  days  for  $412-50  and  dis- 

counted Jan.  19,  1903,  at  6  per  cent. 

2.  The  note  here  copied: 

$750-00.  Kingston,  January  3,  1903. 

Three  mouths  after  date,  I  promise  to  pay  James  Baird,  or 
order,  the  sum  of  Seven  Hundred  and  Fifty  °°/  Dollars,  with 
interest  at  5  per  cent,  per  annum,  value  received. 

(Signed)     JOHN  KEARNS. 

was  discounted  Feb.  1,  1903,  at  the  rate  of  6  per  cent,  per 
annum.     Find  the  proceeds. 

3.  Find  the  discount  and  the  cash  proceeds  in  the  case  of: 

(1)  A  note   drawn   March   15,   1903,  at  90  days  for  $1020  with 

interest  at  4  per  cent,  and  discounted  Api-il  12,  1903,  at 
5  per  cent. 

(2)  A  note  drawn  May  1,  1903,   at  3  months  for  $1760-50  with 

interest  at  4^  per  cent,  and  discounted  May  1,    at  5  per 
cent. 

(3)  A  note   made  March  1,  1903,  at  90  days  for  $900-00  with 

interest    at   6   per  cent,    and   discoimted   March  19,   at  6 
per  cent. 
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4.  A  note  drawn  June  17,  1902,  at  60  days  for  $640  with 
interest  at  5^  per  cent,  was  discounted  July  3, 1902,  at  6  per  cent. 
What  rate  of  interest  did  the  banker  make  on  the  money  ad- 
vanced ? 

5.  On  April  15,  1903,  A,  by  giving  his  note  at  3  months, 
borrows  from  the  bank  $500  cash.  For  what  sum  was  the  note 
made  if  the  bank's  rate  of  discount  is  6  per  cent.? 

6.  Find  the  face  value  of  a  note  made  Aug.  13,  1901,  at  60 
days,  and  discounted  the  same  day  at  5  per  cent.,  which  had  for 
proceeds  $234-60. 

7.  A  note  for  $600  was  discounted  43  days  before  maturity 
and  the  proceeds  were  $596- 11.     Find  the  i-ate  of  discount. 

8.  A  note  made  July  13,  1902,  at  60  days  for  $540  with 
interest  at  5  per  cent.,  was  discounted  Aug.  22,  1902,  and  the 
proceeds  were  $542-60.     Find  the  rate  of  discount. 

9.  A  note  made  December  13,  1899,  at  90  days  for  $480  with 
interest  at  5  per  cent,  was  discounted  Januarj'  4,  1900,  at  6  per 
cent.  Find  the  rate  of  interest  made  by  the  bank  on  the  money 
advanced. 

10.  The  proceeds  of  a  60  day  note  for  $720  discounted  May 
5,  1903,  at  6  per  cent,  were  $717.04.  Find  when  the  note  became 
nominally  due. 

11.  A  note  is  drawn  June  11th  at  90  days  with  interest  at  6 
per  cent. ;   it  is  discounted  July  4  at  5  per  cent.     Find 

(1)  What  fraction  the  interest  is  of  the  face  value; 

(2)  What  fraction  the  discount  is  of  the  amount  of  the  note; 

(3)  What  fraction  the  discount  is  of  the  proceeds. 

12.  The  discount  on  a  note,  made  February  27,  1903,  at  3 
months  for  $1080  with  interest  at  5  per  cent,  and  discounted 
March  18,  was  $13-12.     Find  the  rate  of  discount. 


CHAPTER  rV 

PRESENT  WORTH 

1.  If  $100  is  put  out  at  interest  for  1  year  at  5  per  cent. , 
at  the  end  of  the  year  it  will  come  back  as  $100+$5  or 
$105.  On  this  account,  $100  now  is  said  to  be  the 
equivalent  of  $105  to  be  paid  at  the  end  of  one  year.  While 
one  man  wishing  to  have  his  money  invested  would  prefer 
the  latter,  and  another  man  requiring  cash  would  prefer 
the  former,  the  equivalence,  as  a  matter  of  finance,  is  not 
affected  by  these  preferences. 

Ex.  A  holds  against  B  a  claim  of  $600  to  be  paid  at  the  end 
of  one  year.  B  wishes  to  discharge  the  claim  now;  if  money  is 
worth  4  per  cent,  per  annum,  what  sum  should  B  pay  A  ? 

$104  due  in  1  yr.  has  for  equivalent  now  $100. 
.•.  $600  due  in  1  yr.  has  for  equivalent  nowf§f  of  $100  or  $576-92. 
Hence  B  should  pay  A  $576-92. 

In  the  preceding  example,  $576-92  is  called  the  present 
worth  of  $600  due  at  the  end  of  1  year,  the  rate  of  interest 
being  4  per  cent.  It  is  plain  that  $576-92  put  out  for  1 
year  at  this  rate  would  amount  to  $600.  The  difference 
$600— $576-92,  or  $23-08,  being  an  allowance  of  $600  for 
immediate  payment,  may  be  called  a  discoimt.  It  is  to  be 
remembered  that  it  is  determined  by  the  rate  of  interest, 
not  by  a  rate  of  discount;  it  is  called  the  true  discount. 
When  this  somewhat  misleading  term  is  employed  it  is  to 
be  understood  that  we  have  to  do  with  the  rate  of  interest. 

2.  Next  suppose  that  a  sum  of  money  is  put  out  at 
interest  for  3  years  at  5  per  cent.  The  amount  at  the  end 
of  the  time  is  (t^o)^  of  the  sum.  Therefore,  a  sum  now 
has  for  equivalent,  at  the  end  of  3  years,  (Hf)^  of  that 
sum;  and  a  sum  due  at  the  end  of  three  years  has  for 
equivalent  now  (IH)^  of  that  sum.      The  factor  {\U)^ 
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may  be  called  the  present  worth  factor  for  3  years, 
interest  at  5  per  cent. 

If  by  special  agreement  simple  interest  is  to  be  employed, 
the  present  worth  factor  for  three  years,  interest  at  5  per 
cent.,  is  ttI  or  +  rr-s" 

3.  It  is  now  plain  that  the  value  of  a  sum  of  money 
depends  upon  the  time  when  it  became  or  will  become  due, 
and  upon  the  rate  of  interest;  and  that  when  these  facts 
are  given,  the  equivalent  of  this  sum  at  any  later  or  earlier 
time  may  be  found.  This  dependence  is  rendered  somewhat 
striking  by  representing  measured  time  on  a  straight  line, 
equal  intervals  on  the  line  denoting  equal  intervals  of  time. 
Thus  the  line  ABODE 

\  i  \  \  \  ^ 

ABODE 

where  AB=BO  =  OD=DE  may  represent  4  years,  each 
interval  denoting  1  year.  Suppose  that  the  rate  of  interest 
is  5  per  cent.,  and  that  the  sum  of  money  becomes  due  at 
the  time  indicated  by  the  point  D ;  then  at  the  time  indicated 
by  the  point  B — i.  e.,  two  years  earlier — the  value  of  this 
sum  is  (toi)^  of  the  sum.  In  like  manner  the  value  at  time 
E,  of  a  sum  which  became  due  at  time  B,  is  (1-05)^  of  that 
sum,  the  rate  of  interest  being  5  per  cent. 

4.  In  chapter  III,  it  was  pointed  out  that,  in  the  actual 
discounting  of  notes,  the  rate  of  discount  is  supposed  given, 
and  that,  in  normal  business,  the  time  does  not  exceed 
3  or  4  months.  We  can  now  find  what  the  discount  and 
the  proceeds  would  be  if  the  rate  of  interest  were  given, 
this  rate  being  supposed  the  same  as  the  rate  of  discount 
in  the  actual  case.  It  is  readily  seen  that  the  discount  in 
the  supposed  case  is  less,  and  therefore  the  proceeds  greater, 
than  in  the  actual  case.  The  difference,  however,  is  not 
great,  and  the  computation  in  the  actual  case  is  much  more 
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easily   made.      An   expression   for  the   difference    maj'    be 
found.    For, 

The  (bunk)  discount  —  the  given  percentage,  for  the 
given  time,  of  the  sum  ; 

Also, 

The  true  discount  =  the  given  percentage,  for  the  given 
time,  of  the  present  value. 

But,  the  sum  —  the  present  value  +  the  true  discount. 

Therefore, 

The  (bank)  discount  exceeds  the  true  discount  by  the 
given  percentage,  for  the  given  time,  of  the  true  discount. 

This  is  usually  stated  thus:  The  difference  between  the 
true  and  the  bank  discount  is  equal  to  the  interest  on  the 
true  discount. 

Exercises 

1.  Find  the  present  worth  of  : 

(1)  $540,  due  7  months  hence,  the  rate  of  interest  being 
5  per  cent. ; 

(2)  $129-50,  due  1  year  hence,  the  rate  of  interest  being 
41  per  cent. ; 

(3)  $1000,  due  5  years  hence,  the  rate  of  interest  being 
4  per  cent. ; 

(4)  $1750,    due   3^   years   hence,   the   rate   of   interest 
being  l^  per  cent. 

2.  Find  the  present  worth  factor  for  : 

(1)  2  years,  the  rate  being  5  per  cent.; 

(2)  10  months,  the  rate  being  4|  per  cent.; 

(3)  2^  years,  the  rate  being  4  per  cent.; 

(4)  300  days,  the  rate  being  6  per  cent. 

3  In  example  2,  to  what  fraction  of  the  sum  is  the  tri;e  dis- 
count equal  in  each  case  1 

4.  A  owes  B  $500  to  be  paid  at  the  end  of  8  months,  $600  to 
be  paid  at  the  end  of  10  months,  and  $900  to  be  paid  at  the  end 
of  12  months.  If  the  rate  of  iutei-est  is  4^  per  cent.,  find  what 
sum  paid  now  would  discharge  these  obligations. 

5.  A  is  under  obligation  to  pay  B  $400  at  the  end  of  each 
year  for  the  next  four  years.  If  the  rate  of  interest  is  5  per  cent., 
find  what  sum  paid  uow^vould  be  an  equivalent. 
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6.  A  man  wishes  his  son  to  receive  $600  at  the  end  of  each 
year  for  the  next  three  years  ;  if  the  rate  of  interest  charged  by 
bankers  is  5  per  cent.,  find  for  what  sum  paid  now  a  banker 
would  undertake  the  payments. 

7.  The  present  worth  of  $151-20  due  a  certain  number  of  days 
hence,  the  rate  of  interest  being  5  per  cent.,  is  $150-00.  Find  the 
number  of  days. 

8.  The  present  worth  of  $138-15  due  a  certain  number  of 
months  hence  is  $135-00.  If  the  rate  of  interest  is  4  per  cent., 
find  the  number  of  months. 

9.  A  owes  B  $600  to  be  paid  at  the  end  of  90  days,  and  $600 
to  be  paid  at  the  end  of  30  days.  Find  when  A  might  equitaVjly 
discharge  his  indebtedness  to  B  by  paying  $1200  (i.  e.,  the 
amount  of  the  two  debts),  supposing  the  rate  of  discount  to  be  5 
per  cent. 

The  result  is  called  the  equated  time  of  payment. 
Shew  that  the  result  is  independent  of  the  rate  of  discount. 
If  the  rate  of  interest  had  been  given,  say,  5  per  cent.,  would 
the  result  have  been  the  same  f 

10.  Find  the  equated  time  of  payment  of  $600  due  90  days 
hence  and  $1200  due  45  days  hence. 

Find  also  when  the  debts  might  be  discharged  by  a  payment 
of  $1800,  on  the  supposition  that  money  is  worth  5  per  cent. 

11.  A  holds  against  B  a  note  for  $250  which  matures  in  75 
days  ;  find  the  difference  between  the  proceeds  from  discounting 
at  5  per  cent.,  and  the  present  worth  if  the  rate  of  interest  is  5 
per  cent. 

12.  The  true  discount  on  a  sum  of  money  due  at  the  end  of 
one  year  is  $5-00  ;  the  interest  for  the  same  time  on  an  equal 
sum  at  the  same  rate  of  interest  would  be  $5-20.  Find  the  sum 
and  the  rate. 

13.  The  true  discount  on  a  sum  of  money  due  at  tlie  end 
of  two  yeai's  is  $164-00  ;  the  interest  on  an  equal  sum  for 
the  same  time  and  at  the  same  rate  of  interest  is  $180-81. 
Find  the  sum  and  the  rate. 

14.  How  large  must  be  the  amount  of  a  note,  which  matures 
in  93  days,  for  the  difference  in  the  proceeds  from  discounting  at 
5  per  cent,  discount  and  at  5  per  cent,  interest  to  be  as  much  aa> 
1  cent  ? 


CHAPTER  V 

PARTIAL  PAYMENTS 

On  July  15,  1902,  A  gave  his  note,  payable  on  demand, 
for  $750  with  interest  at  6  per  cent,  per  annum,  to  B. 
When,  on  March  20,  1903,  B  calls  for  settlement,  the 
following  payments  are  found  indorsed  on  it: 

July  30,  1902,  $  50; 
Dec.  17,  1902,  $  10: 
Jau.  12,  1903,  $200; 
Feb.  20,  1903,  $120. 

It  is  required  to  find  the  amount  that  A  should  pay  B 
when  the  settlement  is  called. 

The  rule  followed  in  such  a  case  is  to  devote  the  payment 
to  the  discharge  of  the  interest  due  when  the  payment  is 
made  if  it  is  sufficient  to  meet  this  interest,  the  balance,  if 
any  being  employed  to  reduce  the  principal.  If  the  pay- 
ment is  not  sufficient  to  meet  the  interest,  it  is  simply 
added  to  the  next  payment,  or  to  the  next  two  payments, 
&c.  until  the  total  of  payments  is  sufficient  to  meet  the 
interest  due  at  the  time  the  last  payment  considered  is  made. 

Here  the  interest  on  $750  from  July  15  to  July  30,  the 
time  of  the  first  payment,  is  found  to  be  $1-85.  The  pay- 
ment $50,  meets  the  interest  and  reduces  the  principal  to 
$701-85. 

The  interest  on  $701-85  from  July  30  to  Dec.  17,  is 
found  to  be  in  excess  of  $10,  the  payment  made  on  Dec.  17. 

The  interest  on  $701-85  from  July  30  to  Jan.  12  is 
$19-15,  and  the  payments  made  in  this  time  are  $10  and 
$200.  Therefore,  the  interest  is  paid  and  the  principal 
reduced  to 

($701-85  +  $19- 15) -($10  +  $200)  or  $511-00. 

The  interest  on  $511-00   from  Jan.  12  to   Feb.  20  is 
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found  to  be  $3-28.     The  payment  of  $120  meets  this  and 
reduces  the  principal  to  $394-27. 

The  interest  on  $394-28  from   Feb.  20  to  March  20  is 
found  to  be  $1-81. 

Hence  on  March  20,  A  should  pay  B  $394-28  +  $1-81  or 
$396-09. 

The  work  may  be  presented  thus: 

Principal  July  ].') $750- 00 

Interest  to  July  30 -  -  - .  1-85 

Due  July  30 751-85 

Paid  July  30 5000 

Reduced  principal  July  30 701-85 

Interest  to  Dec.  17 16-15 

Interest  Dee.  17  to  Jan.  12 3-00 

Due  Jan.  12 721-00 

Paid  Dec.  17  and  Jan.  12,  $200+$10  210-00 

Reduced  principal  Jan.  12 511-00 

Interest  Jan.  12  to  Feb.  20 3-28 

Due  Feb.  20 514-28 

Paid  Feb.  20 120-00 

Reduced  principal  Feb.  20 394-28 

Interest  Feb.  20  to  Mar.  20  1-81 

Due  Mar.  20 $396-09. 


Exercises 

1.   A  note,  drawn  Aug.  13,  1902,  for  .flOOO  on  demand,  with 
interest  at  5  per  cent.,  has  indorsed  on  it  the  following  payments: 

Sept.  20.  1902.  $  75-60; 
Nov.  17,  1902,  $  90-00; 
March  20,  1903.  $  10-00; 
Apiil     15,  1903,  $150-00. 

.     What  sum  uu  May  29,  1903,  will  meet  the  note? 
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2.  A  demand  note,  made  Jan.  17,  190;{,  for  $800  with  interest 
at  4^  per  cent.,  has  indorsed  on  it  the  following  payments: 

Jan.  31,  1903,  $100; 
Feb.  28,  1903,  $200; 
Mar.  31,  1903,  $300. 

What  sum  was  due  on  the  note  on  April  30,  1903? 

3.  A  mortgage  for  $3000,  dated  March  15,  1899,  and  bearing 
interest  at  5  per  cent.,  has  indorsed  on  it  the  following  payments: 

March  15,  1900,  $500 
March  15,  1901,  $500 
March  15,  1902,  $500 
March  15,  1903,  $500. 

What  sum  would  discharge  the  mortgage  on  June  15,  1903? 

4.  A  mortgage  for  $4000,  dated  June  13,  1900,  and  bearing 
interest  at  5^  per  cent.,  has  indorsed  on  it  the  following  pay- 
ments : 

Dec.  13,  1900,  $  600 
June  13,  1901,  $  700 
Dec.  13,  1901,  $  800 
June  13,  1902,  $  900 
Dec.  13,  1902,  $1000. 


What  sum  would  discharge  the  mortgage  on  June  13,  1903  ? 


CHAPTER  VI 

STOCKS 

1.  A  compauy  is  formed  to  construct  and  control  a  street 
railway.  To  enter  upon  the  undertaking  it  is  found  to  be 
desirable  to  have  in  hand  a  sum  of  $3,000,000,  and  capitalists 
are  invited  to  furnish  the  money  on  the  understanding  that 
the  profits  from  the  management  of  the  road  are  to  be 
distributed  among  those  who  supply  the  money,  and  in 
proportion  to  the  sums  supplied.  The  amount  $3,000,000 
is  divided  into  30,000  shares  of  $100.  A  person  who  puts 
$5000  into  the  enterprise  receives  a  certificate  to  the  effect 
that  he  is  the  holder  of  fifty  shares  of  one  hundred  dollars 
each,  in  the  company's  Stock.  He  is  said  to  have  sub- 
scribed to  50  shares,  and  becomes  a  shareholder.  His 
money,  with  that  of  the  other  shareholders,  is  employed  in 
constructing  and  equipping  the  railway. 

Suppose  now  that  the  road  has  been  completed  and  that, 
as  a  result  of  a  jear's  management,  the  company  finds  that 
the  profits  are  such  as  to  allow  $6  to  be  given  the  share- 
holders on  every  $100  stock  held.  A  dividend  of  6  per 
cent,  is  declared  and  paid. 

If  now  money  is  worth  only  4  per  cent.,  a  man  with 
inoney  to  invest  sees  that  $150  at  4  per  cent,  will  bring  him 
ill  each  year  $6,  i.  e.,  only  as  much  as  $100  stock  has 
produced  for  the  shareholders  in  the  railway.  Thus,  to 
find  investment  for  his  money,  he  might  be  Avilling  to  pay 
$150  for  a  share  of  $100  railway  stock.  Other  consider- 
ations, as  a  l)elief  in  the  increasing  prosperity  of  the 
company  and  therefore  in  the  prospect  of  a  higher  dividend, 
may  lead  him  to  offer  even  moi-e,  say  $160,  for  $100  stock. 
A  holder  of  the  stock  may  at  the  same  time  think  it  well  to 
sell  his  stock  and,  with  it.  liis  claims  to  dividends.     Thus 
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it  comes  about  that  a  share  of  stock  of  nominal  value  $100 
is  bought  and  sold  at  varying  prices. 

2.  Next  suppose  that  the  Government  of  a  country  wishes 
to  borrow  somewhat  more  than  $20,(X)0,000  for  a  term  of 
years,  saj^  25.  If  money  is  worth  4  per  cent,  per  annum, 
the  Government  may  announce  its  willingness  to  pay  5  per 
cent,  per  annum  on  200,000  shares  of  $100.  A  capitalist, 
or  a  company',  whose  money  can  find  investment  at  only  4 
per  cent.,  so  that  $125  yields  each  year  $5,  may  regard  the 
Government  Loan  as  a  safe  and  desirabk>  investment,  and 
may  offer  $125  for  each  share  of  $100.  If  this  offer  is  the 
best,  the  Government  accepts  it.  The  Government  will 
receive  from  the  capitalist  or  company  $25,000,000  and 
each  j-ear  it  will  pay  on  the  stock  $1,000,000. 

If  in  the  course  of  time  the  rate  of  interest  paid  on 
money  should  decline,  the  $100  share,  continuing  to  claim 
each  year  $5,  would  command  in  the  stock  markets  a  price 
higher  than  $125.  Should  the  rate  of  interest  advance  the 
price  would  decline. 

3.  The  preceding  are  typical  cases  and  the  general  features 
of  stocks  may  be  seen  in  them. 

Stocks  are  handled,  i.e.,  bought  and  sold,  on  the  stock 
exchange  by  brokers  who  charge  tlie  persons  buying  or 
selling  stocks,  a  certain  percentage  on  the  nominal  value  of 
tlie  stock,  not  on  the  sum  for  which  it  is  bought  or  sold. 

If  $100  stock  sells  for  $105  it  is  said  to  be  at  a  premium 
of  5,  if  for  $100  it  is  said  to  be  at  par,  and  if  for  $93  it  is 
said  to  be  at  a  discount  of  7.  Whatever  be  the  nominal 
value  of  a  share  of  stock,  the  prices  quoted  refer  to  $100 
stock . 

The  following  examples  illustrate  the  way  in  which 
problems  in  stocks  are  treated. 
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Ex.  1.  A  man  having  $10,000  to  invest  instructs  his  broker  to 
buy  Bank  of  Commerce  stock  at  market  prices.  The  broker 
bought  at  1G2^  and  his  charge  was  i  per  cent.  Find  the  quantity 
of  stock  bought,  the  shares  being  $100. 

Cost  of  1  share  to  investor=$162^X$i  or  $162f 

The  number  of  shares  bought,  shares  not  being  broken 

,         ,     „  $10,000 
=mtegral  part  ot  - — —- — 
$162f 

=G1. 

.'.  Quantity  of  stock  bought=61  shares  or  $6100  stock. 
The  original  $10,000  is  now  represented  by  61  shares  of  stock 
and  $10,000-$162|X61  or  $79-87  cash. 

Ex.  2.  If  in  Ex.  1  at  the  end  of  three  months  from  date  of 
purchase  the  half-yearly  dividend  of  3  per  cent,  is  paid,  find  the 
rate  of  interest  the  investor  makes  on  the  money  invested. 

The  dividend  received=$3X61=$183. 
The  sum  invested=$162f  X61=$9920-13. 
The  time  in  question=3  mos.=j  yr. 
.'.  rate  per  cent,  per  annum 

183 
=—--—X  100X4=7' 4  to  the  nearest  tV  of  1  per  cent. 

Ex.  3.  A  speculator  bought  500  shares,  $100  each,  of  Can- 
adian Pacific  Railway  stock  at  132^  and  sold  it  the  next  day  at 
131|.     Brokerage  in  each  case  being  i  per  cent.,  find  his  loss. 

Cost  of  1  share  to  speculator=$132l+$|=$132iJ. 
Receipts  from  sale  of  1  share=$131f— $|=$13rs. 
.".  on  1  share  his  loss=$132|— $131^=$1^. 
.'.on  500  shares  his  loss=$ljX500=$750. 

Exercises 
1.  Find  the  cost  of: 

(1)  120  shares,  $10  each,  of  Canada  Permanent  stock  at  123^, 
brokex-age  \  per  cent. 

(2)  75   shares,  $200  each,  of  Bank  of  Montreal   stock   at  252^, 
brokerage  \  per  cent. 
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(3)  25  shares,  $100  each.  Twin  City  Street  Railway  stock  nt  UOf , 
brokerage  i  per  cent. 

(4)  1)0    shares,   $50    each,   Bank   ul"    ('ommerce    stock    at   lOl^, 
brokerage  |  per  cent. 

(5)  75  shares,  $100  each,  Huron  and  Erie  Loan  Company  stock 
at  181,  brokerage  |  per  cent. 

2.  Find  the  proceeds  of  the  sale  of: 

(1)  70  shares,  $100  each,  of  the   Crow's  Nest  Coal   Company's 

stock  at  290,  brokerage  §-  per  cent. 

(2)  $25,000  stock  of  the  Bank  of  Ottawa  at  219,  brokerage  |  per 

cent. 

(3)  80  shares,  $100  each,  of  the  Canadian  Salt  Company's  stock 

at  121,  brokerage  |  per  cent. 

(4)  45  shares,  $100  each,  of  the  London  Street  Railway  stock  at 

105J,  brokerage  ^  per  cent. 

(5)  90    shares,   $100    each,   Commercial    Cable    stock   at    IGlf, 

brokerage  I  per  cent. 

3.  Find  the  rate  of  interest  received  on  investments  made  in 
the  following  stocks: 

(1)  Imperial  Life  Assurance  Co.  stock  (6  per  cent.),  bought  at 

149,  brokerage  J  per  cent. 

(2)  Traders'  Bank  stock,  (G  per  cent.),  bought  at  140,  bi'okerage 

1^  per  cent. 

(3)  Bank   of   Hamilton    stock,    (10  per  cent.),  bought   at   235|, 

brokerage  j  per  cent. 

(4)  Sao  Paulo  Tram.,  (5  per  cent.),  bought  at  94|,  brokerage  4- 

per  cent. 

(5)  National   Trust   Co.  stock,    (G   per   cent.),    bought   at    140|^, 

brokerage  i  per  cent. 

4.  Find  the  actual  price  of  a  5  per  cent,  stock,  which  j'ields 
4  per  cent,  on  an  investment. 

If  the  brokerage  is  i  per  cent.,  find  the  market  quotations  of 
this  stock. 

5.  Which  is  the  better  investment,  a  six  per  cent,  stock,  at 
123^,  or  a  five  per  cent,  stock  at  1042,  brokerage  in  either  ease 
being  5  per  cent.? 
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f).  A  man  iustrncts  liis  broker  to  purchase  for  him  50  shares 
of  Bunk  of  Commerce  stock  at  market  prices.  The  broker  buys 
at  I6I2:  if  the  broker's  charges  are  ^  per  cent.,  find  the  amount  of 
the  bill  sent  to  the  investor. 

7.  A  man  leaves  with  his  broker  an  indorsed  bank  cheque 
for  $4000  with  instructions  to  buj'  as  near  to  this  amount  as 
possible,  Traders'  Bank  stock  shares  at  market  prices.  The 
broker  purchases  at  l-ilj  and  charges  i  per  cent,  brokerage. 
Find  the  amount  of  stock  purchased,  and  the  amount  of  the 
cheque  sent  to  the  investor  to  complete  the  transaction. 

8.  A  person  sells  out  3  per  cent,  consols  at  94|,  and  invests 
the  proceeds  in  bank  stock  which  sells  at  225,  and  pays  yearly 
dividends  of  8^  per  cent.  If  his  income  is  changed  to  the  extent 
of  $57,  how  much  money  had  he  invested  '? 

9.  If  $11,250  of  3  per  cent,  stock  be  sold  at  84,  and  the 
proceeds  invested  in  6  per  cent,  stock  at  126,  find  the  change  in 
annual  income. 

10.  A  man  buys  60  shares  of  C.  P.  R.  stock  at  129^  and  sells 
at  once  at  131.  If  brokerage  in  each  case  is  \  per  cent.,  find  his 
gain. 

11.  A  man  buys  40  shares  of  Dominion  Coal  Co.  stock  at  107, 
and  sells  at  once  at  105.  If  the  brokerage  in  each  case  is  i  per 
cent.,  find  his  loss. 

12.  A  broker  buys  for  himself  100  shares  of  Bank  of  Ottawa 
stock  at  212,  and  sells  at  once  at  212^;  find  his  gain. 

13.  What  is  the  price  of  stock  when  $6000  stock  can  be 
purchased  for  $7500  ? 

14.  A  person  transferred  $7000  of  51  per  cent,  stock  at 
market  price  1121,  to  a  6  per  cent,  stock  at  122 j;  if  the  brokerage 
in  each  case  is  j  per  cent.,  find  the  change  in  annual  income. 

15.  A  person  sells  a  certain  amount  of  5  per  cent,  stock  at 
115|,  and  invests  in  a  6  per  cent,  stock  at  1375;  if  brokerage  in 
each  case  is  |  per  cent.,  and  if  his  annual  income  is  increased  .$4, 
find  the  amount  of  stock  held  in  each  case,  and  the  bi-oker's 
charges. 

16.  A  man  sells  $5000  of  5  per  cent,  stock  at  lllj,  and 
invests  in  a  6  per  cent,  stock.  If  brokerage  in  each  case  is  \  per 
cent,  and  if  his  income  is  unchaugetl,  find  the  quotation  for  the 
latter  stock. 


CHAPTER  VII 

EXCHAXtiE 

1.  A  merchant  in  Toronto  purchases  goods  to  the  value  of 
£2000  from  a  merchant  in  London,  England.  To  make  the 
payment  the  purchaser  might  obtain  and  remit  Bank  of 
England  notes,  or  gold  coinage,  to  this  amount.  This 
method  would  be  inconvenient,  expensive  and  unsafe.  To 
simplify  such  payments,  bankers  or  brokers,  with  houses  or 
agencies  in  different  countries,  issue  bills  of  exehang-e.  In 
the  case  cited,  the  Toronto  merchant  would  apply  at  a  bank 
for  such  a  bill.  Suppose  that  the  pound  sterling  is  quoted 
at  $4-843^  when  he  applies.  To  meet  this  amount  he  would 
require  $4-84^  X  2000  or  $9690-00.  If  the  commission  is 
8"  per  cent.,  the  banker's  charges  are  ^^o  of  $9690-00,  or 
$12-11,  so  that  the  cost  of  the  bill  of  exchange  is  $9690-00 
+  $12-11,  or  $9702-11.  Two,  or  it  may  be  three,  bills  are 
made  out,  and  the  first  (bill)  of  exchange  is  sent  to  the 
London  merchant;  in  case  the  first  is  lost  the  second  of 
exchange  is  sent.  On  receipt  of  the  bill  of  exchange,  the 
London  merchant  presents  the  bill  at  the  London  office  or 
agency  of  the  Toronto  bank  and  receives  $2000. 

2.  Just  as  the  London  agency  is  employed  to  pay  Canadian 
accounts  in  England,  the  Canadian  agency  is  employed  to 
pay  English  accounts  in  Canada,  and  the  sending  of  actual 
money  forward  and  back  is  in  great  measure  obviated.  If 
Canadian  accounts  to  be  paid  in  England  are  in  excess 
of  English  accounts  to  be  paid  in  Canada,  i.e.,  if  the 
balance  of  trade  is  against  Canada,  the  value  of  the  pound 
in  Canada  will  be  correspondingly  high.  Thus  the  rate  or 
course  of  foreign  exchange,  i.e.,  the  value  of  the  unit  of 
money  in  one  country  in  t^rms  of  the  money  of  another 
will  differ  from  time  to  time. 
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8.  For  exchange  between  Canada  and  Britain  tlie  statntory 
or  par  valne  of  the  ponnd  is  $4-86f.  The  old  par  of 
exchange  was  given  by  tjie  eqnation  £9  =  $40  or  £1  =  $4-44i. 
The  new  par  being  $4-86t  is  at  a  premium  of  9i  per  cent, 
on  the  old  par.  Quotations  are  still  made  on  the  old  par. 
Thus  the  quotations,  March  18,  1903,  as  given  *-in  the 
financial  columns  of  the  daily  papers,  are: 

BETWEEN    BANKS  *     " 

Sterling  Buyers  Sellers 

GO  days'  sight  8|  8ff 

Demand  9t  9H 

For  exchange  between  the  United  States  and  Britain 
the  quotations  in  New  York  give  the  exchange  value  of  the 
pound  sterling  in  dollars.  For  March  18,  1903,  the  quo- 
tations are: 


New  York 

Posted 

Actual 

Stg.  60  days'  sight 

4-841 

4-831 

do    Demand 

4-88 

4-83f  to4-87i 

Between  two  cities  within  a  country  there  may  be  a  like 
system  of  meeting  accounts  by  means  of  bills  of  exchange. 
This  is  domestic  exchange  as  contrasted  with  foreign 
exchang-e. 

Tlie  quotations  are  to  be  understood  as  including  the 
commission  or  brokerage,  if  nothing  to  the  contrary  is 
stated. 

Exercises. 

1.  Find  the  cost  of  a  bill  of  exchange  on  London  for  £241. 7s., 
when  sterling  exchange  is  quoted  at  8|. 

2.  A  Montreal  mei-chant  buys  goods  in  England  to  the  amount 
of  £3250.  If  excliange  is  at  9f  find  what  lie  must  pay  for  a  draft 
(bill  of  exchange)  for  this  amount. 
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"'-        3.   Find  the  coyt  in  New  York  of  a  dvuft  for  £1250,  exchange 
**    being  quoted  at  4  81i.  •  » 

'^  4.  A  Canadian  merchant  pays  $3924  for  a  drtift  oh  Loudon 

for  £810.     ^Vhat  is  the  quotation  for  sterling  exchange? 

*'«v  5. "Find  the  cost,  in  Toronto,  of  a  draft  for  $1750  on  Van- 

couver at  I  %  premium. 

<).  A  Canadian  merchant  buys  a  draft  to  paj^  an  accQunt  of 
1600  frap^cs  in  Paris.  If  exchange  is  quoted  at  5-19  "(i.e.,  1  dollar 
=  5-19  francs)  find  the  cost  of  the  draft. 

7.  A  Canadian  merchant  buys  a  draft  to  pay  an  account  of 
6400  marks  in  Berlin.  If  exchange  is  quoted  at  96  {i.e.,  4  marks 
=  96  cents),  find  the  cost  of  the  draft. 

8.  If  in  New  York  demand-bills  are  sold  at  4-87|  and  bills 
at  60  days'  sight  at  4-83|,  what  is  the  rate  of  discount  ? 

9.  If  sterling  exchange  is  at  9f,  and  exchange  between 
London  and  Paris  is  25-28|  francs,  what  should  a  Toronto  mer- 
chant pay  for  a  bill  on  London  to  pay  a  debt  in  Paris  of  6000 
francs  ? 

10.  If  sterling  exchange  is  at  8f,  and  exchange  between 
London  and  Berlin  is  20-27  marks  on  the  pound,  what  should  a 
Montreal  merchant  pay  for  a  bill  on  London  to  pay  a  debt  of 
3500  marks  in  Berlin  ? 


SECTION   II 

MENSUKATION 

Mensuration  is  concerned  with  the  measurement  of 
lengths,  areas,  and  volumes.  If  the  problem  is  one  of  the 
measurement  of  length,  a  linear  unit,  as  1  foot,  1  metre,  is 
supposed  given;  as  in  the  case  of  all  measurements,  the 
length  is  known  when  the  number  of  units  contained  in  it 
has  been  found.  The  area  of  a  surface  is  in  general  found 
indirectly,  this  measurement  being  obtained  through  linear 
measurements;  the  unit  adopted  is  the  area  of  the  square 
whose  side  is  the  linear  unit,  and  the  area  of  a  surface  is 
known  when  the  number  of  such  units  contained  in  it,  or 
equivalent  to  it,  has  been  found.  So  also  in  the  case  of 
the  determination  of  a  volume  the  measure  is  in  general 
found  through  linear  measurements,  and  the  unit  is  the 
volume  of  the  cube  whose  edge  is  the  linear  unit. 


CHAPTER   I 

PLANE  RECTILINEAL  FIGURES 

1.  The  Rectang-le.  If  two  sides  of  a  rectangle  are  3 
inches  and  4  inches  in  length,  and  if  at  intervals  of  1  inch 
on  two  adjacent  sides  straight  lines  are  drawn  at  right 
angles  to  these  sides,  the  rectangle  is  divided  into  squares 
of  sides  1  inch  in  length.  Along  the  side  3  inches,  there  is 
a  set  of  three  such  squares ;    the  other  side  being  4  inches 


I — — ] — 


long,  there  are  4  such  sets,  and  therefore  in  all  3  X  4  or 
12  square  inches. 

In  like  manner  if  the  sides  of  a  rectangle  are  21  inches 
and  3^  inches,  we  see  by  reference  to  a  figure  that  the  area 
is  (21  X  3^)  or  85  square  inches. 

It  is  thus  evident  that,  for  all  rectangles  whose  sides  are 
measured  by  integers  or  fractions,  there  holds  the  following 
rule : 

The  area  of  a  rectangle  is  measured  by  flit  product  of  the 
measures  of  two  adjacent  sides. 
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This  rule  will  he  assumed  to  hold  in  the  case  of  rec- 
tangles one  or  liolli  of  whose  adjaeeut  sides  liave  irrational 
measures. 

2.  The    Rig-ht-Angled   Triangle.      Let  ABC   be  a 

right-angled  triangle,  with  the  angle  B  a  right  angle. 
Then  if  the  rectangle  with  AB  and  BC  as  adjcujeut  sides 
be  constructed,  it  is  evident  that  the  area  of  the  given  tri- 
angle is  one-half  that  of  the  rectangle. 


Hence,  the  area  of  a  right-angled  triangle  is  measured  by 
one-half  the  product  of  the  nteasures  of  the  sides  containing 
the  right  angle. 

Geometry  teaches  that : 

In  any  right-angled  triangle  the  square  on  the  side  oppo- 
site the  right  angle  {the  hijpotenuse)  is  (^quai  to  the  sum  of 
the  squares  on  the  sides. 

Therefore,  if  the  measures  of  AB,  BC  are  3,  4,  the 
square  on  AC  measures  3"  +  4"  which  is  25.  Therefore  AC 
measures  5. 

Similar  reasoning  shews  that  if  the  side  of  a  squai'e 
measures  1,  the  measure  of  its  diagonal  is  •v/2,  and  we 
have  a  concrete  representation  of  this  irrational  number. 


PLANE    RECTILINEAL   FIGURES 


97 


3.  The  General  Triang"le.  Let  ABC  be  any  tri- 
angle. Describe  the  rectangle  D  B  C  E  on  the  base  BC,  with 
the  side  DE  passing  through  A.  Draw  AL  perpendicular 
to  BC .  Then  manifestly  the  area  of  the  triangle  A  B  C  is 
one-half  that  of  the  rectangle  D  B  CE. 

Since  AL — called  the  altitude  of  the  triangle — is  equal 
to  DB  or  EC,  it  follows  then  that : 

TJie  area  of  a  triangle  is  measured  by  one-half  the  product 
of  the  measures  of  the  altitude  and  the  base. 


D 


A 


/ 

\ 

B              ] 

L                            G 

Suppose  the  three  sides  given  and  let  the  measures 
of  AB,  BC,  CA  be  13,  14,  15.  Let  AL  and  BL  measure  h 
and  Ti ;  then  LC  measures  14  —  k.  Consequently  since  ALB 
and  ALC  are  right-angled  triangles  we  have 

h""  +  A:^  =  13- ; 

7i'  +  (14-A)-  =15^ 

(14-^-)--^'  =  15^-13^ 

196-28^  =  56; 

28^-  =  140,  or  A-  =  5. 

h''  +  5«  -  13- ; 

h''  =  144,  or  h  =  12. 
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Therefore,  the   measures  of  the  altitude  and  the  base 
being  known,  it  follows  that: 

the  measure  of  the  area= — ? 


-=84. 

If  the  measures  of  the  sides  of  a  triangle  are  a,  b,  c,  a 
process    of   reasoning,    similar    to    that   followed   in    the 

example,  leads  to  the  result:  

The  measure  of  ilie  area  of  a  triangle=N/s(s-(0  («-&)  (.s-c) 
where  2s  =  a-\rh-i-c,  so  that  s  is  one-half  the  sum  of  the 
measures  of  the  sides. 

4.  The   Parallelogrram.      A    reference   to  the  figure 
shews  that  the  parallelogram  is  equal  in  area  to  the  rectangle 


on  the  same  base  and  between  the  same  parallels.  If  then 
we  call  the  side  of  the  rectangle  the  altitude  of  the  rec- 
tangle, or  of  the  parallelogram,  we  have  the  result: 

The  measure  of  the  area  of  a  parallelogram  is  equal  to  the 
product  of  the  measures  of  the  base  and  the  altitude. 

5.  The  Trapezoid.     It  is  seen  from  the  figure  that  the 
area  of  the  trapezoid  is  equal  to  the  areas  of  the  two  triangles 


of  the  same  altitude  as  the  trapezoid  and  with  its  parallel 
sides  as  bases. 
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It  follows  then  thai: 
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The  nieasiire  of  the  area  of  a  trapezoid  is  equal  to  the 
product  of  the  measure  of  the  altitude  and  the  half- sum  of 
the  measures  of  the  parallel  sides. 

6.  Similar  Fig-ures.  Let  ABCD,  abed,  be  tv.o  quad- 
rilaterals such  that  the  angles  A,  B,  C,  D,  are  equal  to  the 
angles  a,  b,  c,  d,  and  that 


AB 

ab 


BC 

be 


CD 

cd 


DA 

da 


C     b 


Then  it  is  seen  that  abed  is  merely  a  reduced  copy  of 
ABCD. 

By  measurement  AB,  BC,  CD,  DA  are  found  to  be 
33'5mm.,  42  mm.,  20-5  mm.,  16-75  mm.  in  length;  also 
be  is  found  to  be  28  mm.  long.  Hence,  without  measupe- 
ment,  we  know  that  the  lengths  of  ab,  cd,  da  are 

If  of  33-5  mm.,  f  |  of  20-5  mm.,  ||  of  16-75  mm.; 
or,  correctly  to  hundredths, 

22-33  mm.,  13-67  mm.,  11-17  mm. 
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Exercises 

1.  Fiud  the  areas  of  the  rectangles  the  lengths  of  whose 
adjacent  sides  are: 

(1)  7  in.  and  5  in.;  (2)  15  dm.  and  13  dm.;  (3)19  m.  and 
17  m.,  giving  in  each  case  the  complete  explanation. 

2.  The  area  of  a  rectangle  is  13  ares;  one  side  is  25  metres 
long.  Find  the  length  of  an  adjacent  side  and  the  length  of  a 
diagonal. 

3.  The  area  of  a  rectangular  field  is  3  acres.  If  one  side  is 
165  j'ards  long,  find  the  length  of  an  adjacent  side  and  the  length 
of  a  diagonal. 

4.  Shew  that  the  area  of  the  floor  of  a  room  5- (5  m.  long  and 
4-8  m.  wide  is  equal  to  that  of  a  strip  of  carpet  42  m.  long  and 
0-G4m.  wide. 

5.  Shew  that  the  area  of  the  floor  of  a  room  18  ft.  by  15  ft. 
is  equal  to  that  of  a  strip  of  carpet  30  in.  wide  and  36  yd.  long. 

6.  Find  the  cost  of  carpeting  a  room  16  ft.  by  12  ft.  with 
carpet  27  in.  wide  at  $1-20  a  yd. 

7.  A  courtyard  72  yd.  by  60  yd.  has  a  gravel  walk  2  yd.  wide 
around  it;  find  the  area  of  the  walk. 

8.  One  rectangle  has  its  sides  15-93  m.  and  13-37  m.,  and  a 
second  rectangle  has  its  sides  twice  as  long  as  those  of  the  first. 
Compare  the  areas  of  the  rectangles. 

9.  A  square  and  a  rectangle  have  the  same  perimeter;  the 
sides  of  the  rectangle  are  48  in.  and  36  in.  in  length.  Compare 
the  areas  of  the  two  figures. 

10.  The  adjacent  sides  of  a  rectangle  are  9  m.  and  16  m.  long. 
Find  the  length  of  a  diagonal  and  the  side  and  diagonal  of  the 
square  equal  in  area  to  the  rectangle. 

n.  Find  the  lengths  of  the  hypotenuses  of  the  right-angled 
triangles  whose  sides  are: 

(1)  5  in.  and  12  in.;  (2)  3-9  m.  and  5-2  m.;  (3)  37  dm.  and 
53  dm. 
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12.  If  the  hypotenuse  of  a  rig'ht-aiifjled  triang'le  is  91  yd. 
long,  and  if  one  side  is  35  yd.  long,  find  the  length  of  the  remain- 
ing side. 

13.  In  a  right-angled  triangle  the  liypotenuse  and  one  side 
measure  81  m.  and  57  m. ;  find  the  length  of  the  remaining  side. 

14.  The  sides  of  a  right-angled  triangle  are  20  ft.  and  21  ft. 
long;  find  the  length  of  the  straight  line  joining  the  right  angle 
to  the  middle  point  of  the  opposite  side. 

15.  Taking  1  inch  as  the  unit  construct  lines  whose  lengths 
are  measured  by : 

(1)  x/2;  (2)  V3;   (3)   /S. 


16.  The  sides  of  a  right-angled  triangle  measure  44  m.  and 
117  m.;  find  the  length  of  the  perpendicular  from  the  right  angle 
to  the  opposite  side. 

17.  One  side  of  a  right-angled  triangle  measures  28  chains, 
and  the  distance  from  the  right  angle  to  the  middle  point  of  the 
opposite  side  is  26-5  chains.     Find  the  ai'ea  of  the  triangle. 

18.  If  ABC  is  a  triangle  with  the  angle  B  a  right  angle,  and 
if  BM  is  the  perpendicular  from  B  to  AC,  then  ABC,  BMC,  AMB 
are  similar  triangles. 

Hence  if  the  length  of  AB  and  BM  are  40  m.  and  24  m.,  find 
the  remaining  side  and  the  hypotenuse  of  the  triangle. 

19.  Find  the  area  of  the  equilateral  triangle  the  length  of 
whose  side  is  20  yd. 

20.  The  sides  of  a  right-angled  triangle  are  10  dm.  and  24  dm. 
in  length;  find  the  areas  of  the  equilateral  triangles  described  on 
the  sides  and  the  hypotenuse  of  the  triangle,  pointing  out  any 
relations  among  these  areas. 

21.  Find  the  areas  of  the  triangles  the  lengths  of  whose  sides 
are: 

(1)  50  in.,  58  in.,  72  in.;  (2)  15  cm.,  37  em.,  44  cm.;  first 
determining  the  length  of  the  perpendicular  to  the  longest  side 
from  the  opposite  angle.     Apply  also  the  general  formula. 
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22.  The  sides  of  a  triangle  are  15  ft.,  20  ft.  and  25  ft. 
Their  middle  points  are  joined.  Find  the  area  of  the  triangle 
thus  formed. 

23.  The  side  of  a  rhombus  is  13  inches  long  and  one  diagonal 
is  24  inches  long;  find  the  length  of  the  other  diagonal  and  the 
area  of  the  rhombus. 

21.  Find  the  area  of  a  trapezoid  whose  parallel  sides  are 
57  in.  and  33  in.  long  and  whose  altitude  is  21  in. 

25.  Find  the  area  of  the  trapezoid  whose  parallel  sides  are 
81  ft.  and  177  ft.  in  length,  and  whose  non-parallel  sides  are 
31  ft.  and  65  ft.  in  length. 

26.  Find  the  length  of  a  side  of  an  equilateral  triangle  whose 
area  is  equal  to  that  of  a  square  whose  side  is  17  inches  long. 

27.  A  ladder  15-5  ft.  long  with  its  foot  on  the  street  reaches 
to  a  height  of  HI  ft.  on  the  wall  of  a  house  on  one  side,  and  when 
turned  reaches  to  a  height  of  36-1  ft.  on  the  wall  of  a  house  on  the 
other  side.     Find  the  width  of  the  street. 

28.  On  a  map  a  square  of  which  the  area  is  1-5  sq.  in. 
represents  4050  sq.  mi. ;  find  the  length  of  a  river  represented 
by  a  line  13-6  in.  long. 

29.  The  length  of  one  diagonal  of  a  rhombus  is  double  that 
of  the  other:  the  area  is  16  square  inches  ;  find  the  length  of 
each  side. 

30.  Find  the  area  of  a  parallelogram  whose  adjacent  sides 
ai'e  45  m.  and  36  m.  long,  an  angle  between  two  adjacent  sides 
being  equal  to  an  angle  of  an  equilateral  triangle  (60°). 

31.  There  is  a  foot-path  along  two  sides  of  a  square  ten-acre 
field.  How  much  would  a  man  gain  by  crossing  the  field  from 
one  corner  to  a  point  in  the  path  16^  feet  from  the  opposite 
corner,  instead  of  following  the  foot-path? 

32.  The  lengtli  of  a  Held  is  to  its  width  as  3:2.  Its  area  is 
15  acres.     Find  the  length  of  the  field. 
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33.  A  farm  of  70  acres  is  If  as  loug  as  it  is  wide.  Find  the 
cost  of  fencing  it  with  wii-e  fencing  at  15  cents  a  yard;  the  posts 
are  placed  3  rods  apart  and  cost  40  cents  each. 

34.  The  length  of  a  rectangular  field  is  to  its  breadth  as  6:5; 
one-sixth  of  the  area  is  wooded,  and  the  remainder,  625  square 
yards,  is  under  cultivation.    What  are  the  dimensions  of  the  field? 

35.  A  rectangular  court  90  yd.  by  80  yd.  has  paths  8  ft. 
wide  joining  the  middle  points  of  the  opposite  sides  and  also  a 
path  the  same  width  ruiauing  around  it.  The  remainder  is 
sodded  at  a  cost  of  65  ct.  a  sq.  yd.  The  laying  of  the  paths 
costs  $1-25  a  sq.  yd.  Find  the  total  expense  of  laying  out  the 
court. 

36.  The  sides  AB,  BC,  CA  of  a  triangle  are  25  ra. ,  29  m. ,  36  m. 
in  length  ;  find  its  area. 

Shew  that  the  angle  C  is  acute. 

If  BM  is  the  perpendicular  from  B  to  CA,  find  the  length  of 
CM,  and  shew  that  the  square  on  AB  (a  side  opposite  an  acute 
angle)  is  less  than  the  sum  of  the  squares  on  BC  and  CA  (the 
sides  containing  the  acute  angle)  by  twice  the  rectangle  contained 
by  AC  and  CM. 

This  property  is  general. 

37.  The  sides  AB,  BC,  CA  of  a  triangle  are  11  dm.,  13  dm., 
20  dm.  in  length;  shew  that  the  angle  B  is  obtuse. 

If  CM  is  drawn  pei'pendicular  to  AB  produced,  find  BM,  and 
shew  that  the  square  on  CA  (the  side  opposite  the  obtuse  angle) 
exceeds  the  sum  of  the  squares  on  AB  and  BC  (the  sides  contain- 
ing the  obtuse  angle)  bv  twice  the  rectangle  contained  by  AB 
and  BM. 

This  property  is  general. 


CHAPTER   II 
THE  CIRCLE 

1.  Ratio  of  Circumference  to  Diameter.  When  the 
radius  of  a  circle  is  known  the  magnitude  of  the  circle  is 
determined.  The  diameter  is  twice  the  radius.  If  a 
square  is  circumscribed  to  the  circle,  each  side  of  the  square 
is  equal  to  a  diameter,  and,  since  the  perimeter  of  the 
square  is  greater  than  that  of  the  circle,  it  is  seen  that  the 
circumference  of  the  circle  is  less  than  four  diameters. 
In  like  manner,  if  a  regular  hexagon  is  inscribed  to  the 
circle,  it  is  seen  that  each  side  is  equal  to  a  radius  and  that 
the  circumference  is  greater  than  three  diameters.  The 
exact  ratio  of  the  circumference  to  the  diameter  cannot  he 
expressed  b}'  a  finite  number  of  figures,  though,  by  means 
of  formulas  that  cannot  here  l)e  derived,  it  can  be  computed 
to  any  degree  of  accuracy.  In  practice  we  employ  an 
approximate  value  3?,  or  S- 14159,  or  3-1416.  In  the  state- 
ment of  theorems  and  results  the  exact  value  is  denoted 
by  TT.  Hence,  if  r,  d,  c  measure  the  radius,  the  diameter, 
and  the  circumference  of  a  circle,  we  have  the  relations: 

d  =  2r, 

c  =  Tud  =27:r, 

=  3^d  —  6fr,  (approximately). 

2.  Area.  It  is  shewn  in  more  advanced  works  on 
metrical  geometry  that,  if  a  denotes  the  measure  of  the 
area  of  a  circle,  the  area  is  given  by  the  formula, 

a  =  Tzr" . 

The  argument  is  too  refined  to  be  given  complete  state- 
ment here.  However,  it  is  well  to  look  into  the  problem 
and  see  how  its  solution  is  approached. 
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Suppose  the  circle  divided  into  a  large  number  of  equal 
sectors.  Let  the  number  be  even  and  suppose  the  equal 
sectors,  making  up  a  semi-circle,  cut  out  and  arranged  as 
in  the  figure.  Now  let  the  number  of  sectors  be  made 
greater  and  greater.  Then  each  sector  becomes  more  and 
more  nearly  an  isosceles  triangle  of  altitude  equal  to  the 
radius;  the  bases  of  the  sectors  as  arranged  iu  the  figure 
become  more  and    more   nearly   a  straight   line  of  length 


equal  to  the  semi- circumference;  and  the  aggregate  of 
sectors,  tends  to  an  arrangement  which  presents  them  as 
making  up  one-half  of  a  rectangle  whose  base  is  the  semi- 
circumference  and  altitude  the  radius.  The  area,  a  of  the 
whole  circle  being  twice  that  of  the  semi-circle,  Avould  thus 
appear  to  be  given  in  the  formula: 


Or  we  may  regard  the  problem  in  the  following  way. 
The  area  of  a  triangle  is  given  by  one-half  the  product  of 
the  measures  of  the  altitude  and  the  base,  and  from  the 
vertex  to  the  base  only  one  line,  the  perpendicular,  can  be 
drawn  which  can  be  called  the  altitude.  Now  if  we 
consider  the  sector  OAB  as  a  sort  of  triangle,  it  has 
the  property  that  every  straight  line  di*awn  from  the 
vertex  to  the  base  is  perpendicular  to  the  base,  or  that  every 
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such  line  is  its  altitude.     We  are  thus  made  to  thiuk  that 
the  area  of  the  sector  is  given  by  one-half  the  product  of 


the  measures  of  its  base  and  its  altitude,  i.  e.,  of  its  arc  and 
the  radius.  Then  letting  the  sector  enlarge  itself  so  as  to 
make  up  the  whole  circle  we  are  directed  again  to  the  i-esult : 


a  =  Ire  —  Ttr^ . 


A  third  method  of  approaching  the  question  may  be 
found  instructive.     In  the  circle,  suppose  a  regular  polygon 

,     A 


of  ft  sides  to  be  iuscribed.     Join  the  centre  to  the  angular 
points,  dividing  the  polygon  into  n  triangles.    Let  /  measure 
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tlif^  length  of  a  side  of  (he  jtolygon,  p  the  perimeter  of  flie 
polygon,  a  its  area,  and  h  tlie  altitude  of  each  triangle. 

The  measure  of  the  area  of  one  of  these  triangles  =  —  ■ 
.  * .  The  measure  of  the  area  of  the  polygon  =  -^  • 


ph     ,  .  ,x 

a  =^'   (smee  p  =  nl) 


Now  let  the  number  of  sides  of  the  polygon  be  made 
greater  and  greater.  Then  the  area  of  the  polygon  becomes 
more  and  more  nearly  equal  to  that  of  the  circle:  p  its 
perimeter  becomes  more  and  more  nearly  equal  to  the 
circumference,  and  h  becomes  more  and  more  nearly  equal 

to  the  radius.     Thus  the  relation  ((  —  -^  seems  to  shade 
into  the  relation: 

cr  2 


Exercises, 

Note, — The  approximation  3- 1416  is  to  be  employed  for  the 
the  ratio  c:d,  if  nothing  is  said  to  the  contrary. 

1.   Find    the    circumferences    of    the    cii'cles    whose    radii 
measure : 

8  in.,  3- .5  ra.,  14  yd.,  9  dm.; 

(1)  taking  the  ratio  c:d   as  3i  and  giving  fractional  results  as 

fractions,  and  as  decimals  correct  to  hundredths; 

(2)  taking   this   ratio   as   3141(j   and   giving   results   correct  to 

hundredths. 
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2.  Find  the  radii  of  the  circles  whose  circumferences  measure: 

22  m.,  7-7  yd.,  ()4-3  dm.,  75  1  in.; 

(1)  taking   the  ratio  c:d  as  3y  and  giving  fractional  results  as 
fractions,  and  as  decimals  correct  to  hundredths; 

(2)  taking   this  ratio   as   3-1416   and   giving  results  correct  to 
hundredths ; 

(3)  taking  0-3183  as  an  approximation  to  the  ratio  d:c,  and  giving 
results  correct  to  hundredths. 

3.  One  circle  has  a  radius  twice  as  great  as  another;  compare 
their  circumferences.  (Has  the  result  of  the  compai'ison  been 
already  assumed  ?) 

4.  Find  the  side  of  a  square  whose  perimeter  measures  the 
same  as  the  circumference  of  a  circle  whose  radius  is  1  metre. 

5.  Taking  the  ratio  c:d  as  V,  And  the  number  of  revolutions 
made  by  a  carriage  wheel,  whose  radius  measures  2  ft.,  in  going 
1  mile. 

C.  Taking  the  ratio  c:d  as  V,  find  the  number  of  revolutions 
made  by  a  carriage  wheel  whose  radius  measures  0-5  m.,  in  going 
1  kilometre. 

7.  A  wheel  3  feet  in  diameter  made  8439  i-evolutions  in  a 
journey  fi-om  one  town  to  another.  Find  the  distance  between 
the  towns. 

8.  The  radius  of  a  circle  is  40  inches;  find  the  length  of  an 
arc  which  subtends  an  angle  of  40  degrees  at  the  centre. 

fl.  A  degree  of  latitude  in  Torouto  measures  264613-3  feet. 
Find  in  miles  the  length  of  the  parallel  of  latitude  passing  thi'ough 
Torouto. 

10.  Two  circles,  each  of  radius  1  metre  long,  pass  each 
through  the  centre  of  the  other;  find  the  perimeter  of  the  area 
common  to  the  two  circles. 

11.  A  wheel  of  radius  2-5  feet  rotates  on  a  fixed  axle,  making 
40  revolutions  in  a  minute ;  thi-ough  what  distance  does  a  point  on 
the  rim  of  the  wheel  pass  in  1  hour  ? 
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12.  The  perimeter  of  a  semi-circle  is  48  in.;  tukino-  tlu>  ratio 
c:d  as  V,  An^l  the  radius  of  the  semi-circle. 

13.  A  circle  is  described  about  an  equilateral  triaut4lt;  of  side 
0-32  m.  long;  taking  the  ratio  c:d  as  .3-14159,  And  to  two  places  of 
decimals  the  length  of  the  circumference  of  the  eii'cle. 

14.  Find  the  areas  of  the  circles  whose  radii  measure  : 

7  m.,  3-5  in.,  6  yd. 

(1)  taking  the  ratio   c:d  as  V    and  giving  i-esults  as  fractious, 

and  as  decimals  coiTCct  to  tenths  ; 

(2)  taking  the  approximation  3-1416  and  working  to  hundredths. 

15.  Find  the  area  of  a  circle  whose  circumference  measures 
45  inches. 

16.  If  the  area  of  a  circle  measures  2-37  ares,  find  the  length 
of  its  radius  and  of  its  circumference. 

17.  Employing  the  formula  for  the  area  of  a  circle,  shew  that 
the  areas  of  two  circles  are  to  one  another  as  the  squares  of  (the 
measures  of)  their  radii. 

18.  The  cost  of  fencing  a  circular  plot  of  ground  at  $1-50  a 
yard  was  $1650.     Find  the  area  of  the  plot. 

19.  Two  equal  circles  of  radius  21  dm.  pass  each  through  the 
centre  of  the  other.  Find  the  area  common  to  the  two  circles 
taking  ^  as  the  ratio  c:d. 

20.  The  common  chord  of  the  equal  circles  of  radius  15-4  cm. 
is  equal  to  the  radius.  Find  the  area  common  to  the  two  circles 
taking  V  as  the  ratio  c:d. 

21.  Shew  that  the  semi-circle  described  on  the  hypotenuse 
of  a  right-angled  triangle  is  equal  to  the  sum  of  the  semi-circles 
described  on  the  two  sides  of  the  triangle. 

22.  A  road  runs  around  a  circular  pond;  the  outer  circum- 
ference is  440  yd.,  and  the  width  of  the  road  is  20  j'd.  Find 
the  area  of  the  pond. 
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23.  A  cu-enlar  court  of  360  yd.  diameter  i.s  to  liave  a  walk 
10  ft.  wide  around  it  on  the  inside.  The  remainder  is  to  be 
sodded.  Find  the  total  cost,  if  the  pavement  costs  $1-30  a  sq.  yd. 
and  the  sodding  25  ct.  a  sq.  yd. 

24.  The  area  of  a  circle  whose  circumference  is  27  inches  is 
divided  into  two  equal  parts  by  a  circle  described  about  the  same 
centre.  Find  correctly  to  three  decimal  places  the  circumference 
of  the  latter  circle. 

25.  Find  the  circumference  of  a  circle  whose  area  is  equal  to 
that  of  a  square,  the  diagonal  of  which  is  35  feet. 

26.  A  rectangle,  a  semi-circle  and  an  isosceles  triangle  have 
equal  bases  and  equal  altitudes;  shew  that  their  areas  are  as 
2:  TT'.l. 

27.  Three  circles  each  3  feet  in  diameter  touch  each  other. 
Find  the  area  of  the  enclosed  figure. 

28.  A  square  is  inscribed  in  a  circle  of  radius  112  in.  Taking 
the  ratio  c:d  as  ^,  find  the  area  of  the  part  of  the  circle  without 
the  square. 

29.  If  in  example  28  the  radius  measures  r,  find  in  tei'ms  of 
TT  and  r,  the  measure  of  the  area  in  question. 

30.  A  square  is  inscribed  in  a  circle  whose  circumference  is 
13^  yards;  find  its  area. 

31.  A  regular  hexagon  is  inscribed  in  a  circle  of  radius 
12- C  cm.  Find  the  area  of  the  part  of  the  circle  without  the 
hexagon. 

32.  If  in  example  31  the  radius  measures  r,  find  in  terms  of  tt 
and  r  the  measure  of  the  area  in  question. 


CHAPTER    III 

THE  SIMPLER  SOLIDS 

1.  The  Cuboid.  If  a  parallelepiped,  i.  e.,  a  solid  figure 
contained  by  six  parallelograms  of  which  every  opposite 
two  are  parallel,  has  all  its  faces  rectangles,  it  will  be  called 
a  cuboid.     The  cuboid  is  then  a  rectangular  parallelepiped. 
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If  the  dimensions  of  the  cuboid  are  3  in.,  4  in.,  5  in., 
then,  referring  to  the  figure,  we  see  that  it  can  be  divided 
into  (3X4X5)  c.  in.  The  cases,  in  which  one  or  more  of 
these  dimensions  involve  fractional  or  irrational  numbers, 
are  to  be  regarded  as  in  the  analagous  case  of  the  rectangle, 
and  we  have  the  following  rules : 

Tlie  volume  of  a  cuboid  is  measured  by  the  product  of  the 
measures  of  its  length,  breadth  and  height;  or,  by  the  product 
of  the  measures  of  its  height  and  the  area  of  its  base. 

A  diagonal  of  the  cuboid  may  easily  be  found  as  it  is 
seen  to  be  the  hypotenuse  of  a  right-angled  triangle  whose 
sides  are  the  altitude  of  the  cuboid  and  a  diagonal  of  its 
base. 

2.  The  Rectang-ular  Prism.  On  the  base  of  a  cuboid 
suppose    a    polygon    to  be  traced;  then  that  part  of  the 
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cuboid  which  stands  vertically  above  the  polygon  is  called 
a  rectang"ular,  or  right,  prism.  The  base  and  the  upper 
surface  are  parallel  and  equal;  the  vertical  faces  are  rect- 
angles. 

It  is  readily  seen  that  the  volumes  of  the  cuboid  and  the 
right  prism  are  to  each  other  as  their  bases.  Hence  we 
have : 

The  volume  of  a  rigid  'prism  is  measured  by  the  product 
of  the  measures  of  its  height  and  the  area  of  its  base. 

In  what  follows,  the  word  prism,  will  mean  right  prism, 
if  nothing  to  the  contrary  is  stated. 


The  figure  shown  is  that  of  a  triangular  prism,  i.  e., 
a  prism  standing  on  a  triangular  base. 

3.  The  Cylinder.  If  on  the  base  of  a  cuboid  a  circle 
be  traced,  then  that  part  of  the  cuboid  standing  vertically 
above  the  circle  is  called  a  right  circular  cylinder.  As  in 
the  case  of  the  prism,  it  is  seen  that  the  volumes  of  the 
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cylinder  and  the  cnboid  are  to  each  other  as   tlieir  bases. 
Therefore  we  have: 

The  volume  of  a  cylinder  h  measured  by  the  product  of 
the  measures  of  its  height  and  the  area  of  its  base. 


In  what  follows,  the  word  cylinder,  will  mean  right 
circular  cylinder,  if  nothing  to  the  contrary  is  stated. 

In  the  figure,  OD  is  the  radius  of  the  base  and  OP  the 
height  or  altitude-  The  measures  of  these  lines  are  denoted 
by  r  and  h.  Therefore  if  v  measures  the  volume  of  the 
cylinder  and  a  the  area  of  its  base,  we  have: 

V  —  ah 
=  71  r^  h. 

The  cylinder  may  be  regarded  as  having  been  generated 
by  the  rotation  of  the  rectangle  ODBP  about  the  side  OP. 

Suppose  the  curved  surface  of  the  cylinder  to  be  a  sheet; 
then  if  this  sheet  is  slit  along  DB,  it  may  be  opened  up 
and  laid  on  a  plane,  where  it  is  seen  as  a  rectangle  with 
DB  as  one  side  and  the  circumference  of  the  base  as  an 
adjacent  side.  Therefore  if  c  measures  the  circumference  of 
the  base,  the  measure  of  the  area  of  the  curved  surface  is 
ch  which  is  equal  to  2  ;r  rh. 
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Exercises 

1.  Find  tlie  volumes,  and  the  areas  of  the  surfaces,  of  the 
cuboids  whose  dimensions  are: 

(1)  7  ft.,  11  ft.,  13  ft. 

(2)  9  in.,  23  in.,  25  in. 

(3)  2-3  m.,  5-7  m.,  6-1  m. 

(4)  17-1  cm.,  18-3  cm.,  21-5  cm. 

(5)  13-2  mm.,  15- 1  mm.,  18-7  mm. 

2.  The  vohime  of  a  cuboid  measures  506  cubic  feet,  and  its 
height  is  8  feet;  find  the  area  of  its  base. 

3.  The  volume  of  a  cuboid  on  a  square  base  is  .507  c.  ft.,  and 
its  height  is  3  ft.;  find  the  length  of  the  side  of  the  square  base, 
the  area  of  the  surface  of  the  cuboid,  and  the  total  length  of  its 
edges. 

4.  The  volume  of  a  cuboid  whose  breadth  is  twice,  and  its 
length  three  times,  its  height,  is  2058  cubic  feet;  find  the  dimen- 
sions of  the  cuboid. 

5.  The  dimensions  of  a  room  are  16  ft.,  20  ft.,  25  ft. ;  find  the 
length  of  the  diagonal  of  the  room. 

6.  Construct  a  line  the  measure  of  whose  length  is  ^3. 

7.  Cubes  of  metal  the  length  of  whose  edges  are  3cm.,  4  cm., 
5  cm.,  are  melted  and  cast  into  a  single  cube.  Find  the  length 
of  its  edge. 

8.  The  external  dimensions  of  a  rectangular  covered  V)ox, 
made  of  1  incli  stuff,  are  7ft.,  8ft..  9  ft.;  find  the  capacity  of  the 
box  and  the  quantity  of  lumber  in  it. 

9.  If  a  cubic  foot  of  water  weighs  1000  ounces  and  ice 
expands  10  per  cent,  in  freezing,  what  volume  of  ice  will  weigh 
28,800  pounds  / 

10.  If  each  dimension  of  a  (.'ubical  block  of  iron  is  increased 
iV  by  heating,  what  is  the  percentage  of  increase  in  volume  ? 
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11.  Find  the  length  of  a  pipe  which  will  hold  ISO  prallons 
of  water,  if  the  cross-section  is  a  rectangle  6  inches  by  '{  inches, 
gfiven  that  the  volume  of  1  gallon  is  277-463  cubic  inches. 

12.  Find  the  volume  of  a  prism  whose  base  is  an  equilateral 
triangle  the  length  of  whose  side  is  30  in.,  and  which  is  20  in. 
high. 

13.  Find  the  volume  of  a  prism  standing  on  a  triangular  base 
the  lengths  of  whose  sides  are  21  cm.,  20  cm.,  29  cm.,  and  which 
is  34  cm.  high. 

14.  Find  the  volume  of  a  prism  whose  base  is  a  regular 
hexagon  the  length  of  whose  side  is  20 -in.,  and  which  is  30  in. 
high. 

15.  The  volume  of  a  prism  whose  base  is  an  equilateral 
triangle  is  640  c.  in.:  if  its  height  is  25  in.,  And  the  length  of  a 
side  of  the  base. 

16.  Find  the  cost  of  digging  a  ditch  1^  mi.  long,  4  ft.  deep, 
3^  ft.  wide  at  the  bottom,  and  5\  ft.  wide  at  the  top,  at  15  ct.  a 
c.  yd. 

17.  Find  the  surface  and  volume  of  a  cylinder  60  feet  long, 
the  radius  of  the  base  being  8  feet. 

18.  Find  the  surface  and  volume  of  a  cylinder  of  height 
23  cm.,  the  radius  of  the  base  being  5  cm. 

19.  The  volume  of  a  cylinder  is  160  cubic  feet  and  its  height 
5  feet;  find  the  radius  of  its  base. 

20.  Find  the  area  of  the  surface  of  a  cylinder  of  height  15 
inches,  the  radius  of  the  base  being  3  inches. 

21.  A  cylindrical  tank  5  feet  in  diameter  and  8  feet  deep  is 
filled  with  water;  find  the  number  of  gallons  of  water,  given  that 
a  gallon  contains  277-5  cubic  inches. 

22.  The  height  of  a'cylinder  is  to  the  diameter  of  its  base  as 
3:2;  if  its  volume  is  320  cubic  inches  find  its  height. 
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23.  The  circumfei-ence  of  a  circular  plate  of  metal  is  22  in. 
and  the  thickness  is  2  in.  Find  its  thickness  after  it  has  been 
extended  by  hammering  until  its  area  is  308  sq.  in. 

24.  The  area  of  the  curved  surface  of  a  cylinder  is  135  sq.  cm. 
and  its  height  is  4-5  cm.;  find  its  volume. 

25.  The  area  of  the  curved  surface  of  a  cylinder  is  to  the  total 
area  of  its  svirface  as  3:4  ;  if  the  area  of  its  base  is  35  sq.  in., 
find  its  volume. 

26.  Prom  a  bar  of  wood  whose  cross  section  is  a  hexagon  of 
side  1  dm.  and  whose  length  is  1  metre,  the  largest  possible 
cylindrical  bar  is  turned.     What  volume  is  converted  to  shavings  ? 

27.  A  lead  tube  3  feet  long  and  of  internal  diameter  2  inches 
is  melted  and  cast  into  a  cube.  What  is  the  edge  of  the  cube 
if  the  lead  is  ^  of  an  inch  thick  ? 

28.  How  many  washers  ^  of  an  inch  thick,  of  1  inch  internal 
diameter  and  Ih  inch  external  diameter,  can  be  cast  from  a  rod 
of  iron  6  feet  long  and  1  inch  in  radius,  allowing  6  per  cent. 

for  waste  ? 

29.  What  is  the  weight  of  a  closed  iron  cylinder  filled  with 
mercury,  if  the  height  is  25  cm.  and  the  external  diameter  10  cm. 
supposing  the  iron  to  be  1  cm.  thick.  1  c.  cm.  of  iron  weighs 
7-8  g.  and  1  e.cm.  of  mercury  weighs  13-6  g. 

30.  A  lead  cube  whose  edge  is  1  inch,  and  a  lead  tetrahedron 
whose  edge  is  also  1  inch,  are  melted  down  and  cast  into  a 
cylinder  whose  diameter  is  1  inch.  Find  the  height  of  the 
cylinder. 


SECTION  HI 

MISCELLAx\EOUS  APPLICATIONS 

1.  Averages.  A  merchant's  sales  for  a  week  lao 
given  by  the  table: 

Monday....  $312-50 
Tuesday  ...  $290-23 
Wednesday  $330-19 
Thursday..  $304-10 

Friday $298-18 

Saturday...  $480-26 

The  total  sales  for  the  week  are  seen  to  be  $2015-46. 
This  total  is  the  same  as  if  on  each  day  he  had  sold  one- 
sixth  of  this  amount,  or  $335-91.  Then  $335-91  is  called 
the  averag-e  of  the  daily  sales  for  the  week. 

The  following  examples  will  serve  to  develop  the  idea 
of  average. 

■  Exercises 

1.  A  traveller's  expenses  for  a  week  were  as  follows: 
Mondav,  $8-70;  Tuesday,  $7-50;  Wednesday,  $7-40;  Thursdav, 
$9-60;  Friday,  $13-25;  Saturday  $12-10.  Find  his  average  daily 
expenses. 

2.  The  7iet  pi'otits  of  an  enterprise  for  three  consecutive  j'ears 
were  $3500,  $4320,  $2120;  find  the  average  yearly  profit. 

3.  The  circulation  of  a  newspaper  for  a  certain  week  was 
declared  to  be:  Mondav,  45,384:  Tuesdav,  46,329;  Wednesdav, 
46,482;  Thursday,  44^297;  Friday.  44,693;  Saturday,  52,370. 
Find  the  average  daily  circulation  for  the  week. 

4.  Of  a  force  of  100  policemen  7  are  of  height  6  ft.  2  in.;  15 
of  height  6  ft.  1  in.:  32  of  height  6  ft.;  29  of  heiglit  5  ft.  11  in.: 
and  the  remainder  of  height  5  ft .  10  in.  Find  the  average  height. 
How  many  fall  below  the  average  ? 
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5.  A  speculatoi'  bought  5  .sections  of  land,  and  sold  2  sections 
at  an  advance  of  25  per  cent.,  2  sections  at  an  advance  of  40  per 
cent.,  and  the  remaining  section  at  a  gain  of  10  per  cent.  Find 
the  average  gain. 

G.     Find  the  average  of  the  numbers: 

5,  8,  11,  11,  17,  20,  23,  26,  29,  32. 

7.  On  5  examination  papers  of  100  marks  each,  a  candidate 
obtained  an  average  of  77  marks.  On  the  first  two  papers  he 
obtained  54  and  82  marks.  What  was  the  average  on  the  remain- 
ing papers  1 

8.  Find  the  average  of  the  first  twenty  integers. 

9.  A  speculator's  gains  and  losses  for  a  week  are  as  follows: 
Monday,  gain  $26- 00;  Tuesday,  loss  $4-60:  Wednesday,  gain 
$277-25;  Thursday,  gain  $72-15;  Friday,  loss  $84-80;  Saturday, 
gain  $192-40.     W^hat  is  his  average  daily  gain  ? 

10.  Find  the  average  area  of  3  circles  of  radii  .35  in.,  42  in., 
and  49  in.  What  is  the  area  of  the  circle  of  the  average  radius  ? 
Take  V  '^s  the  approximation  to  the  ratio  c:d. 

11.  If  a  train  travels  i  of  a  certain  distance  at  the  rate  of  32 
mi.  per  hour,  ^  of  the  remainder  at  40  mi.  per  hour,  and  the 
remaining  distance  at  the  rate  of  36  mi.  per  hour,  find  the 
average  rate  in  mi.  per  hour. 

12.  A  grain  dealer  buys  2000  bu.  of  wheat  at  63  ct.  a  bu. 
He  sells  200  bu.  at  65  ct.  a  bu.;  1200  bu.  at  64  et.  a  bu.;  360  bu. 
at  63i  ct.  a  bu.;  and  the  remainder  at  62^  ct.  abu.;  find  the 
average  gain  per  bu. 

13.  The  distance  of  the  three  vertices  of  a  triangle  from  a 
straight  line  in  its  plane  are  7  in.,  10  in.,  and  15  in.  Find  the 
average  distance  from  this  line. 

14.  A  grocer  bought  1000  bbl.  of  flour  at  $4-90  a  bbl.  He 
sells  200  bbl.  at  $5-40  a  bhl.-.  40  per  cent,  of  the  remainder  at 
$5-30  a  bbl.;  230  bbl.  at  $505  a  bbl.;  20  per  cent,  of  the  re- 
mainder at  $4-86  a  bbl.;  and  the  remainder  at  a  loss  of  10  per 
cent.     Find  the  avei'age  gain  a  bbl. 

15.  A  owes  B  $60  at  the  end  of  3  months  and  60  dollars  at 
the  end  of  9  months.     Find  the  average  term  of  credit, 
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16.  A  owes  B  $()0  at,  the  end  oP  :}()  da,y,s;  $25  at  the  end  of  40 
days;  $18  at  the  end  of  45  daj's;  find  the  average  term  of  ci'edit. 

17.  The  average  of  7  results  is  13;  the  average  of  the  first  3 
is  10,  and  that  of  the  last  3  is  15.     Find  tlie  fourth  number. 


2.  Proportionate  Distribution.  The  following  ex- 
amples will  illustrate  the  method  of  solving  problems  which 
call  for  a  division  of  a  quantity  into  parts  in  accordance 
with  certain  stated  conditions. 

Ex.  1.  Divide  $360  among  A,  B  and  C  in  the  proportion  of 
3:4:5. 

The  meaning  is  that,  out  of  every  $12,  A  is  to  receive  $3, 
B  $4,  and  C  $5.  Therefore  they  will  receive  A,  A,  and  A 
respectively,  of  the  sum  to  be  divided.  Their  shai'es  are  then 
$90,  $120,  and  $150. 

Ex.  2.  Divide  $545  among  A,  B  and  C,  so  that  A  may  have 
$35  less  than  twice  as  much  at  B,  and  B  $40  more  than  C. 

In  such  problems  it  is  well,  as  a  rule,  to  choose  the  share  of 
one  of  the  persons  as  a  unit,  and  to  express  the  shares  of  the 
others  in  terms  of  this. 

Here  choose  C's  share  as  this  unit. 

Then  B's  share  =  C's  share+$40, 

and  A's  share  =  2  B's  share— $35 

=  2  C's  share+$80-$35 

=  2  C's  share+$45. 

.'.  The  three  shares  make  up  4  C's  share+$85  which  must  equal 
$545. 

.'.4  times  C's  share  must  eqiial  $460, 
.•.  C's  share  =  i  of  $460  =  $115; 
. • .  B's  share  =  $115+$40  =  $155 ; 
.•.  A's  share  =  $155X2  —  $35  =  $275. 
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Exercises 

1.  Divide  $631-20  among  0  men,  12  boys  and  18  girls,  so  that 
each  man  may  receive  twice  as  much  as  each  girl,  and  each  boy 
10  cents  more  than  each  girl. 

2.  Divide  220  into  three  parts  in  the  proportion  of  2:  7:  13. 

3.  Divide  527  acres  among  A,  B,  C  and  D  so  that  A's  share 
is  to  B's  share  as  2:3;  B's  share  is  to  C's  share  as  2:3;  and  C's 
share  is  to  D's  share  as  3:4. 

4.  Divide  $100  among  A,  B  and  C  so  that  A's  share  is  to  B's 
share  as  2:1,  and  16|  i:>er  cent,  of  A's  shai*e  is  equal  to  C's  share. 

5.  A  and  B  form  a  partnership.  A  contributes  $600  at  the 
beginning  of  the  year,  $200  at  the  end  of  3  montlis  and  $400  at 
the  end  of  8  months;  B  contributes  $300  at  the  beginning  of  the 
year,  $400  at  the  end  of  6  months  and  $400  at  the  end  of  8 
months.  How  sliould  a  profit  of  $900  be  divided  at  the  end  of  the 
year  ? 

6.  A  father  divides  $12,000  between  his  two  sons,  aged  18 
and  20  years,  so  that  if  their  shares  be  invested  at  5  per  cent,  per 
annum  they  will  have  equal  shares  when  they  become  of  age. 
What  sum  did  he  give  to  each  ? 

7.  Divide  $720  between  A  and  B  so  that  i  of  A's  share 
exceeds  ^  of  B's  by  $10. 

8.  Divide  $108  among  four  boys  in  such  a  way  that  the  second 
may  have  one-half  as  much  as  the  first,  the  third  one-half  as  much 
as  the  first  two,  and  the  fourth  one-half  as  much  as  the  first  three. 

9.  Divide  $180  among  three  men  so  that  the  second  may  have 
$44  more  than  one-third  as  much  as  the  third,  and  the  first  $52 
more  than  one-third  as  much  as  the  second. 

10.  Divide  $11-60  among  13  men  and  17  boys  in  such  a  way 
that  3  men  may  receive  as  much  as  5  boys. 

11.  Two  men  invest  capital  in  the  ratio  of  4f  to  5.  At  the 
end  of  3  months  the  first  withdraws  ^  of  his  capital  and  the  second 
withdraws  |  of  his  capital.  The  year's  gains  are  $6500.  How 
should  this  be  divided  ? 

12.  Divide  $2160  among  12  men,  18  women,  27  boys  and  30 
girls  in  such  a  way  that  each  man  receives  §  as  much  as  each 
v/oman,  ea<'li  woman  I  as  much  as  each  boy,  and  each  boy  $2  more 
tlian  each  girl. 
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3.  Mixtures.  Tlie  following  examples  are  t.vpical 
illustrations  of  problems  tliat  ma.v  be  classed  under  this 
heading. 

Ex.  1.  In  wliat  proportion  should  tea  woi-tli  40  ct.  a  lb.  and 
tea  worth  GO  ct.  a  lb.,  be  mixed  to  make  a  mixtm'e  worth  45 
ct.  alb.? 

When  we  say  that  the  mixture  is  worth  45  ct.  a  lb.,  we  are  in 
a  way  saying  that  part  of  the  tea  is  worth  5  ct.  more  than  its 
value,  and  that  part  is  woi'th  15  ct.  less  than  its  value,  the 
proportions  however  being  such  as  to  balance  the  excess  and  the 
defect. 

Now  if  \  of  a  lb.  of  the  tea  worth  40  ct.  be  taken,  the  excess 
is  1  ct.,  while  if  yV  of  a  lb.  of  tea  worth  60  ct.  be  taken  the  defect 
is  1  ct.     Therefore  if  the  two  teas  are  mixed  in  the  proportion 

iixV,  i.e.,  3:1 

the  balance  of  excess  and  defect  is  secured. 

A  rule  for  such  problems  has  been  given  under  the  name  of 
aUigation:  Write  down  the  values  of  each  kind  and  of  the 
mixture  as  below: 

40  15 

45 
60  5 

Siibtract  40  from  45  and  place  the  difference  in  line  with  60 
as  shewn;  subtract  45  from  GO  and  place  the  difference  in  line 
with  40  as  shewn.     The  proportion  is  15:5. 

JEx.  2.  One  gal.  of  spirits  containing  15  per  cent,  of  water 
is  mixed  with  2  gal.  of  spirits  containing  20  per  cent,  of  water. 
Find  the  strength  of  the  mixture. 

The  quantity  of  water  in  the  first  =  ^0%  of  1  gal. 
The  quantity  of  water  in  the  second  =  ^i^  of  2  gal. 

=  A^o  of  1  gal. 
.'.  Total  quantity  of  water  in  mixture  =  (tW+tVcj)  gal. 


=  — ^  of  3  gal. 
100 

.".   Since  in  the  mixture  there  are  3  gal,,  18^  per  cent,  of  the 
mixture  is  water,  or,  the  mixture  is  81|  per  cent,  strong. 
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EXEECISES 


1.  An  alloj'  contains  40  per  cent,  of  lead.  How  much  lead 
must  be  added  to  1  gTauuue  of  the  i\\\uy  to  make  it  eoutaiu  50  per 
ceul .  of  lead  ? 

2.  Two  tea-ehests  eoutaiu  l>lack  and  green  tea  in  the  propor- 
tion of  2:5,  and  3:7;  if  the  contents  of  both  chests  are  mixed,  find 
the  proportion  of  black  and  green  tea  in  the  mixture,  if  the  first 
chest  is  three  times  as  large  as  the  second. 

3.  Coffee  worth  40  ct.  a  lb.  was  mixed  with  chicory  worth  15 
ct.  a  lb.  in  such  a  proportion  that  w'hen  the  mixture  was  sold  at 
24  ct.  a  lb.  there  was  realized  a  gain  of  10  per  cent.  Find  the 
proportion. 

4.  Mercury  and  zinc  are  mixed  in  the  propoi'tion  of  9:1  to 
form  an  amalgam.  How  much  mercury  must  be  added  to  1 
gramme  of  the  mixture  to  form  an  amalgam  one-tenth  as  strong  '1 

5.  Wine  and  water  are  mixed  in  the  propoi-tion  of  7:1.  How 
much  water  must  be  added  to  50  gal.  of  the  mixture  in  order  that 
there  may  be  a  gain  of  30  per  cent,  in  selling  at  the  cost  price  of 
the  wine  ? 

6.  Find  the  quantities  of  tea  at  25  ct.  and  37  ct.  a  lb.  respect- 
ively, which  must  bt-  mixed  with  25  lb.  at  32  ct.  a  lb.  to  make  up 
a  total  of  47  lb.  which  may  1)6  sold  at  45  ct.  a  lb.  at  a  gain  of  50 
per  cent. 

7.  A  milk-can  contains  50  quarts  of  milk;  after  each  quart  is 
dipped  out  a  quart  of  water  is  added.  What  per  cent,  of  milk 
does  the  fifth  customer  receive  ? 

8.  Three  gal.  of  spirits  80  per  cent,  strong,  8  gal.  75  percent, 
strong  and  12  gal.  70  per  cent,  strong  are  mixed  wirh  2  gal.  of 
water.     What  is  the  percentage  strength  of  the  mixture  ? 

9.  Equal  volumes  of  lead,  tin  and  zinc  are  melted  together. 
How  many  g.  of  tin  and  zinc  must  be  added  to  100  g.  of  the  alloy 
to  make  equal  proportions  by  weight  of  the  three  metals,  given 
that,  I  c.  cm.  of  lead  weighs  11-4  g.,  1  c.  cm.  of  tin  weighs  7-3  g., 
and  1  c.  cm.  of  zinc  weighs  7-1  g.  ? 

10.  Four  gal.  of  spirits  90  per  cent,  strong,  are  poured 
into  a  ten-gal.  keg,  containing  3  gal.  of  spirits  88  per  cent, 
strong;  if  the  keg  is  then  filled  with  water,  what  is  the  strength 
of  the  mixtui'e  ? 
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11.  A  p;r()('or  mixed  toj^cthor  two  kinds  of  tea  aud  sold  the 
mixture,  114  lb.,  at  an  advance  of  20  per  cent,  on  cost,  receiving 
for  it  $t>2- 10.  Had  he  sold  each  kind  of  tea  at  the  same  price  per 
lb.  as  he  sold  the  mixture  he  would  have  gained  15  per  cent. 
on  the  one  and  25  per  cent,  on  the  other.  How  many  lb,  of 
each  kind  were  there  in  the  mixture,  aud  what  was  the  cost  of 
each  per  lb.? 

12.  Two  kinds  of  sulphur,  95  per  cent,  and  90  per  cent,  pure 
are  mixed,  and  the  resulting  mixture  is  91|^  per  cent.  pure.  In 
what  proportions  were  they  mixed  ? 

13.  A  grocer  mixed  three  kinds  of  sugar  worth  3  ct.,  3^  et. 
and  4  ct.  a  lb.  in  the  proportion  of  5:3:2;  if  he  sold  the  mixture 
at  5  ct.  a  lb.,  what  was  his  gain  percent.? 

14.  A  tobacconist  mixed  4  kinds  of  tobacco  worth  20  ct., 
30  ct.,  40  ct.  and  50  ct.  a  lb.  in  the  proportion  of  4:3:2:1;  if  he 
sold  the  mixture  at  40  ct.  a  lb.,  what  was  his  gain  per  cent.? 

15.  A  grocer  mixed  three  kinds  of  tea  worth  25  ct.,  30  ct.  and 
35  ct.  a  11).,  in  the  proportion  of  4:3:2,  and  sold  the  mixture  at 
40  ct.  a  lb.,  thereby  gaining  $5- 00.  What  quantity  of  each  kind 
of  tea  was  .sold  ? 


4.  Work.  In  problems  involving  the  combining  or  sep- 
arating of  the  work  done  by  different  agents,  tlie  student 
should  bear  in  mind  that  it  is  the  work  done  that  is  com- 
bined or  separated. 

Ex.  A  can  do  a  piece  of  work  in  24  days,  and  B  in  18  days; 
in  what  time  could  they  together  do  the  piece  of  work  ? 

In  1  day  A  can  do  ^V  of  the  work. 
In  1  da  J'  B  can  do  yV  of  the  work. 
.*.   In  1  day  A  and  B  can  do  ^\  +  rs  of  the  woi'k. 
Now  iV  +  h  =  /2- 
A  and  B  together  do  ^^  of  the  work  in  1  day. 
.'.  A  and  B  together  do  yf  of  the  woi-k  in  -j-  or  lOy  days. 
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Exercises 

1.  Oue  man  can  do  a  piece  of  woi-k  in  6  days,  another  can  do 
it  in  8  days  and  a  third  can  do  it  in  9  days.  How  long  will  it  take 
the  three  working  together  to  do  the  work  ? 

2.  A  man  can  mow  1  acre  of  hay  in  1  day,  and  a  boy  can 
mow  f  acre  in  1  day.  How  long  will  it  take  3  men  and  4  boj's, 
working  together,  to  mow  24  acres  of  hay  ? 

3.  If  a  man  can  do  |  as  much  work  as  a  boy,  how  long  will 
it  take  6  men  and  9  boys,  who  are  joined  after  4  days,  by  2  men 
and  3  boys,  to  do  a  piece  of  work  that  would  take  10  men  25  daj's 
to  finish  ? 

4.  Eight  men  promised  to  do  a  piece  of  work  in  4  days;  but 
at  the  end  of  each  day  one  man  left  off  work;  how  long  did  it  take 
to  complete  the  work  '? 

5.  A  man  can  do  a  certain  piece  of  work  in  56  days;  a  boy 
can  do  the  same  piece  of  work  in  64  days;  how  long  will  it 
take  6  men  and  10  boys  to  do  the  work  ? 

6.  Oue  man  can  do  a  piece  of  work  in  12  days;  another  can 
do  it  in  16  days;  after  working  together  for  three  daj'^s,  the  second 
man  left  off  work:  how  long  did  it  take  the  first  man  to  finish  the 
work  ? 

7.  A  and  B  could  plough  a  field  in  6  days,  B  and  C  could 
plough  it  in  7  days,  and  C  and  A  could  plough  it  in  8  days,  how 
long  would  it  take  the  three,  working  together,  to  plough  the 
field  ? 

8.  A  builder  undertook  to  build  a  house  in  42  days,  and 
engaged  30  men  to  do  the  work.  But  after  20  days  he  found  it 
necessary  to  engage  20  men  more,  and  then  he  accomplished  the 
work  2  days  too  soon.  How  many  days  behind-hand  would  he 
have  been  if  he  had  not  engaged  the  20  additional  men  ? 

9.  A  and  B  can  do  a  piece  of  work  in  2A  days,  B  and  C  can 
do  it  in  'Ats  days,  and  A,  B  and  C  can  do  it  in  IrJjy  days.  How 
long  will  it  take  B  to  do  it  ? 

10.  Twenty  men  can  perform  a  piece  of  work  in  12  days; 
find  how  many  men  will  perform  a  piece  of  work  half  as  large 
again,  in  a  fifth  part  of  the  time,  supposing  that  they  work  the 
same  number  of  hours  in  the  day,  but  that  two  of  the  second  set 
can  do  as  much  work  as  three  of  the  first  set. 
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11.  A  can  do  10  per  cent,  of  a  piece  of  woi'k  in  6  days  of  10 
hours  each;  B  can  do  15  per  cent,  of  it  in  10  day.s  of  8  hours  each. 
If  both  men  work  together  and  tlic  whole  work  is  worth  $102, 
what  does  each  man  get  ? 

12.  Five  men  mow  I  of  a  field  of  ha3'  in  4  days;  then  6  boys 
work  with  them  for  1  day.  If  it  takes  the  men  2^  days  to  finish 
the  work,  how  long  would  it  have  taken  12  boys  to  mow  the  field? 

13.  Ten  men  or  16  boys  can  do  a  piece  of  work  in  80  days; 
if  they  all  work  together  for  20  days,  and  if  then  2  men  and  (i 
boys  leave  off  work,  how  long  will  it  take  the  rest  to  finish  the 
work  '1 

14.  If  2  men  and  4  boys  can  do  a  piece  of  work  in  9|  days,  and 
3  men  and  3  boys  can  do  an  equal  amount  of  work  in  Qyx  daj's, 
how  long  will  it  take  5  men  and  G  boj^s  to  do  twice  the  amount 
of  work  ? 

15.  If  10  men,  or  14  boj^s,  or  18  girls  can  do  a  piece  of  work 
in  30  days,  in  what  time  will  the  work  be  completed  if  they  all 
work  together  for  8  days,  and  then  all  of  the  girls,  7  boys  and  2 
men  leave  off  working  ? 

16.  Four  men  or  5  boys  could  do  a  piece  of  work  in  24  days. 
If  6  men  and  8  boys  were  employed  at  the  piece  of  work,  and  3 
days  before  it  was  completed  2  men  and  3  boys  left  off  working, 
how  long  did  it  take  to  do  the  work  ? 


5.  Velocities.       The  followiug  examples  will  serve  to 
briug  out  what  is  meant  by  rehitive  velocity. 

Ex.  1.  Two  trains  of  lengths  100  yd.  and  120  yd.  are  moving 
on  parallel  tracks  in  opposite  directions  at  the  rates  of  30  mi.  and 
40  mi.  an  hr. ;  in  what  time  will  they  pass  each  other  ? 

After  the  engines  meet  they  separate  at  the  rate  of  30  mi. +40 
mi.,  or  70  mi.,  an  hr.,  i.e.,  their  relative  velocity  is  70  mi.  an  hr. 
The  trains  will  have  passed  each  other  when  the  engines  will  have 
become  separated  100  yd. +120  yd.,  or  220  yd. 

,       .  .     ,       /220X60X60\ 

.  .  the  time  required  =  I     -,.^^,-,.,>  "  ]  sec. 
\     iOXl/bO    / 

=  6y  sec. 


126  ARITHMETIC 

Ex.  2.  At  what  time  after  2  o'clock  is  the  minute-hand  first 
opposite  the  hour-hand  ? 

The    minute-hand  moves  through  GO  minute  spaces  (on  the 
dial)  in  60  minutes  (time). 

The  hour-hand  moves  through  5  miinite  spaces  in  60  minutes. 
.'.  The    minute-hand   (jaivs,   on   the    hour-hand,    55    minute 
spaces  in  60  minutes. 

The  minute-hand  is  first  opposite  the  hour-hand  when  it  has 
gained  lO-f-30,  or  40  minute  spaces. 

.".  the  time  required  =  1°  of  60  minutes, 
=  43tx  minutes. 


Exercises 

1.  A  boj'  starts  out  from  home  walking  at  the  rate  of  3  mi. 
per  hr.,  and  If  hr.  later  his  father  starts  out  in  the  same  direction, 
walking  at  the  rate  of  4  mi.  per  hr.  In  what  time  will  the  father 
overtake  his  sou  and  how  far  from  the  starting  point  will  they  be  ? 

2.  A  man  can  row  1  mi.  up  sti-eam  in  20  min.  and  1  mi,  dow^n 
stream  in  15  min.     At  w' hat  rate  is  the  stream  flowing  ? 

8.  Two  men  start  together  from  the  same  point  to  run  around 
a  circular  track  1  mile  in  length.  If  one  runs  18  rods  while  the 
other  runs  13  rods,  at  what  point  in  the  track  will  thej'  first  be 
together  again,  and  how  far  will  each  have  gone  ? 

4.  When  first  after  3  o'clock  are  the  hour-hand  and  the 
minute-hand  of  a  watch  together  ? 

5.  Two  trains,  180  feet  and  220  feet  long  respectively,  pass 
each  other  in  2^  sec.  in  going  in  opposite  directions.  In  going 
the  same  direction  one  passes  the  other  in  12  sec.  Find  the 
rates  of  the  trains  (in  miles  per  hour). 

6.  When  first  after  G  o'clock  are  the  hour-hand  and  the 
minute-hand  of  a  clock  at  right  angles  ? 

7.  A  leaves  home  at  1  p.  m.  walking  at  the  rate  of  3  miles 
per  hour.  After  walking  2  hours  he  rests  half  an  hour.  At  3.15 
p.  ni.  B  starts  out  after  him  walking  at  the  rate  of  4  miles  per 
hour.     At  what  time  will  B  overtake  A  ? 
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8.  Wheu  first  after  4  o'clock  are  the  lionr-haud  and  llie 
uiinute-hand  of  a  clock  opposite  ? 

9.  lu  a  mile  race  between  a  bii'yele  and  a  tricycle  their  rates 
were  as  5  to  4;  the  latter  had  lialf  a  minute's  start  and  was 
beaten  by  17'"  yards.     Find  the  actual  i"ate  of  each. 

10.  A  train  110  yards  long  overtakes  A  who  is  going  at  the 
rate  of  4  miles  an  hour,  and  passes  him  in  9  seconds.  Ten 
minutes  after  leaving  A  the  train  meets  B  and  passes  him  hi  7.^ 
seconds.     In  what  time  after  meeting  the  train  will  B  meet  A  ? 

11.  A  and  B,  two  bicyclists,  start  abreast  on  a  circular  race- 
ti'ack  35  yards  in  width.  If  A  rides  on  the  inside  of  the  track  at 
the  rate  of  0  miles  an  hour  and  B  rides  on  the  outside  of  the  ti-ack 
at  the  rate  of  10  miles  an  hour,  in  how  many  hours  will  they  be 
abreast  again  if  the  internal  diameter  of  the  race-track  is  350 
yards,  taking  V  as  the  approximation  to  the  ratio  c:d  ? 

12.  Four  men  start  together  from  the  same  point,  and  run  in 
the  same  direction  around  a  ring  at  different  uniform  speeds.  The 
first  runs  at  the  rate  of  10  miles,  the  second  at  the  rate  of  10| 
miles,  the  third  at  the  rate  of  11^  miles,  and  the  fourth  at  the  rate 
of  12j  miles,  each  per  hour.  At  wluxt  part  of  the  ring  will  they 
be  first  all  together  again  after  starting  '/ 

13.  If  A  can  beat  B  by  4  yards  in  100  yards,  and  B  runs  100 
yards  while  C  runs  104  yards,  and  C  runs  100  yards  while  D  runs 
95  yards,  how  many  yards  start  must  A  give  D  in  a  100  j'ards 
race  that  they  may  come  in  abreast  ? 

14.  A  watch  which  is  set  correctly  at  noon  indicates  10 
minutes  after  9  the  same  evening  when  the  true  time  is  10.  What 
is  the  true  time  when  the  watch  indicates  11  on  the  same  evening? 

15.  A  ship  78  miles  from  shore  springs  a  leak  which  admits 
21  tons  of  water  in  6^  minutes.  If  the  pumps  throw  out  15  tons 
an  hour,  and  08  tons  are  sufficient  to  sink  her,  find  the  average 
rate  of  sailing  that  she  may  just  reach  the  shore  as  she  begins  to 
sink. 


SECTION   I Y 
MISCELLANEOUS  EXAMPLES  ' 


1.  Find  the  value  of: 

w?    I     f  or  9  — 4  ot  ^5 


f   Ui    9  4    Ul   ^5    ,         f    5  ^  JL 


expressing  tlie  result  as  a  decimal  correct  to  thousandths. 

2.  Shew  that  when  anj-  integer  is  divided  by  3  the 
remainder  is  the  same  as  when  the  sum  of  its  digits  is 
divided  by  3. 

3.  Divide  $300  among  A,  B,  C,  D,  so  that  A's  share 
will  be  twice  B's,  B's  share  twice  C's,  and  C's  share 
twice  D's. 

4.  Find  the  interest  on  $590-75  from  Dec.  13,  1902,  to 
May  7,  1903,  at  3^  percent,  per  annum. 

5.  In  a  triangle  whose  sides  measure  26  ft. ,  40  ft. ,  42  ft. , 
find  the  length  of  the  perpendicular  drawn  from  each  angle 
to  the  opposite  side. 

II 

1.   Simplify: 

expressing  the  result  as  thf  decimal  of  £1. 
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2.  Shew  that  11  is  a  factor  of: 

{<<)  Every  integer  expressed  by  an  even  niunber  of 
digits  9;   e.g.,  999999. 

(b)  Every  integer  expressed  by  the  digit  1  in  the 
first  and  the  last  place,  with  an  even  number  of  interven- 
ing zeros. 

3.  Two  boys  are  to  receive  the  same  sum;  but,  if  one 
were  to  receive  $15  more  and  the  otiier  $9  less,  the  one 
would  receive  three  times  as  much  as  the  other.  What 
sum  are  they  to  receive  ? 

4.  If  simple  interest  is  allowed  in  what  time  will  $360 
amount  to  $382-50  at  2^  per  cent  per  annum  '? 

5.  A  landlord  after  paying  6  pence  in  the  pound  on  his 
rental,  for  property  tax,  and  4  per  cent,  on  a  mortgage  of 
£13,250,  had  left  £2044.     What  was  his  rental  ? 

Ill 

1.  Find  the  value  of: 

{ fl  + 11  of  31  -  (tV  of  m  -  i) }  - 1  ^  -  f  of  i  I 

2.  Shew  that  a  number  is  divisible  by  11  if  the  difference 
between  the  sum  of  the  digits  in  the  odd  places  and  the  sum 
of  the  digits  in  the  even  places  is  divisible  by  11. 

Shew  that  the  converse  also  is  true. 

3.  Divide  $360  among  4  men,  5  women  and  6  children  so 
that  each  man  will  have  three  times  as  much  as  a  woman, 
and  each  woman  twice  as  much  as  a  child. 

4.  A  note  drawn  Sept.  7,  at  90  days,  for  $1050  is  dis- 
counted Sept.  20  at  6  per  cent;  find  the  proceeds. 
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5.  A  rectangle  whose  sides  are  in  the  ratio  of  5:7  has 
an  area  of  61740  square  metres.     Find  its  sides. 


IV 


1.   Simplify: 


i±idLi±iix -i-  l-^'iU  iHiri^f 


l-f  34i 


I  -^  f  7g     llj— 2?  9        ,  ) 


2.  The  sum  of  the  digits  of  each  of  two  given  numbers 
is  divisible  by  9.  The  numbers  are  added;  shew  that  the 
sum  of  the  digits  in  the  result  is  divisible  by  9 . 

3.  A  person  by  selling  goods  for  $291  loses  3  per  cent. 
What  should  they  have  been  sold  for  to  gain  4  per  cent.  ? 

4.  Find  the  proceeds  of  a  note  made  June  17  at  3 
mouths  for  $1200-00  with  interest  at  4j  per  cent,  and  dis- 
counted June  29  at  6  per  cent. 

5.  The  sum  of  $600  is  borrowed  at  the  beginning  of  the 
year  at  a  certain  rate,  and  at  the  end  of  8  months  an 
additional  $300  is  borrowed  at  double  the  previous  rate. 
At  the  end  of  the  year  the  interest  on  both  loans  is  $24. 
Find  the  rate  on  the  earlier  loan. 


1.  What  number  divided  by  (ts+tV)-^  (3-1)  X  (i  +  i) 
will  give  ^^  of  tl  of  ^'  of  247  ? 

U  6  lit 

2.  Tlio  diffei-ence  between  the  sums  of  the  digits  in  the 
odd   places   and  those  in   the   even  places  of  each  of  two 
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given  numbpi-s  is  (livisil)Ie  by  11.     The  ii limbers  are  added; 
shew  that  tlie  sum  also  possesses  this  property. 

3.  A  merchant  sells  cloth  at  90  cents  a  yard,  thereby 
gaining  20  per  cent.  By  what  per  cent,  must  he  increase 
his  marked  price  in  order  to  gain  40  per  cent? 

4.  Find  the  amount  of  $420  for  2  years  3  months  at  5 
per  cent. 

5.  An  equilateral  triangle  and  a  square  have  the  same 
perimeter;  find  the  ratio  of  their  areas. 


VI 

1.  Find  the  value  of: 

(0-025) '^  -  (0-0125)'' 
(0-025)2  _  (0.0125)2 

2.  The  L.  C.  M.  of  63,  84,  99,  156  and  another  num- 
ber prime  to  each  of  them  is  684684.  Find  the  other 
number. 

3.  What  must  be  the  marked  price  of  goods  which  cost 
$12-00  in  order  that  the  merchant  may  allow  a  discount  of 
20  per  cent,  and  still  make  a  profit  of  25  per  cent? 

4.  If  simple  interest  is  allowed,  find  at  what  rate  $840 
will  produce  $132-30  in  4^  years. 

5.  A  boy  is  engaged  for  20  days  at  $1-20  a  day  on  the 
understanding  that  for  every  day  he  is  idle,  instead  of 
receiving  his  wage,  he  is  to  pay  50  cents  for  his  board.  At 
the  end  of  the  time  he  received  $17-20;  how  many  days 
did  he  work? 
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VII 

1.  Find  the  value,  correct  to  four  places  of  decimals  of 
29-37956  X  3- 73564. 

2.  Find  the  least  number  which  divided  by  19  leaves 
the  remainder  13,  and  divided  by  31  leaves  the  remainder  25. 

3.  A  boy  is  one-third  as  old  as  his  father  and  he  has  a 
brother  whose  age  is  one-sixth  of  his  own;  the  ages  of  all 
three  amount  to  50  years.     Find  the  age  of  each. 

4.  For  what  sum  must  a  ninety-day  note  be  drawn  to 
realize  $150  when  discounted  at  6  per  cent.? 

5.  A  square  and  a  regular  hexagon  have  the  same 
perimeter;  find  the  ratio  of  their  areas. 


VIII 


1.  Find  to  four  decimal  places  the  value  of: 

1-3276  X  13-39  X  7-25643. 

2.  The  sum  of  two  numbers  is  4225,  and  their  G.  C.  M. 
is  845.  Shew  that  there  are  two  pairs  of  numbers  satis- 
fying these  conditions  and  find  them. 

3.  A  sum  of  money  is  to  be  divided  among  17  boys  and 
9  men,  and  8  boys  are  to  receive  as  much  as  5  men.  After 
4  boys  and  5  men  have  received  their  shares,  find  what 
percentage  of  the  sum  remains. 

4.  The  proceeds  of  a  note  for  $1460,  discounted  53  days 
before  maturity  are  $1447-28.     Find  the  rate  of  discount. 

5.  Black  tea  costing  51  cents  a  pound  is  mixed  with 
green  tea  costing  34  cents  a  i)ound  in  the  proportion  of  10 
to  7.  Find  the  gain  per  cent,  made  in  selling  the  mixture 
at  55  cents  a  pound. 
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IX 

1.  Find  correct  to  four  places  of  decimals  the  value  of 

(3-14159) '  X  (2-78183) ^ 

2.  The  G.  G.  M.  of  two  integers  is  17  and  their  L.  C.  M. 
is  4199.  Shew  that  there  are  two  pairs  of  such  numbers 
and  find  them. 

3.  A  farmer  is  to  receive  $168  from  A,  B  and  C  for 
pasturage.  A  has  had  in  pasture  15  cattle  for  2^  months, 
B,  8  cattle  for  3  months,  and  C,  10  cattle  for  2^  months. 
Find  what  each  should  pay. 

4.  A  man  saves  $400  a  year  and  at  the  end  of  the  year 
invests  it  at  5  per  cent,  per  annum.  To  what  sum  will  his 
savings  amount  at  the  end  of  4  years  ? 

5.  A  circle  and  a  regular  hexagon  have  the  same  peri- 
meter; find  the  ratio  of  their  areas. 


1.  Find  the  product  of  5-3827  and  4-5938.  Also  by  the 
contracted  method  find  the  product  correct  to  four  places 
of  decimals,  and  indicate  the  unnecessary  work  in  the 
earlier  multiplication  if  a  result  to  four  decimal  places  is 
sufficient. 

2.  The  G.  C.  M.  of  two  integers  is  357  and  their  L. CM. 
is  12852.     Find  the  integers  if  they  are  each  of  four  digits. 

3.  Divide  $12-95  among  A,  B  and  C,  giving  A  $1-50 
less  than  three  times  as  much  as  B,  and  B  80  cents  more 
than  twice  C's  share. 
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4.  A  note  made  Jan.  13,  1903,  at  90  days  for  $1500  is 
discounted  Feb.  20,  at  6  per  cent.  Find  to  the  nearest 
tliousandth  of  1  per  cent,  the  rate  per  cent,  made  b,v  the 
banker  on  liis  money. 

Shew  tliat  the  sum  $1500  in  no  way  affects  the  result. 

5.  How  many  pounds  of  coffee  at  24  cents  a  pound  must 
be  mixed  with  6  pounds  at  36  cents  a  pound  that  a  gain  of 
33i  per  cent,  may  be  realized  by  selling  the  mixture  at  40 
cents  a  pound  ? 


XI 


1.  Divide  5- 398727  by  7-329548  to  five  places  of  decimals 
without  employing  the  contracted  method,  and  then  indicate 
the  unnecessary  work. 

2.  In  England  computers  have  frequently  to  express  a 
sum  given  in  pounds,  shillings  and  pence,  as  pounds  and  a 
a  decimal  of  a  pound.  Much  use  is  made  of  the  rule:  For 
each  florin  (2s.)  write  £-1;  for  each  shilling  write  £-05;  for 
each  sixpence  write  £-025  and  for  each  remaining  farthing 
write  £-001.  If,  however,  the  number  of  remaining  farth- 
ings is  12,  or  is  greater  than  12  add  an  additional  -001. 
The  result  will  be  correct  to  three  places  of  decimals. 

Illustration:  £17. 13  s.  lOf  (7.              £17-  £17-65 

•6  -025 

•05  -020 
•025 

-020         

£17-695  £17-695 

Establish  this  rule. 

3.  A  merchant  sold  500  yards  of  cloth  for  $690,  part  of 
it  at  $1-50  a  yard  and  the  remainder  at  $1-30  a  yard.  How 
many  yards  were  sold  at  each  rate  ? 


MISCELLANEOUS   EXAIMPLES  135 

4.  A  holds  against  B  two  notes,  one,  a  ninety-day  note 
for  $600,  and  the  other,  a  sixty-day  note  for  $900.  The  notes 
are  exchanged  for  a  single  note  for  $1500;  for  how  many 
days  must  it  be  drawn  if  the  proceeds  from  discount- 
ing it  at  6  per  cent,  would  equal  the  proceeds  of  the  two 
original  notes  discounted  at  the  same  rate  ! 

5.  A  Avell  7  ft.  in  diameter  and  28  ft.  deep  is  to  have  a 
lining  of  special  bricks,  fitting  close  together  without 
mortar,  7  inches  thick;  tind  in  tons  the  weight  of  the  bricks, 
supposing  one  cubic  inch  of  brick  to  weigh  f  of  an  ounce., 
and  1  cwt.  =  112  lbs.  Take  the  approximation  V  as  the 
ratio  c:d. 

XII 

1.  Find  the  value,  correct  to  four  places  of  decimals,  of : 

3- 14159^2- 7182818. 

2.  (a)  Find  the  G.  C.  M.  of: 

I40,  6tT)  Vs,  9io- 
ih)  Find  the  L.  C.  M.  of  .- 

6i,  7|,  9tV,  121. 

3.  How  much  water  must  be  mixed  with  75  gallons  of 
alcohol  worth  $1-00  a  gallon,  to  make  a  mixture  worth  75 
cents  a  gallon  ? 

4.  The  difference  between  the  simple  and  the  compound 
interest  on  a  certain  sum  of  money  for  three  years  at  3  per 
cent,  is  $5-45f ;  find  the  sum. 

What  would  the  result  have  been  if  the  difference  had 
been  given  to  the  nearest  cent.,  namely,  $5-45  ? 

5.  A  merchant  uses  a  yard-measure  which  is  f  in.  too 
short.  How  much  does  he  cheat  a  customer  who  buys  to 
the  amount  of  $72  f 
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XIII 

1.  Find,  correct  to  four  places  of  decimals,  the  value  of: 

2316914. 

2.  The  sum  of  two  numbers  is  3773,  and  their  difference 
is  861.     Find  the  numbers. 

3.  How  many  pounds  of  chicory  worth  8  cents  a  pound 
must  be  mixed  with  15  pounds  of  coffee  worth  40  cents  a 
pound,  so  that  by  selling  the  mixture  for  $7*90  there  will  be 
made  a  gain  of  25  per  cent.? 

4.  On  June  17  a  merchant  sells  flour  the  cash  value  of 
which  is  $1500;  to  oblige  his  customer  he  accepts  in  pay- 
ment his  note  for  three  months  for  that  sura  with  interest 
at  6  per  cent.  He  immediately  has  the  note  discounted  at 
6  per  cent;  find  his  loss  through  his  customer's  not  having 
paid  cash. 

5.  Three  circles,  each  of  radius  12  yards,  touch  one 
another;  find  the  area  and  perimeter  of  the  figure  bounded 
by  the  arcs  between  the  points  of  contact. 

XIV 

1.  Find  the  value,  correct  to  four  places  of  decimals,  of: 

3'257^9-39. 

2.  The  sum  of  the  second  and  the  third  of  tkree  numbers 
is  114:  of  the  third  and  the  first  is  98;  and  of  the  first  and 
the  second  is  90.     Find  the  numbers. 
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3.  A  farmer  has  cows  worth  $60  each,  aud  sheep  worth 
$4-50  each;  the  number  of  cows  and  sheep  being  28  and 
their  value  $570,  find  the  number  of  each. 

4.  An  annual  deposit  of  $250  is  made  with  a  loan  com- 
pany which  pays  4  per  cent,  per  annum  on  deposits, 
compounded  half-yearly.  Find  the  amount  of  all  these 
deposits  when  the  fourth  has  been  made. 

5.  Two  qualities  of  tea  are  mixed  to  the  amount  of  184 
pounds,  in  the  proportion  of  11  to  12.  Their  prices  are  as 
9  to  10  and  the  value  of  the  mixture  is  $87-60.  Find  the 
number  of  pounds  of  each  kind  and  the  price  of  each  kind. 


XV 


1.  Find,  correct  to  seven  places  of  decimals,  the  value 
of  the  reciprocal  of  2-30258509. 

2.  The  product  of  the  second  and  the  third  of  three 
numbers  if  4189;  of  the  third  and  the  first  is  2911;  and  of 
the  first  and  the  second  is  2419.     Find  the  numbers. 

3.  Two-thirds  of  a  number  increased  by  two- ninths  of 
the  number  and  this  increased  by  80  will  give  one-third 
mure  than  the  number.     Find  the  number. 

4.  A  note  for  $230,  drawn  on  Jan.  2,  1896,  at  3 
months,  and  bearing  interest  at  8  per  cent,  per  annum,  is 
discounted  on  Feb.  1,  at  7  per  cent.     Find  the  proceeds. 

5.  ABCD  is  a  quadrilateral  whose  sides  AB,  BC  are 
each  40  rods  in  length.  The  angle  B  is  120°;  the  side  AD 
is  double  the  diagonal  AC,  and  the  side  CD  is  three  times 
the  side  BC.  Find  the  area  of  the  quadrilateral  and  the 
length  of  the  diagonal  BD. 
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XVI 

1.  Find,  correct  to  four  places  of  decimals,  the  value  of: 

(0-8218127) '  +  (0-5697577)  ^ . 

2.  Shew  that  the  square  of  an  integer  whose  last  (the 
units)  digit  is  5  may  be  found  by  writing  down  25  preceded 
by  the  product  of  the  total  number  of  tens  and  a  number 
one  greater. 

Ex.  1.  65^=4225,  noting  that  42  =  6X7. 

Ux.  2.   115^  =  13,225,  noting  that  132  =  11X12. 

3.  A  horse  dealer  sold  two  horses  at  $150  each,  on  the 
one  gaining  25  per  cent,  and  on  the  other  losing  25  per 
cent.     Find  the  gain  or  loss  on  the  two  sales. 

4.  On  Jan.  1,  1890,  a  person  borrowed  $2417-50  at 
6|  per  cent,  simple  interest,  promising  to  return  it  as 
soon  as  it  amounted  to  $2582-50.  On  what  day  did  the 
loan  expire  ? 

5.  A  merchant  bought  28  yards  of  silk  and  15  yards  of 
satin  for  $41.  The  satin  cost  20  cents  a  yard  more  than 
the  silk.     What  was  the  price  per  yard  of  each  ? 

XVII 

1.  Find  the  value,  correct  to  five  places  of  decimals,  of: 

3-1415926X57-2957795. 

2.  Shew  that  the  sum  of  a  number  expressed  by  two 
digits  and  the  number  formed  by  writing  the  digits  in 
reverse  order  is  divisible  by  11. 

3.  A  man  bought  138  acres  of  land  at  a  certain  price  an 
acre.  He  at  once  sold  75  acres  at  a  gain  of  10  per  cent, 
and   the    remainder   at   a    gain  of  5  per  cent.     The  gain 
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realized  was  $591   less  tliun  if  he  h;i<1  sold  all  at  a  gain  of 
12  per  cent.     Find  tlie  price  paid  for  the  laud. 

4.  A  holds  against  B  a  note  for  $730,  drawn  Feb.  14, 
1897,  at  three  months,  bearing  interest  at  5  per  cent,  per 
annum.  On  Mar.  17,  this  note  is  discounted  at  6  per 
cent,  per  annum.     Find 

(a)  the  proceeds; 

(b)  the   rate   of   interest   made   by   the  bank  on  the 
money  advanced. 

5.  One  circle  has  its  centre  on  the  circumference  of 
anothei-  circle  and  cuts  it  at  the  extremities  of  a  diameter; 
the  radius  of  the  smaller  circle  being  20  inches,  find  the 
area  common  to  the  two  circles. 

XVIII 

1.  Find  the  value,  correct  to  four  places  of  decimals,  of: 

7-3549  X  3-2756 
11-2985 

2.  Find  how  many  numbers  there  are,  less  than  a 
thousand,  which  contain  both  7  and  11  exactly. 

3.  In  8  days  A  can  do  as  much  work  as  B  can  do  in  8| 
days,  or  as  C  can  do  in  81  days.  If  $354-85  is  paid  for  a 
piece  of  work  done  by  them  working  together,  how  should 
this  sum  be  divided  ? 

4.  A  man  puts  $350  in  a  Savings'  Bank  each  3^ear, 
making  his  first  deposit  Dec.  31,  1890.  How  much  will 
there  be  to  his  credit  Jan.  1,  1895,  the  Bank  adding  4 
per  cent,  per  annum  ? 

5.  Vinegar  and  water  are  mixed  in  the  proportion  of 
5  to  1.  How  much  water  must  be  added  to  6  gallons  of  the 
mixture  in  order  that  the  proportion   may  be  4-5  to  1  ? 
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XIX 

1.  Find,  eorret't  to  three  places  of  decimals,  the  value  of  : 

10« 
453- 59X30-48'  ' 

2.  Shew  that  the  difference  between  two  numbers,  which 
are  prime  to  each  other,  is  prime  to  each  of  the  numbers. 

3.  A  merchant  bought  a  certain  number  of  barrels  of 
flour  for  $4400.  He  reserved  40  barrels  for  his  own  use 
and  sold  |  of  the  remainder  for  $3952,  which  was  $608 
more  than  cost.     Find  the  number  of  barrels  bought. 

4.  Find  to  the  nearest  cent  the  proceeds  of  a  note  for 
$637-50,  drawn  on  May  13,  at  60  days,  and  discounted  on 
June  5,  at  8  per  cent. 

5.  ABCD  is  a  quadrilateral  with  the  angles  A  and  C 
each  right  angles;  AB,  BC,  CD  are  25  rods,  39  rods  and 
52  rods  in  length  respectively.  Find  the  length  of  DA, 
the  area  of  the  quadrilateral  and  the  lengths  of  the 
diagonals. 

XX 

1.  Find  the  value,  correct  to  five  places  of  decimals,  of: 

2-3759X3- 3895X7-3594. 

2.  How  many  integers  are  there  which  require  three 
figures  for  their  expression,  and  of  these  how  many  have 
zero  as  their  last  figure  f 

3.  In  what  proportions  must  coffee  which  cost  40  cents 
a  pound  and  chicory  which  cost  20  cents  a  pound  be  mixed, 
in  order  that  when  the  mixture  is  sold  at  35  cents  a  pound 
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there  is  realized  a  gain  of  20  per  cent,  ou  the  chicory  and 
25  per  cent,  ou  the  coffee  ! 

Find  also  the  gain  per  cent,  realized  on  the  whole 
outlay. 

4.  A  teacher's  salary  of  $1000  is  paid  iu  four  quarterly 
payments  at  the  end  of  each  quarter.  What  sum  at  the 
beginning  of  the  year  is  equivalent  to  these  payments, 
reckoning  compound  interest  at  2  per  cent,  per  quarter? 

5.  A  vessel  contains  a  mixture  of  12  gallons  of  brandy 
and  8  gallons  of  water.  How  many  gallons  of  the  mixture 
must  be  drawn  off  so  that  when  the  quantity  withdrawn  has 
been  replaced  by  water  the  mixture  may  consist  of  equal 
parts  of  brandy  and  water  ? 

XXI 

1.  Find  the  square  root  of: 

(a)   12581209; 
(&)  0-00290521. 

2.  Of  the  following  fractions  indicate  those  that  will 
yield  circulating  decimals: 

13.       23.       11  11         21 

T7'       2^'       54'       40'       ^'S 

In  each  case  give  the  reason,  and  state  the  limit  to  the 
number  of  figures  in  the  period. 

3.  A  man  sold  two  houses  for  equal  sums,  on  one  gain- 
ing 12|^  per  cent,  and  on  the  other  losing  121  per  cent.  If 
on  the  two  sales  the  total  loss  was  $200,  find  the  cost  of 
each  house  and  the  percentage  of  loss  on  the  two  sales. 
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.4.  Divide  $916- 00  among  A,  B  and  C,  so  that  5  per 
cent,  of  A's  share  may  equal  7|  per  cent,  of  B's,  and  12^ 
per  cent,  of  B's  may  equal  20  per  cent,  of  C's. 

5.  The  fore  and  hind  wheels  of  a  carriage  are  10  feet  and 
12  feet  respectively  iu  circumference.  How  far  will  the 
carriage  have  gone  when  the  fore  wheel  has  made  80 
revolutions  more  than  the  hind  wheel  ? 

XXII 

1.  Find  the  cube  root  of: 

(a)  45499293; 
(ft)   12-812904. 

2.  For  each  of  the  following  recurring  decimals  give  the 
complete  work  of  reduction  to  an  equivalent  vulgar  fraction, 
verifying  the  rule  to  this  end : 

0-537,  0-23579,  7-25387. 

3.  A's  money  is  three  times  as  much  as  B's.  They  each 
receive  $500  and  then  three  times  A's  money  is  equal  to 
seven  times  B's.     How  much  money  has  each  now  ? 

4.  A  merchant  imported  goods  paying  a  duty  of  10  per 
cent.  Circumstances  force  him  to  sell  them  at  a  loss  of  4| 
per  cent. ;  had  he  sold  them  a  mouth  earlier  he  would  have 
made  $500  more  than  he  did,  and  have  cleared  2i  per  cent, 
on  the  whole  transaction;  what  was  the  cost  of  the  goods? 

5.  A  mixture  contains  4  parts  spirits  and  3  parts  water. 
A  certain  part  of  the  mixture  is  drawn  off  and  replaced  by 
water.  If  the  mixture  now  contains  3  parts  spirits  and  4 
parts  water,  what  fraction  of  the  original  mixture  was  with- 
drawn ? 
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XXIII 


1.  Extract  the  square  root  of  : 

(a)   63409369; 
ib)  24-950025. 

2.  Express  the  fractions: 

5  3  9 

T'      Tl'      TT 

as  equivalent  fractions  with  denominators  in  which  appear 
only  the  figure  9. 

3.  The  discount  on  a  note  for  $3650,  which  matured  on 
Aug.  21,  and  was  discounted  on  June  24,  was  $40-60.  Find 
the  rate  of  discount. 

4.  In  what  proportion  must  two  kinds  of  tea,  which  cost 
50  ct.  and  65  et.  a  lb.  respectively,  be  mixed,  so  that  when 
sold  at  60  ct.  a  lb.  there  may  be  a  gain  of  11?  percent.? 

5.  Find  the  number  of  acres  in  a  field  in  the  form  of  a 
trapezoid,  whose  parallel  sides  are  20  rods  and  34  rods,  and 
whose  slant  sides  are  13  rods  and  15  rods. 


XXIV 


1.  Extract  the  cube  root  of: 

(a)   182284263; 
(h)   6G430-125. 


2.  Express  the  fractions; 


^-^-  n 


T6'      28'      3? 

as  equivalent  fractions  with  denominators  in  which  appear 
some  number  of  figures  9  followed  by  some  number  of 
figures  0. 
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3.  A,  who  owes  B  $1000  to  })e  paid  at  the  end  of  four 
years,  wishes  to  pay  the  debt  iu  four  equal  auuual  iustal- 
ments.  The  rate  of  interest  beiug  5  per  cent,  per  aunum, 
find  the  amount  of  the  annual  payment. 

4.  A  man  has  4  hours  at  his  disposal;  how  far  may  he 
drive  out  into  the  country  at  a  rate  of  6  miles  an  hour,  so 
that,  walking  back  at  the  rate  of  3  miles  an  hour,  he  may 
have  15  minutes  free  before  the  expiration  of  the  4  hours  1 

5.  Of  a  mixture  of  wine  and  water,  f  is  wine.  When 
6  gallons  of  water  are  added  the  wine  is  A  of  the  mixture. 
Find  the  number  of  gallons  of  wine  and  of  water  in  the 
original  mixture. 

XXV 

1.  Find,  correct  to  three  places  of  decimals,  the  square 
root  of : 

(a)   2; 

5 


ih)        ^ 


2.  One-half  the  product  of  a  certain  two  consecutive 
integers  is  a  square;  shew  that  one  of  the  integers  is  a 
square  and  that  one-half  the  other  is  a  square. 

Illustrations:  1,  2;  8,  9;  49,  50. 

3.  A  man  invests  $12,000  in  3  per  cent,  stock  at  75;  he 
sells  out  at  80  and  invests  i  of  the  proceeds  in  3j  per  cent, 
stock  at  96  and  the  remainder  at  5  per  cent.  par.  Find  the 
change  in  his  income. 

4.  A  starts  to  walk  from  P  to  Q  at  the  rate  of  three  miles 
an  hour,  and  one  hour  afterwards  B  starts  from  P  and 
overtakes  A  in  four  hours.  Walking  on,  B  arrives  at  Q 
two  hours  before  A.     Find  the  distance  from  P  to  Q. 
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5.  A  person  wishes  to  determine  the  height  of  a  flag- 
pole. A  lamp-post  9  feet  high  stands  at  a  distance  of  400 
feet  from  the  foot  of  the  flag-pole.  When  the  observer, 
the  height  of  whose  ej'e  from  the  ground  is  5^  feet,  stands 
at  a  point  14  feet  from  the  lamp-post,  his  eye  is  in  line  with 
the  top  of  the  flag-pole  and  the  top  of  the  lamp-post.  Find 
the  height  of  the  flag-pole, 

XXVI 

1.  Find,  correct  to  two  places  of  decimals,  the  cube  root 

of: 

(a)   2; 

(&)     i 

2.  A  bookseller  deducts  10  per  cent,  from  the  marked 
price  of  his  books,  and  after  this  has  a  gain  of  25  per  cent. 
He  sells  a  book  for  $7-20.  Find  the  cost  price  of  the  book, 
and  what  per  cent,  the  marked  price  is  in  advance  of  the 
cost  price. 

3.  What  sum  of  money  deposited  in  a  bank  at  the  end 
of  each  year  for  the  next  three  years,  will  amount  to  the 
same  sum  as  $5000  deposited  now,  banks  paying  4  per  cent, 
per  annum,  interest  added  yearly  ? 

4.  Three  pounds  of  tea  and  four  pounds  of  coffee  cost 
$4.  If  tea  were  to  rise  20  per  cent,  in  cost  and  coffee  to 
decrease  20  per  cent,  the  same  quantities  would  cost  $4-16. 
Find  the  price  per  pound  of  each . 

5.  The  gross  rental  of  an  estate  is  £13,500  and  deductions 
arising  from  rates  and  taxes  at  3  s.  in  the  pound,  and 
interest  on  a  mortgage  of  £3000,  amount  to  16  per  cent,  of 
this  rental.  What  is  the  rate  of  interest  paid  on  the 
mortgage  ? 
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XXVII 

1.  Find,  correct  to  four  places  of  decimals,  the  square 
root  of: 

(a)  13; 

(b)  U. 

2.  From  the  list  price  of  a  line  of  goods  a  purchaser  is 
allowed  a  trade  discount  of  20  per  cent. ;  a  further  discount 
of  10  per  cent,  off  the  trade  price  for  taking  a  quantity,  and 
a  still  further  discount  of  5  per  cent,  off  his  bill  for  cash. 
Find  his  gain  per  cent,  by  selling  at  10  per  cent,  less  than 
the  list  price. 

3.  A  and  B  are  two  railway  companies  that  pay  respec- 
tively 4i^  per  cent,  and  1|  per  cent,  per  annum  on  their 
$100  shares.  When  the  price  of  a  share  in  A  is  101  j  and 
and  in  B  is  321,  what  is  the  amount  of  money  which, 
when  invested  in  one  rather  than  in  the  other,  would  give 
rise  to  a  difference  of  income  of  $31-50  ? 

4.  Two  wheels  of  a  carriage  are  3  ft.  9  in.  and  4  ft. 
8  in.  respectively  in  diameter.  How  far  will  the  carriage 
have  gone  when  one  wheel  has  gained  12  revolutions  on  the 
other  ? 

5.  The  two  sides  of  a  right-angled  triangle  measure  .5  in. 
and  12  in.  On  the  sides  and  hypothenuse  are  described 
semi-circles  towards  the  outside;  find  the  area  of  the  figure 
bounded  by  the  three  semi- circles. 

XXVIII 

1,  Find  the  cube  root,  correct  to  two  places  of  decimals, 
of: 

(«)    3; 

ih)   H. 
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2.  A  merchant  makes  a  purchase  of  cloth,  marks  it  at 
an  advance  of  20  per  cent,  on  cost,  and,  after  selling  one- 
half  of  it,  finds  that  one  third  of  the  remainder  is  so  dam- 
aged as  to  sell  for  only  one-half  of  its  cost.  What  advance 
must  be  made  on  the  marked  price  of  what  now  remains  so 
that  on  the  whole  there  may  be  a  gain  of  15  per  cent.? 

3.  A  man  rents  a  farm  for  2  years  at  $441-00  per 
annum,  the  rent  for  any  year  being  supposed  to  be  paid  at 
the  end  of  that  year.  Money  being  worth  5  per  cent,  per 
annum,  compound  interest,  find  what  sum  would  now 
pay  the  2  years'  rent. 

4.  A  and  B  invest  capital  in  the  proportion  of  7  to  8. 
After  5  mouths,  A  takes  away  one-half  of  his  capital,  and 
B  two-thirds  of  his  capital.  At  the  end  of  the  year  they 
have  gained  $3545 ;  what  is  the  share  of  each  ? 

5.  A  merchant  marks  his  goods  at  40  per  cent,  in  ad- 
vance of  cost,  and  in  selling  uses  a  lb.  weight  i  oz.  too 
light.  If  he  throws  off  10  per  cent,  of  his  marked  price, 
find  his  gain  per  cent. 


XXIX 

1.  Find  the  square  root,  correct  to  four  places  of  deci- 
mals, of: 

{<>)    1-7; 
ib)  0-213. 

2.  A  buys  600  yd.  of  silk  at  95  ct.  a  yd.,  and  sells  it  at 
once  receiving  in  payment  a  ninety-day  note  for  $700-00, 
Avhich  he  at  once  discounts  at  a  bank  at  6  per  cent,  per 
annum.     Find  the  gain. 
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3.  What  must  be  the  market  vahie  of  6  per  cent,  stook, 
so  that  after  paying  an  income  tax  of  16  mills  on  the  dollar, 
it  may  yield  5  per  cent,  on  the  investment  ? 

4.  If  $65  is  needed  to  pay  for  seed  and  the  labour  of  20 
men  who  plant  a  field  of  180  yards  square  in  2  days,  how 
much  wo^^ld  it  cost  and  how  long  would  it  take  to  plant  a 
field  of  40,000  square  yards,  employing  50  men  ? 

5.  The  sides  AB,  BC.  CA,  of  a  triangle  are  40  ft.,  45 
ft.,  50  ft  ,  in  length.  From  a  point  M  in  AB,  25  ft.  from 
the  vertex  A,  a  line  MN  is  drawn  parallel  to  the  base. 
Find  the  areas  of  the  two  similar  triangles,  and,  taking  the 
difference  of  the  areas,  verify  the  rule  for  finding  the  area 
of  a  trapezoid. 

XXX 

1.  Find  the  cube  root,  correct  to  three  places  of  deci- 
mals, of: 

(a)  0-573; 

(b)  0-0159. 

2.  Which  is  more  profitable;  to  buy  wheat  at  85  ct.  a 
bushel  at  8  months  (money  being  worth  4^  per  cent,  per 
annum),  or  for  82  ct.  a  bushel  cash  ? 

3.  An  agent  received  a  consignment  of  wheat,  which  h(^ 
sold  at  80  cents  a  bushel,  charging  a  commission  of  2  per 
cent.  With  the  net  proceeds,  after  reserving  a  commission 
of  2  per  cent,  for  investing,  he  purchased  lumber  at  $23.00 
a  thousand.  If  the  former  cominission  exceeded  the  lattcr 
by  $9-20,  find  the  quaiititie.<  of  wheat  sold  and  lumber 
bought. 
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4.  A  27-galloii  keg  is  half  full  of  wine  |  pure;  10  per 
cent,  is  drawn  out  and  the  keg  filled  with  water.  What  is 
the  percentage  of  its  purity  now  ? 

5.  A  merchant  sold  2400  lb.  of  sugar  at  5  ct.  a  lb., 
gaining  25  per  cent.;  1600  lb.  at  6  ct.  a  lb.,  gaining  20  per 
cent. ;  and  1600  lb.  at  4^  ct.  a  lb.  If  on  the  whole  he  gained 
20  per  cent.,  find  at  what  advance  on  cost  the  last  sale  was 
made. 


XXXI 

1.  Express  the  gramme  as  a  decimal  of  the  ounce  Troy. 

2.  A  bought  a  drug  store  and  a  grocery  store  for  $7000, 
and  received  $550  rent  per  annum  for  the  two.  He  made 
7  per  cent,  on  the  cost  of  the  di-ug  store  and  9  per  cent,  on 
the  cost  of  the  grocery  store.     Find  the  cost  of  each. 

3.  A  owes  B  $400  due  in  1  year,  $300  due  in  2  years, 
and  $200  due  in  3  years.  What  sum  paid  now  would 
cancel  the  debts,  money  being  worth  5  per  cent,  per  annum 
compound  interest  f 

4.  Five  long-distance  riders  go  round  a  circular  track 
8,  9,  10,  11  and  12  times  respectively  in  one  hour.  If  all 
start  together  when  Avill  all  be  together  again  ?  How  many 
seconds  start  should  the  fastest  man  give  each  of  the  others 
that  all  may  finish  together  in  a  race  of  20  times  around  the 
track  ? 

5.  Find  the  cost  of  fencing  on  both  sides  of  a  race-track 
7  yards  wide,  around  a  circular  piece  of  land,  the  radius  of 
which  is  154  yards,  at  12i  cents  a  yard.  Take  V  as  the 
approximation  to  the  ratio  c:(l. 
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XXXII 

1.  The  eagle  weighs  258  gi-ains,  uine- tenths  pure  gold; 
1869  sovereigns  weigh  480  ounces  Troy,  eleven-twelfths 
pure  gold.  Find  the  value  of  one  sovereign  in  the  terms  of 
the  dollar. 

2.  A  man  has  the  choice  of  lending  his  money  at  7|  per 
cent,  compound  interest,  or  at  8  per  cent,  simple  interest, 
money  and  interest  to  be  paid  at  the  end  of  3  years.  Show 
which  is  the  better  investment. 

3.  A  dealer  shipped  200  barrels  of  apples  to  Liverpool; 
the  average  cost  of  the  apples  was  $3-75  a  barrel;  for  what 
sum  must  he  have  the  apples  insured  at  f  per  cent,  premium 
to  guard  against  all  loss,  in  case  of  shipwreck,  his  other 
expenses  being  $75  ? 

4.  If  a  cask  contains  4  parts  vinegar  and  1  part  wine, 
how  much  of  the  mixture  must  be  drawn  off  and  water 
substituted  to  make  the  cask  contain  vinegar  in  proportion 
to  water  as  3 : 2  f 

5.  The  length  of  a  room  is  Ij  times  its  breadth  and  the 
breadth  is  If  times  its  height.  The  room  contains  1620 
cubic  feet,  find  its  dimensions. 

XXXIII 

1.  The  velocity  of  light  is  186,337  miles  a  second;  find 
the  velocity  in  kilometres  a  second. 

2.  A  man  after  paying  an  income-tax  of  9  d.  in  the 
pound  has  £4812.  10  s.  left.     Find  his  income. 

3.  A  man  invests  $6000  in  5  per  cent,  stock  at  120;  at 
the   end   of   one   year,    having   just    received    the   yearly 
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dividend,  he  sells  at  I2I2.     How  much  better  off  is  he  than 
if  he  had  loaned  his  money  at  5  per  cent,  per  annum  ? 

4.  A  clo(3k  loses  3  seconds  in  every  hour.  At  4  p.m. 
on  Monday  it  is  10  minutes  fast;  find  when  it  will  indicate 
the  right  time. 

5.  Two  concentric  circles  have  radii  of  lengths  11  feet 
and  9  feet;  find  the  radius  of  the  concentric  circle  whose 
circumference  bisects  the  area  between  their  circumferences. 


XXXIV 

1.  Find  the  average  length  of  the  calendar  year. 

2.  A  person  has  a  note  for  $100,  payable  in  2  years,  and 
one  for  $50,  payable  in  3  years;  he  takes  $135  for  them; 
when  should  the  money  be  paid  to  him  so  as  to  allow  6  per 
cent,  compound  interest  for  the  money  and  what  is  the 
present  value  of  the  notes  ? 

3.  An  agent,  A,  insures  a  cargo  for  $80,000  at  i  per 
cent.  B  takes  j  of  A's  risk  at  I  per  cent,  and  C  takes  I  of 
the  remainder  at  f  per  cent.,  while  D  takes  3  of  B's  risk  at  i 
per  cent.  In  case  the  ship  is  safe  find  the  profit  or  loss  of 
each  agent. 

4.  How  much  gold  90  per  cent,  pure  must  be  mixed 
Avith  24  ounces  65  per  cent,  pure,  so  that  the  alloy  may 
be  80  per  cent,  pure  f 

5.  Find  the  cost  of  fencing  a  plot  of  ground  which  is  in 
the  form  of  a  rectangle  with  a  semi-circle  at  each  end,  if 
the  length  of  a  side  of  the  rectangle  is  twice  the  length  of 
an  end  and  the  area  of  the  plot  is  4456-64  square  rods,  the 
cost  of  fencing  being  $1-00  a  rod. 
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XXXV 


1.  Given  tliat  a  cubic  inch  of  distilled  water  weigfhs 
2o2-286  grains,  find  the  weight  of  a  cubic  centimetre  of 
distilled  water  in  grammes. 

2.  A  man  after  paying  an  income  tax  of  19  mills  on  the 
dollar  on  that  part  of  an  income  in  excess  of  $700  has  left 
$2367-70.     Find  his  income. 

3.  A  person  bonght  stock  at  95 1,  and  after  receiving  a 
half-yearly  dividend  of  7  per  cent,  per  annum  sold  out  at 
92^,  brokerage  each  way  being  i  per  cent.  If  his  net  gain 
was  $25,  how  much  stock  did  he  buy  ? 

4.  If  f  of  A's  money  equals  |  of  B's,  and  |  of  B's 
equals  |  of  C's,  and  the  interest  on  all  their  money  for  3 
years  8  months  at  6  per  cent,  is  $5225;  how  much  money 
has  each  ? 

5.  The  cross  section  of  a  water  pipe  is  a  regular  hexagon 
whose  side  is  1  decimetre.  At  what  rate  must  water  flow 
through  the  pipe  in  order  to  fill  in  15  hours  a  cylindrical 
reservoir  the  radius  of  whose  base  is  100  metres,  and  whose 
depth  is  3  metres  f 

XXXVI 

1.  The  pressure  of  the  atmosphere  is  14*7  pounds  on  the 
square  inch;  fi]id  the  pressure  in  grammes  on  the  ?!.quare 
centimetre. 

If  1  cubic  centimetre  of  mercury  weighs  13-59  grammes 
liiid  the  height  in  millimetres  of  the  column  of  mercury  that 
this  pressure  will  support. 


MISCELLANEOUS    EXA.^IFLES  153 

2.  A  certain  percentage  of  $2700  together  with  the  per- 
centage of  $3500  at  a  rate  1  per  cent,  higlier  anionnts  to 
$345.     Determine  the  percentage  in  each  case. 

3.  A  Itnilding  worth  $6000  is  insured  so  that  in  case  of 
fire  there  may  be  recovered  i  of  the  value  of  the  house  and 
f  of  the  premium  paid.  Find  the  premium,  the  rate  being 
3  per  cent. 

4.  A  Avoraan  buys  3  cwt.  of  a  mixture  of  Manitoba  flour 
and  Ontario  flour,  for  making  bread,  paying  therefor  $8- 60, 
She  buys  the  same  amount  of  flour  with  the  proportions 
interchanged,  for  making  pastry,  and  the  cost  is  $7*90.  If 
the  Manitoba  flour  is  worth  $3  a  cwt.,  find  the  price  of 
Ontario  flour.  * 

5.  What  length  of  copper  wire  1  mm.  in  diameter  will 
weigh  1  Kg,,  if  1  c,  cm,  of  copper  weighs  8-85  g.'? 


XXXVII 

1.  A  cubic  foot  of  liquid  silver  weighs  593  pounds;  find 
the  weight  of  a  cubic  centimetre  of  liquid  silver  in  grammes. 

2.  A  man  whose  income  is  $2800  pays  an  income  tax  of 
192  mills  on  the  dollar  on  that  part  of  his  income  which  is 
not  exempt  from  taxation.  If  his  net  income  is  $2759*05 
find  how  much  of  his  income  was  exempt. 

3.  A  man  invested  a  certain  sum  in  3  per  cent,  stock  at 
75  and  another  sum  greater  by  $3000  in  5  per  cent,  stock 
at  120.  If  the  income  from  the  latter  exceeds  that  from  the 
former  by  $134,  find  the  sums  invested. 

4.  Two  trains  start  from  the  same  place,  one  at  1  p.  m. 
and  the  other  at  2.30  p.  m.  The  latter  overtakes  the 
former   at   7.30  p.  m.      If   the   former   had   been  8  miles 
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further  than  it  was  when  the  latter  started,  it  would  not 
liave  l)een  overtaken  till  9  p.  ni.  Find  the  rates  of  the 
trains. 

5.  The  diameter  of  a  circular  plate  of  lead  is  13  inches, 
from  this  is  cut  out  a  circular  plate  of  radius  6  inches,  and 
the  remainder  of  the  lead  is  moulded  into  the  form  of  a 
circular  plate  one-fourth  as  thick  as  the  former.  Find 
the  diameter  of  this  plate. 

XXXVIII 

1.  A  cubic  foot  of  wrought  iron  will  weigh  from  485 
pounds  to  493  pounds.  Find  the  limits,  in  grammes,  of 
the  weight  of  a  cubic  centimetre  of  wrought  iron. 

2.  A  borrows  from  B  a  sum  of  money  and  agrees  to 
pay  him  by  three  annual  payments  of  $200  each.  If  money 
is  worth  5  per  cent,  per  annum  compound  interest,  find  the 
sum  borrowed. 

3.  A  building  is  insured  for  $400  more  than  |  of  its  cost 
at  4  per  cent.  If  destroyed  the  loss  will  be  $216.  Find 
the  cost  of  the  building. 

4.  A  speculator  bought  two  houses,  the  first  costing  f 
as  much  as  the  second.  In  selling  lie  gained  20  per  cent, 
on  the  first  and  lost  5  per  cent,  on  the  second.  His  net 
gain  was  $160.     Find  his  net  gain  per  cent. 

5.  Two  wheels  fixed  on  parallel  shafts  12  feet  apart 
revolve  in  the  same  plane.  If  tlte  radii  of  the  wheels  are 
2  feet  and  4  feet  in  length,  find  the  length  of  belting 
required  to  pass  around  the  wheels,  supposing  the  belting 
to  cross  itself  between  the  wheels. 
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XXXIX 

1.  Given  that  1  gallon  of  distilled  water  weighs  10 
pounds,  and  that  1  cubic  foot  of  distilled  water  weighs 
62-2786  pounds,  tind  the  number  of  cubic  inches  in  1  gallon. 

2.  From  1870  to  1880  the  population  of  a  town  increased 
30  per  cent. ;  from  1880  to  1890  it  decreased  30  per  cent. 
The  population  in  1870  exceeded  that  in  1890  by  2781. 
Find  the  population  in  1880. 

3.  A  man  holds  15,600  stock  worth  60,  and  if  he  trans- 
fers it  to  4  per  cent,  stock  at  78  he  can  increase  his  annual 
income  $12;  befoi'e  he  could  effect  the  transfer  each  stock 
increased  2  in  price;  find  how  his  income  is  now  altered. 

4.  A  man  loaned  $800,  part  of  it  at  5  per  cent,  and  the 
remainder  at  7  per  cent.  If  his  annual  income  from  both 
investments  amounts  to  $49-40,  find  the  sums  lent  at  the 
different  rates. 

5.  Two  circles,  the  radius  of  each  of  which  is  24  inches 
long,  touch  each  other.  A  common  tangent  is  drawn  which 
with  the  two  circles  encloses  a  sort  of  triangular  figure.  Find 
the  areas  of  the  parts  into  which  this  figure  is  divided  by  a 
circle  whose  centre  is  in  the  common  tangent  and  which 
touches  the  two  circles. 

XL 

1.  A  standard  metre,  i.e.,  a  rod  of  length  39-37079 
inches  at  32°  F.,  is  made  of  brass.  If  a  brass  rod  expands 
10-5  millionths  of  its  length  at  32°  F.  for  each  rise  in  tempera- 
ture of  1°  F.,  shew  that  at  62°  F.  the  length  of  this  standard 
metre  is  somewhat  greater  than  39-382  inches. 

Note. — In  Canada  the  legal  equivalent  of  the  metre  is 
very  nearly  39-382  inches. 
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2.  A  mail  borrows  $12,000  for  a  year  at  8  per  cent,  aud 
loans  it  at  2  per  cent,  per  quarter-year,  corapouiidiug 
interest  at  the  end  of  each  quarter.  How  much  money  will 
he  have  made  at  the  end  of  the  year  1  ■ 

3.  An  agent  receives  a  consignment  of  flour  and  is 
instructed  to  invest  the  proceeds  in  lumber  having  reserved 
his  two  commissions.  The  two  commissions  amount  to 
$250,  the  former  exceeding  the  latter  by  $7- 50;  find  the 
rate  of  commission  supposed  the  same  in  each  case. 

4.  A  increases  his  capital  50  per  cent,  yearly  less  $200. 
At  the  end  of  3  years  his  capital  is  $2425;  what  was  it 
originally  ? 

5.  The  sides  of  a  right-angled  triangle  are  6  feet,  8  feet 
and  10  feet  in  length.  On  the  hypotenuse  is  described  a 
triangle  whose  other  sides  are  17  feet  and  21  feet  in  length; 
triangles  similar  to  this  are  described  on  the  other  two  sides 
of  the  given  triangle.  Find  the  areas  of  the  triangles  thus 
formed  and  shew  that  the  sum  of  the  areas  of  the  two  latter 
is  equal  to  that  of  the  former. 


XLI 


1.  A  wine  merchant  mixes  three  qualities  of  wine  in  the 
proportion  of  i,  I,  t  with  10*3  litres  of  brandy.  If  the 
brandy  formed  tS  of  the  mixture  find  the  number  of  litres 
of  each  wine. 

2.  A  holds  against  B  a  ninety-daj'  note  for  $540;  B 
offers  A  immediate  payment.  Find  what  sum  he  should 
pay  supposing, 

{(t)   the  rate  of  discount  to  be  6  per  cent,  per  annum; 
{b)   the  rate  of  interest  to  be  6  per  cent,  per  annum. 
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3.  A  coutractor  in 'building  a  hou;,e  paid  2?  times  as 
much  for  material  as  for  labor;  had  the  latter  cost  8  per 
eeut.  more,  aud  the  former  10  per  cent,  more,  the  whole 
cost  would  have  becu  $5745.     Find  the  actual  cost. 

4.  A  man  invested  $5000  in  3  per  cent,  stock  at  75,  and 
$6000  in  another  stock  at  90.  If  his  income  from  the  latter 
exceeded  that  from  the  former  by  $100,  find  what  rate  was 
paid  by  the  latter  stock. 

5.  The  base  of  a  cistern  is  8  feet  by  9^  feet  and  the 
cistern  contains  3  feet  of  water.  If  180  gallons  of  water  are 
added  what  depth  of  water  will  there  then  be  ?  A  gallon  of 
water  weighs  10  pounds  aud  a  cubic  foot  of  water  weighs 
1000  ounces. 


XLII 

1.  A  man  bought  100  yd.  of  one  kind  of  cloth  and  150 
yd.  of  another,  the  total  cost  being  $475-00.  The  former 
was  sold  at  an  advance  of  20  per  cent,  and  the  latter  at  an 
advance  of  25  per  cent.,  and  the  sum  received  for  both  was 
$585-00.     Find  the  cost  price  a  yd.  of  each  kind  of  cloth. 

2.  A  wine  merchant  mixed  three  kinds  of  wine  worth 
50  ct.,  60  ct.  and  70  ct.  a  qt.  in  the  proportion  of  3:2:1, 
and  to  the  mixture  added  2  gal.  of  water;  if  he  sold  the 
mixture  at  70  ct.  a  qt.  and  gained  30  per  cent.,  how  much 
of  each  kind  of  wine  did  he  sell  ? 

3.  At  what  time  after  8  o'clock  are  the  minute-hand  and 
the  hour-hand  of  a  watch  first  at  right  angles  ? 

4.  A  man  secures  a  net  income  of  $2312-20  from  a  fixed 
salary,  and  the  rent  of  a  house.  On  the  house,  which  rents 
for  $50  a  month,  there  is  a  mortgage  of  $2000  at  6  per  cent. 
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|)er  annum,  $4000  insurance  at  li  per  cent,  premium,  taxes 
a(  the  rate  of  19  mills  on  the  dollar  on  an  assessment  of 
$5000,  and  on  his  salary  a  tax  of  10  mills  with  $400  exempt. 
What  is  his  salary  ? 

5.  The  external  diameter  of  a  hollow  steel  shaft  is  20 
inches  and  the  internal  diameter  12  inches.  Find  the 
weight  of  a  piece  of  this  shafting  30  feet  long,  being  given 
that  a  cubic  foot  of  steel  weighs  490  pounds. 


XLIII 

1.  A  train  160  yd.  long  moving  at  the  rate  of  24  mi. 
an  hr.  overtakes  a  train  148  yd.  long  on  a  parallel  track 
and  passes  it  in  If  min.  How  long  would  it  take  the  trains 
to  pass  each  other  going  in  opposite  directions  ? 

2.  A  merchant  bought  200  yards  of  cloth  at  $1-50  a 
yard,  payable  in  three  months,  and  sold  it  one  month  after 
at  $1-75  a  yard,  payable  in  four  months.  To  pay  the 
purchase  money  he  borrowed  for  the  necessary  time  at  the 
rate  of  6  per  cent,  per  annum.  Find  his  gain  on  the 
transaction. 

3.  If  10  men,  or  14  boys,  or  18  girls  can  do  a  piece  of 
work  in  30  days,  in  what  time  will  the  work  be  completed 
if  they  all  work  together  until  2  days  before  it  is  finished, 
when  all  the  girls,  7  boj^s  and  2  men  leave  off  working  ? 

4.  A  teacher's  salaiy  increases  i  every  year;  each  year 
his  expenses  are  |  of  his  salary ;  at  the  end  of  each  year  he 
puts  the  balance  in  a  bank  which  pays  4  per  cent.  At  the 
end  of  the  third  year  he  has  $376-96;  what  was  his  initial 
salary  ? 
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5.  A  rectangular  solid  is  hammered  until  its  length  is 
increased  10  per  cent.,  and  its  width  15  per  cent.;  by  what 
per  cent,  has  its  thickness  been  diminished  ? 


XLIV 

1.  Two  trains  150  yd.  and  180  yd.  long  respectively, 
pass  each  other  moving  in  the  same  direction,  in  2i  niin., 
and  moving  in  opposite  directions,  in  i  min.  Find  the 
rates  of  the  trains. 

2.  A  man  having  $2500  in  cash  invested  it  in  stock  at 
78  which  paid  3i  per  cent.;  afterwards  when  it  had  risen 
to  102j  he  sold  out  and  invested  his  money  in  a  moi-tgage 
at  4  per  cent.  If  he  paid  an  income  tax  of  16  mills  on  the 
dollar  what  was  the  change  in  his  income  ? 

3.  A  person  annualW  increases  his  capital  20  per  cent, 
less  a  yearly  expenditure  of  $500.  At  the  end  of  4  years 
his  capital  amounts  to  $18,052;  find  his  original  capital. 

4.  A  merchant  marks  his  goods  at  an  advance  of  25  per 
cent,  on  cost.  After  selling  ^  of  the  goods  he  finds  that 
some  of  the  goods  in  hand  are  damaged  so  as  to  be  worth- 
less; he  marks  the  saleable  goods  at  an  advance  of  10  per 
cent,  on  the  marked  price  and  finds  in  the  end  that  he  has 
made  20  per  cent,  on  cost.  What  part  of  tlie  goods  was 
damaged  f 

5.  A  bar  of  lead  whose  cross-section  is  a  regular  hexagon 
of  side  3  cm.  and  whose  length  is  20  em.  is  melted  down 
with  a  rod  of  zinc  whose  diameter  is  1  cm.  and  whose 
length  is  15  cm.  What  is  the  edge  of  a  cube  of  zinc  which 
when  melted  down  with  this  alloy  gives  an  alloy  consisting 
of  equal  parts  of  lead  and  zinc,  if  1  e.cra.  of  lead  weighs 
11-3  g.  and  1  c.cm.  of  zinc  weighs  7-1  g.  ? 
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XLV 


1.  A  could  do  a  piece  of  work  in  36  days,  B  iu  24  days 
and  C  iu  16  days.  They  worked  together,  but  A  left  off 
work  2 1  days  aud  B  ll  days  ))efore  it  was  completed.  Find 
the  time  occupied;  if  $72  was  given  for  the  work  what 
should  each  man  get  ? 

2.  A  mortgage  for  $1800  dated  April  1,  1889,  and 
bearing  interest  at  6  per  cent.,  has  endorsed  upon  it  the 
following  payments  : 

Oct.  12,  1889,  $300; 
Sept.  15,  1890,  $450; 
Nov.     1,  1891,  $250. 

How^  much  would  pay  off  the  mortgage  on  Nov.  1,  1892, 
each  payment  to  cover  the  interest  to  date  ? 

3.  The  pressure  of  compressed  air  varies  inversely  as  its 
volume.  If  tiie  pressure  on  the  inner  surface  of  a  cylinder 
fitted  with  a  piston  be  20  pounds  on  the  square  inch,  and 
when  the  piston  is  forced  in  2  inches  the  pressure  becomes 
30  pounds  on  the  square  inch,  what  is  the  length  of  the 
cylinder  f 

4.  A  merchant  bought  3885  yd.  of  cloth  aud  marked  it 
at  an  advance  of  331  per  cent,  on  cost;  in  selling  the  first 
half  of  it  he  gave  only  35  in.  for  a  yd.,  but  in  selling  the 
remainder  he  gave  37  in.  for  a  yd.  He  gained  on  the 
whole  transaction  $3897.  What  did  the  cloth  cost  him  a 
yd.? 

5.  A,  B  and  C,  whose  rates  of  walking  are  3f ,  4  and  5 
miles  an  hour  respectively,  Avalk  on  circular  tracks  whose 
circumferences  are  8,   10   aud   15    miles   respectively,  aud 
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whose  centres  are  iu  the  same  straiglit  line.  At  the  same 
instant  they  start  from  points  on  this  line,  and  on  the  same 
side  of  the  centres.  Find  (1)  when  first  they  will  be  all 
on  this  line  at  the  same  time;  (2)  all  at  the  same  time  at  the 
points  from  which  they  started  ;  (3)  whether  they  will 
ever  be  all  at  the  same  instant  on  the  straight  line  at  the 
points  on  opposite  sides  of  the  circles  to  the  starting  points. 


XLVI 

1.  A  coal  merchant  bought  1600  tons  of  coal  at  $4-95  a 
ton.  He  sells  it  at  an  advance  of  20  per  cent,  and  in 
selling  uses  false  scales.  If  he  gains  $1650  find  the  weight 
of  his  ton. 

2.  A  merchant  buys  a  quantity  of  goods  and  sells  i  of  it 
at  an  advance  of  33i  per  cent,  and  i  of  it  at  an  advance  of 
25  per  cent.  He  then  finds  that  f  of  the  quantity  on  hand 
being  damaged  will  sell  at  only  i  of  cost ;  at  what  advance 
on  cost  must  he  sell  the  remainder  so  that  on  the  whole  he 
may  gain  12|^  per  cent.? 

3.  A  person  invests  money 

{(i)  In  bank  stock  at  128  paying  half-yearly  dividends 
of  4  per  cent.,  subject  to  an  income  tax  of  18  mills  on  the 
dollar  ;    and 

(6)  In  city  property  yielding  a  rental  of  10  per  cent., 
costing  him  one -fifth  of  the  rent  for  insurance  and  repairs, 
and  18i  mills  on  the  assessed  value  (90  per  cent,  of  the 
cost)  for  taxes. 

If  the  whole  amount  invested  is  $4989  how  shall  he 
divide  it  so  that  the  net  income  from  the  two  investm.ents 
may  be  the  same  ? 
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4.  A  gallon  contains  277-274  cubic  inches;  a  cubic  foot 
of  water  weighs  62- 5  pounds.  If  mercury  weighs  13-5  times 
as  much  as  water,  how  many  gallons  of  mercury  will  weigh 
a  ton? 

5.  Water  is  flowing  at  the  rate  of  10  miles  an  hour 
through  a  pipe  14  in.  in  diameter  into  a  rectangular 
reservoir  187  yards  by  96  yards.  In  what  time  will  the 
surface  be  raised  1  inch,  taking  V  as  the  approximation  to 
the  ratio  c;d  f 


XLVII 

1.  A  person's  coal-bill  for  the  year  is  $100-80.  If  coal 
had  cost  him  10  per  cent,  less  he  would  have  been  able, 
with  the  same  sum,  to  purchase  2  tons  more  than  he  did. 
Find  the  price  of  coal  a  ton. 

2.  A  merchant  sells  tea  at  an  advance  of  25  per  cent,  on 
cost  and  employing  faulty  scales  sells  15i  oz.  as  a  lb. 
Find  his  gain  on  the  sale  of  2000  lb.  of  tea  purchased  at 
25  ct.  a  lb.  Find  also  what  his  gain  would  have  been  had 
the  scales  been  accurate. 

3.  On  Dec.  3,  a  man  bought  30  shares  of  a  certain  5 
per  cent,  stock  at  118i,  brokerage  j  per  cent.,  paying 
therefor  a  cheque.  On  Dec.  15,  he  received  the  quarterly 
dividend,  which  he  deposited  in  the  bank;  on  Dec.  28,  he 
sold  out  at  119i,  brokerage  i  per  cent.,  depositing  the 
proceeds  in  the  bank.  If  the  bank  allows  3  per  cent,  per 
annum,  the  interest  being  paid  on  the  minimum  monthly 
balance,  find  by  what  amount  his  bank  balance  on  Dec.  30, 
has  been  increased  through  the  stock  transaction. 

4.  The  money  deposited  in  a  savings'  bank  during  the 
year  1885  was  5  per  cent,  greater  than  that  deposited  in  1884. 
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111  1886  the  deposits  were  33l  per  cent,  greater  than  in 
1885,  while  the  amount  deposited  in  1887  exceeded  the 
average  of  the  three  previous  years  by  20  per  cent.  The 
aggregate  for  the  four  years  was  $150,937-50.  Find  the 
amount  deposited  in  each  year. 

5.  A  circular  plate  of  lead  14  cm.  in  radius  and  3  cm. 
thick  is  divided  into  three  equal  parts  and  these  parts  are 
cast  into  the  forms  of  a  cube,  a  cylinder  of  radius  1  cm., 
and  a  prism  whose  base  is  an  equilateral  triangle  of  side 
equal  to  the  height  of  the  prism.  Find  the  side  of  the 
cube,  the  height  of  the  cylinder  and  the  height  of  the 
prism,  taking  V  as  the  approximation  to  the  ratio  c\d. 


XL  VIII 

1.  A  can  do  a  piece  of  work  in  18  hr.,  B  in  15  hr.  and 
C  in  12  hr.  They  work  at  it  in  succession  each  3  hr.  in 
the  order  A,  B.  C,  A.  .  .  At  the  end  of  what  time  will  the 
work  be  finished  and  by  whom  ? 

2.  A  note  bearing  interest  at  6  per  cent,  per  annum, 
and  having  two  years  to  run  is  offered  for  sale.  What  per 
cent,  advance  on  its  face  value  will  a  purchaser  offer  if  he 
wishes  to  make  5  per  cent,  on  his  money  ? 

3.  The  profits  of  a  loan  company  for  a  year  were  suffi- 
cient to  enable  the  directors  to  add  $20,000  to  a  reserve 
fund,  to  pay  $5965  for  cost  of  management,  to  pay  two 
half-yearly  dividends  of  3l  per  cent,  on  a  paid-up  capital 
stock  of  $309,056,  and  to  have  still  on  hand  $4236.  Find 
the  profits  for  the  year. 

4.  A  man  with  an  income  of  $800  a  year  spends  one- 
tenth  of  it  upon  goods  imported  under  an  average  duty  of 
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30  per  cent.,  and  sold  to  him  at  a  profit  of  25  per  cent. 
What  fraction  of  his  income  is  taken  bj^  this  indirect 
taxation,  and  at  what  per  cent,  above  actual  cost  is  he 
paying  for  the  imported  goods  ? 

5.  A,  B  and  C  run  around  a  circular  track  whose  inter- 
nal diameter  is  840  yards.  Their  rates  of  running  are  10, 
9f  and  9i  miles  an  hour.  If  C  runs  on  the  inside  of  the 
track,  B  two  yards  and  A  four  yards  from  the  inside,  what 
start  should  A,  running  from  the  starting  point,  give  B  and 
C  that  they  may  all  in  one  round  come  in  abreast  at  the 
starting  point.  Take  V  as  the  approximation  to  the  ratio 
c:d. 

XLIX 

1.  The  hour,  minute  and  second  hands  of  a  watch  are 
on  concentric  axes.  When  first,  after  12  o'clock  will  the 
direction  of  the  second  hand  produced  backwards  bisect  the 
angle  bet^'een  the  hour  and  the  minute  hands  ? 

2.  The  capital  of  a  railway  company  is  $20,000,000  and 
in  addition  it  has  borrowed  $12,000,000  at  4  per  cent,  per 
annum.  Its  gross  receipts  for  the  year  are  $3,000,000  and' 
the  working  expenses  40  per  cent,  of  the  gross  receipts. 
What  dividend  to  the  nearest  half  of  1  per  cent,  can  be 
declared,  if  at  least  $50,000  has  to  be  placed  aside  for  the 
reserve  fund. 

3.  A  invested  in  7  per  cent,  stock  at  78i,  and  having 
received  a  half-year's  dividend  sold  out  at  79 1,  paying  i  per 
cent,  brokerage  on  each  transaction,  and  increased  his 
capital  altogether  by  $292-50.     How  much  did  he  invest? 

4.  A  merchant  buys  a  quantity  of  goods  and  sells  |  of 
it  at  an  advance  of   15  per  cent.,  and  i  of  it  at  an  advance 


MISCELLANEOUS    EXAMPLES  165 

of  20  per  cent.  He  now  discovers  that  10  per  cent,  of  his 
goods  are  quite  unsaleable.  What  per  cent,  profit  must  he 
obtain  on  the  remainder  that  he  may  gain  15  per  cent,  on 
the  whole  transaction  ? 

5.  If  a  lead  pipe  75  metres  long  weighs  340  Kg.,  and  if 
its  internal  diameter  is  3  cm.,  calculate  the  thickness,  being 
given  that  1  c.cm.  of  lead  weighs  11-35  g. 


1.  Find  in  centimetres  the  edge  of  a  cubic  block  of  lead 
which  weighs  a  ton,  given  that  a  cubic  centimetre  of  lead 
weighs  11-35  grammes. 

2.  A  person  had  a  certain  sum  invested  in  stock  at  121^ 
which  paid  3  per  cent,  dividend,  and  an  equal  sum  of 
money  in  stock  at  98|  which  paid  a  dividend  of  3|  per 
cent.  After  paying  an  income  tax  of  16  mills  on  the  dollar 
his  net  income  was  $600.  He  now  transfers  to  stock  at 
102i  which  pays  a  dividend  of  4i  per  cent.,  investing  also 
his  net  income.  If  brokerage  is  i  per  cent,  and  he  pays 
an  income  tax  of  18  mills  on  the  dollar,  find  his  net  income 
now. 

3.  A  bath  can  be  filled  by  the  cold-water  pipe  in  9  min., 
and  by  the  hot-water  pipe  in  11^  min.  A  person  leaves  the 
bath-room  after  turning  on  both  taps  simultaneously,  and 
returns  at  the  moment  when  the  bath  should  be  full. 
Finding,  however,  that  the  waste-pipe  has  been  open,  he 
now  closes  it.  In  3f  min.  more  the  bath  is  full.  In  what 
time  would  the  waste-pipe  em])ty  it. 

4.  A  dealer  has  1000  hats  for  sale  ;  at  first  he  sell?  so 
as  to  gain  50  per  cent,  on  the  cost  price,  but  after  a  time  he 
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lets  the  remainder  go  for  what  he  can  get  and  finds?  he  loses 
on  these  latter  sales  10  per  cent.  If  his  total  gain  be  29 
per  cent.,  how  many  hats  did  he  sell  at  a  gain  of  50  per 
cent.? 

5.  The  weight  of  500  feet  of  round  copper  wire  is  6Hb.; 
find  its  diameter  if  a  cubic  foot  of  copper  weighs  555  lb. 

The  same  wire  is  cast  into  the  form  of  a  hollow  cylinder 
of  I  in.  internal  diameter  and  3  in.  long  :  find  its  external 
diameter  if  1  cubic  foot  of  this  cast  copper  weighs  554  lb. 


PAET  III 

CHAPTER    I 
NOTES  ON  THE  SIMPLER  THEORY 

1.  Multiplication  of  Fractions.  The  introduction  of 
fractional  numbers  into  arithmetic  makes  it  desirable  to 
extend  to  those  numbers  the  operations  admitted  when 
integers  only  were  considered.  The  meanings  attached  to 
addition  and  subtraction  made  it  at  once  possible  to  carry 
those  operations  over  into  the  held  of  fractional  numbers. 
A  meaning  might  have  been  given  to  the  multiplication  of 
integers  which  would  have  allowed  that  operation  to  be 
similarly  extended;  for  if  we  say  that  4X3  means  three  of 
the  fours,  we  may  say  that  f  X|  means  four- fifths  of  the 
two-thirds,  and  the  multiplication  of  fractions  becomes  a 
possibility;  this  is  probably  the  most  direct  way  of  intro- 
ducing the  subject.  However  the  meaning  usually  assigned 
to  the  multiplication  of  4  X  3  is  four  taken  three  times  and 
as  already  stated  (see  p.  22)  when  the  operation  f  X|  is 
proposed  a  difficulty  arises. 

Two  ways  of  overcoming  this  difficulty  offer  themselves. 
We  may  either  devise  a  definition  for  the  multiplication  of 
integers  which  shall  suggest  a  meaning  for  the  multiplicaion 
of  fractions,  say  for  f  X|;  or  we  may  seek  independently 
of  the  multiplication  of  integers  for  a  rule  of  multiplication 
of  fractions  which  shall  give  the  results  of  the  rule  of 
multiplication  of  integers  when  the  fractions  are  equal  to 
integers,  through  having  their  numerators  divisible  by 
their  denominators,  and  which  shall  make  the  multiplication 
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of  fractions  subject  to  the  same  laws  as  the  multiplication 
of  integers.  Thus  we  want  a  definition  of  multiplication 
of  fractions  which  when  applied  to  f  X  V  shall  give  42  as 
result,  and  which  moreover  shall  be  subject  to  the  three 
laws  of  multiplication  stated  on  p.  5. 

Of  the  two  ways  the  first  is  to  be  rejected  because  we 
cannot  frame  a  definition  which  shall  be  adapted  to  all 
possible  extensions  of  a  notion  such  as  multiplication  for 
we  do  not  know  beforehand  what  they  may  be.  The  second 
way  is  the  one  always  adopted  in  mathematics. 

It  is  to  be  noticed  that  the  definition  of  multiplication 
frequently  given :  Multiplication  is  that  process  by  which 
haviiig  given  two  numbers  we  form  a  third  number  com- 
posed of  either  of  the  given  numbers  in  the  same  manner  as 
the  other  given  number  is  (composed  of  unity,  is  one  which 
admits  of  application  to  the  multi])lication  of  fractions  but 
which  would  lead  to  incorrect  results  if  applied  to  the 
multiplication  of  irrational  numbers. 

2.  Approximations.      ('/)   When  for  the  number 

3-14159 

we  take  the  approximations  3-1415  or  3-1416  we  can  say 
that  the  error  is  less  than  0-0001,  /.  p.,  that  the  approxim- 
ation differs  from  the  exact  value  by  less  than  0-0001.  So 
in  actual  measurements,  where  it  is  impossible  to  obtain 
exact  results,  a  limit  to  the  amount  of  error  is  generally 
known,  and  when  the  limit  to  the  error  in  each  measurement 
is  known  it  is  possible  to  find  a  limit  to  the  error  in  any 
result  obtained  from  them. 

Although  an  error  of  1  in  measuring  100,  is  the  same  abso- 
lutely as  an  error  of  1  in  measuring  1000,  yet  it  is  very 
different  from  the  point  of  view  of  exact  measurement. 
We  are  thus  led  to  the  idea  of  the  relative  error,  /.  (.,  the 
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ratio  of  the  error  to  the  qii<mtity  measured.     Thus  in  taking 

3*  1416  as    an    approximation   to    3-14159  •  •  •  the  relative 

.     0-00001  •    ,        ^1  1 

error  is ,  or  is  less  than 


3-14159  -  •  •  '  3X10^' 

(6)  In  the  treatment  of  contracted  multiplication 
and  division,  the  approximation  was  always  expressed  in 
terms  of  the  decimal  point.  Since  in  measurements  the 
amount  of  error  is  given  by  stating  the  number  of  signifi- 
cant figures  known  to  be  correct,  it  is  more  and  more  the 
practice  to  call  for  multiplications  and  divisions  correct  to 
a  stated  number  of  significant  figures. 

The  following  examples  will  make  clear  what  is  meant. 

Ex.  1.  Find  the  product  17- 2915X0- 3729  correct  to  four 
siguificaut  figures. 

17-2915 

9-273 

5-1874 

1-2104 

346 

155 


6-448 


We  begin  the  multiplication  with  3,  the  first  significant  digit 
of  the  multiplier  and  place  it  under  1  where  multiplication  by  3 
should  begin  if  we  are  to  have  five  figures  in  the  result;  for  the 
same  reason  7  is  placed  under  9,  etc.  We  work  to  five  significant 
figures  to  be  sure  of  four. 

Ex.  2.  Find  the  quotient  29-372345^2538-2719  correct  to  five 
significant  figures. 

2538- 2719 )29- 372345 ( 0- 011572 

25-3827 

3-9896 

2-5383 

1-4513 

1-2691 

1822 

1777 

45 
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If  the  result  is  to  have  five  significant  figures,  we  start  the 
division  with  six  figures  in  the  divisor  for  reasons  stated  in  the 
treatment  of  the  contracted  method  of  division  in  Chapter  IV  of 
Part  I.  When  the  five  figures  have  been  found  the  decimal  point 
is  to  be  introduced. 


3.  Square  Root.  It  is  shewn  in  works  on  algebra  that 
when  w+1  figures  of  a  square  root  have  been  found,  n 
more  may  be  found  by  mere  division. 

Ex.  Find  the  square  root  of  191-7936  to  seven  significant 
figures. 

l'91-79'36(  13- 84896 
1 

23 

26-8 
27-64 


27-08)2480 
2214 

266 

248 

18 

Here  four  figures  ai-e  found  in  the  ordinarj'  way.  Then  when 
the  part  of  the  root  already  found  is  doubled,  instead  of  taking 
down  two  zeros,  finding  the  next  figure  and  adding  it  to  the 
figures  of  the  divisor,  we  mark  out  one  figure  of  the  divisor  and 
divide.     The  division  is  by  the  contracted  process. 


4.  Cube  Root.  In  the  process  of  extracting  the  cube 
root  as  given  in  Chapter  V  of  Part  I  the  chief  difficulty, 
after  the  process  is  understood,  consists  in  forming  the 
number  which   is  to  be  subtracted  as  each  new  figure  is 


91 
69 

22-79 
21-44 

1-3536 
I- 1056 
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formed.     By  the  method  ilhistrated  below,  this  difficulty  is 
overcome . 

Ex.  Find  the  cube  root  of  91733851. 


4 

16 

91'733'851(451 
64 

4 

32 

27733 

8 

4800 

27125 

4 

625 

608851 

120 

5425 

608851 

5 
125 

650 

607500 

5 

1351 

130 

608851 

5 
1350 

1 
1351 

The  student  is  referred  to  p.  50  for  the  extraction  of  the 
root  of  this  number  in  the  ordinary  way,  and  should  compare  the 
ways  in  which  the  successive  subtrahends  are  formed. 

Here  4  is  seen  to  be  the  first  figure  of  the  root;  4  is  written 
down,  then  its  square  16  and  then  its  cube  64,  which  is  subtracted 
from  91.  Then  4  is  written  below  the  4  already  written  and 
added  to  it ;  the  sum  is  multiplied  by  4  and  placed  under  the  16 
and  added  to  it  with  result  48;  4  is  next  written  below  8  and 
added  to  it.  We  have  thus  the  numbers  12  (=4X3),  48  (=4^X3). 
To  12  we  add  one  zero,  to  48  two  zeros  and  take  down  with  the 
remainder  27  the  period  733.  Then  4800  is  the  trial  divisor  and 
the  next  figure  of  the  root  is  seen  to  be  5.  We  then  place  5  below 
120  and  add;  the  sum  is  multiplied  by  5  and  the  result  is  added 
to  4800  and  this  sum,  in  turn,  is  midtiplied  by  5  and  taken  from 
27733.  Next  5  is  placed  below  125  and  added  to  it;  the  sum  is 
multiplied  by  5  and  the  result  is  added  to  5425;  5  is  then  placed 
below  130  and  added  to  it.  We  then  add  one  zero  to  135,  two 
zeros  to  6075,  and  the  next  period  is  taken  down.  The  trial  div- 
isor is  now  607500  and  the  next  figui'e  of  the  root  is  1;  the  amount 
to  be  subtracted  being  the  same  as  608851,  the  operation  term- 
inates. 
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The  operatiou  may  now  be  shorteued  for  at  each  step  the 
additiou  (or  subtraction)  may  be  made  without  writing  down  the 
number  to  be  added  (or  subtracted). 

91'733'851(451 
4  16  64 

8  4800  27733 

125  5425  27125 

130  607500  608851 

1351        608851  608851 


It  is  shewn  in  works  on  algebra  that  if  w+2  figures  of 
a  cube  root  have  been  found  w  — 1  or  n  more  figures  maybe 
found  by  mere  division. 

f  2937-569387   to    six    significant 


2'937-569'387(14-3217 
1 

1937 
1744 

193-569 

180- 198 


Ex. 

Find  tl 

ie   cube   roc 

figures. 

1 

1 

2 
34 

300 
436 

38 
423 

58800 
60069 

426 
4292 

4294 

6134700 
6143284 

6151872 

13-371387 
12-286568 

1-084  819 
615 
470 
431 


Here  four  figures  are  found  in  the  way  above  described. 
Then  instead  of  adding  two  zeros  to  the  trial  divisor  6151872  and 
taking  down  three  zeros  as  the  next  period  on  the  number,  we 
mark  out  the  last  figure  of  the  trial  divisor.  Then  since  by  division 
we  can  obtain  one  or  at  most  two  figures,  we  divide  as  if  615 
were  the  divisor  and  1084  tlie  dividend.  The  last  figure,  7,  is 
correct. 
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Exercises 

1.  Fiud,  to  seveu  places  of  decimals,  the  square  routs  of  the 
following  numbers: 

2,  3- 1415926530,  7,  13-215,  3,  2-7182818285. 

2.  Fiud,  to  six  places  of  decimals,  the  cube  roots  of  the 
following  numbers: 

2,  9-372956384,  7,  11,  13,  24. 

3.  Shew  that,  if  it  is  assumed  that,  for  all  numbers,  a  series 
of  multiplications  and  divisions  may  be  taken  in  any  order,  then 

2  V  5  2X5 1  0 

^  '^  T  —  3X7  —  ?T" 

4.  Find  the  following  products  by  the  contracted  method,  in 
each  case  correct  to  four  places  of  decimals: 

42- 7724X6- 71237,  0-216236X14- 764359, 
0-243X5-72,  0- 436X0- 247,  3- 14159X^/2. 

5.  Make  the  following  divisions  by  the  contracted  method 
correct  to  5  places  of  decimals : 

0- 707106-3- 1415926;  27-634625-0-02379;  i/5-t/3; 

lH-3- 14159265;  278-42-21-604;  0-216-4-2217. 

6.  In  the  ordinary  way  it  is  found  that 

1=0-142857. 

(a)  Shew  that  before  the  division  was  made  it  was  known 
that  the  result  would  be  a  pure  recurring  decimal  with  at  uiost 
six  figures  in  the  period. 

(&)  Shew  that  when  three  figures  were  found  the  remaining 
three  figures  might  have  been  obtained  by  multiplication. 

(c)  Write  down  the  recurring  decimals  equivalent  to 

2.         3.         4.         5  6 

T'        7'        T'        T'        J' 

making  only  one  partial  division  in  each  case. 
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7.  Express  yV  fis  a  i-ecurritig  decimal  and  construct  and 
answer  questions  similar  to  tliose  of  example  G. 

8.  Determine  the  least  number  by  which  1696  must  be 
multiplied  to  be  exactly  divisible  by  1113. 

9.  Two  numbers  are  expressed  by  the  same  digits  in  different 
orders;  shew  that  their  difference  is  divisible  by  9. 

10.  Two  fractions  in  their  lowest  terms  have  different 
denominators;  shew  that  their  sum  cannot  be  an  integer. 

11.  If  a  is  a  number  prime  to  30,  then  a  number  can  be  found 
which  is  a  multiple  of  a  and  in  the  writing  of  which  the  figure  1 
is  the  only  one  employed. 

12.  By  means  of  the  relation 
n  \    ^^    a  —  r 


h       q+l      b  ('Z+l) 

where  q  and  r  are  the   quotient   and  the   remainder  when  b  ia 
divided  by  a,  shew  that  any  proper  fraction  may  be  expressed  as 
the  sum  of  fractions  with  numerators  1. 
Illustration: 

5     ^  1  4-     2_ 

T5  —  3    r  39' 

13.  Shew  that  no  integer  which  is  not  prime  to  10  can  have 
as  a  multiple  a  number  in  the  writing  of  which  the  digit  9  is  the 
only  one  employed ;  and  that  every  integer  prime  to  10  has  among 
its  multiples  numbers  requiring  for  their  expression,  only  the 
digit  9. 

14.  If  fc  is  the  prime  number   and    if   the   fraction  -  (in  its 

lowest  terms)  generates  a  recurring  decimal  with  2«  figures  in  its 
period,  shew  that  the  sum  of  the  numbers  formed  by  the  first  n 
and  by  the  last  n  figures  of  the  period  will  be  a  number  expressed 
by  n  figui'es  all  nines. 

15.  Shew  that  we  may  obtain  an  approximation  to  a  num- 
ber which  differs  from  it  by  not  more  than  1  h-  lOn  by  stopping  at 
the  nth.  decimal  place. 
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16.  The  oulj'  integers  that  cjiii  l)e  added  to  the  two  terms  of 
a  fraction  in  its  lowest  terms  without  changing  its  vahie  are 
equimultiples  of  those  terms. 

17.  If  we  arrange  in  order  of  magnitude  the  fractions  in 
their  lowest  terms  which  are  less  than  unity,  whose  denomi- 
nators are  less  than  a  given  number,  the  fractions  at  equal 
distances  from  the  extreme  ones  have  the  same  denominator  and 
their  sum  is  equal  to  unity. 

18.  Any  fraction  less  than  unity  can  be  represented,  to  as 
close  a  degree  of  approximation  as  we  choose,  by  a  sum  of 
fractions  whose  numerators  are  all  equal  to  unity  and  whose 
denominators  are  equal  to  different  powers  of  2. 

19.  Find,  correct  to  eight  places  of  decimals,  the  product, 

57-295779513  X  3-1415926536. 

20.  Find,  to  three  significant  figures,  the  error  in  taking 
I  X  ?^  X  (6-223)=*  instead  of  |  X  3-1416  X  (6-2227)  \ 

21.  If  we  write  down  the  series  of  numbers 

0,  1,  1,  2,  3,  5,  8,  13,  21, 

such  that  each  is  equal  to  the  sum  of  the  two  preceding,  shew 
that  the  sum  of  any  number  of  these  tei-ms  beginning  at  the  first 
is  one  less  than  the  second  number  after  the  last  one  summed. 
Illustration : 

0  +  1  +  1  +  2  +  3  +  5  +  8=  21-1. 

22.  The  following  rule  is  sometimes  given  to  divide  by 
3-14159:  Multiply  by  7,  divide  by  11,  then  by  2,  and  add  4  ten- 
thousandths  of  the  result.  Find,  to  three  significant  figures,  the 
error  committed  in  obtaining  15  -^  3-14159  by  this  rule. 

23.  Find,  correct  to  six  places  of  decimals,  the  value  of : 

^-  H 1 1 1 + I |-_ 1 

1  ■-  3   '   2X3X3   I   3  ■-  3  A  3  X  3   '   4X3X3X3X3   '   5X3X3X3X3X3 

24.  If  it  is  uncertain  whether  the  third  decimal  place  in 
11-23  •••  is  4  or  5,  find  the  limits  of  the  error  committed  by 
using  11-234  to  compute  ^—^ 

25.  Can  the  square  of  a  number  ending  in  5,  end  in  125  ? 
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CHAPTER  II 
SERIES 

1.  Series.     A  sequence  of  numbers,  as  for  example, 

1,  5,  9,  13,  17,   ...   . 

or,  1,  3,  9,  27,  81,   ...   . 

in  which  the  successive  numbers  are  formed  according  to 
some  law,  is  called  a  series.  When  the  law  of  a  series  is 
known,  the  series  may  be  continued  as  far  as  we  please. 

As  a  rule  the  numbers  of  a  series  will  be  connected  by 
the  sign  +  (or,  it  may  be  — ) ;  the  individual  numbers  will 
be  called  terms  of  the  series, 

2.  Arithmetical  Series.     Consider  the  series: 

1+4+7+10+13+1G+19+22+ 

Here  each  term  is  made  from  the  term  immediately 
preceding  it,  bv  the  addition  of  3,  i.  e.,  consecutive  terms 
differ  by  the  same  number,  or,  in  other  words,  the  difference 
between  consecutive  terms  is  constant.  Thus  the  law  of  the 
series  is  known.  Such  a  series  is  called  an  arithmetical 
series,  or  an  arithmetical  progression.  The  number 
added  to  any  term  to  make  the  next  term,  is  called  the 
common  difference. 

Any  term  of  a  given  arithmetical  progression  may  be 
found  without  finding  all  the  terms  preceding  it.  Thus  in 
the  series  considered,  it  is  readily  seen  that  the  sermteetifh 
term,  being  sixteen  terms  in  advance  of  the  first  term,  is 
1-1-3X16,  or  49. 
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The  sum  of  any  number  of  terms  of  an  arithmetical 
series  may  be  found  without  actual  addition,  and  indeed 
without  writing  down  all  the  terms. 

Ex.  1.  Find  the  sum  of  eleven  terms  of  the  arithmetical 
series  : 


1  +  4  +  7  +  10  + 


The  common  difference  is  here  3,  and  we  have  then  to  find 
the  sum: 

1  +  4   +  7  +  10  +  13  +  16+19  +  22  +  25  +  28  +  31. 

The  sum  of  the  1st  term  and  the  11th  (tlie  last)  term,  is  1  +  31 
or  32,  and  the  average  is  16. 

The  sum  of  the  2nd  term  and  the  lOtli  (the  next  to  the  last) 
term,  is  also  32,  since  (1  +  3)  +  (31—3)  =  1  +  31,  and  the 
average  of  these  terms  is  16. 

In  like  manner  the  average  of  the  3rd  and  9th  terms, 
of  the  4th  and  8th  terms,  of  the  5th  and  7th  terms,  is  seen 
to  be  16,  while  tlie  6th,  (the  middle)  term  is  the  average  of  the 
5th  and  7th  terms. 

Thus  the  sum  is  the  sum  of  11  terms  of  average  16  and  is 
equal  to  16  X  11  or  176. 

Since  the  average  was  found  by  adding  the  first  and 
last  terms,  we  see  that  the  sum  is  equal  to  the  product  of  the  num- 
ber of  terms  by  one-half  the  sum  of  the  first  and  last  terms. 

Ex.  2.  Find  the  sum  of  8  terms  of  the  arithmetical  series: 

9  +  17  +  25  +  33  + 

Here  the  common  difference  is  8,  and  we  have  to  find  the 
sum: 

9  +  17  +  25  +  33  +  41  +  49  +  57  +  65. 

As  in  Ex.  1,  the  average  of  9  and  65,  is  the  same  as  that  of 
17  and  57,  of  25  and  49,  of  33  and  41.  Here  then  also  there  is  an 
average  value  of  the  terms,  though  there  is  no  one  middle  term 
equal  to  the  average. 

As  in  Ex.  1,  the  sum  is  seen  to  be 

5^X8=296, 

or  to  be  equal  to  the  product  of  the  number  of  terms  by  one-half 
the  sum  of  the  first  and  last  terms 
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The  rule  brought  out  in  the  preceding  examples  for 
finding  the  sum  is  easily  seen  to  be  general,  and  there  is 
no  further  need  of  writing  down  all  the  terms  whose  sum  is 
sought.     Thus  take  the  example: 

Ex.  3.  Fiud  the  sum  of  63  terms  of  the  series  : 


3  +  10  +  17  + 


Here  the  common  difference  is  7,  and  the  63rd  term  (the  last 
of  those  considered)   is  3  +  7  X  62  or  437. 

.'.  Average  of  terms  =  *^l      =  220. 
.-.  Sum  required  =  220  X  63  =  13,860. 

The  reasoning  above  followed,  is  general,  and  may  be 
given  in  general  form  by  employing  algebraic  symbols. 
Thus: 

Ex.  4.  Sum  to  n  terms  the  series  : 

a  +  (a  4-  c?)  +  (a  +  2d)  + 


Here  the  common  difference  is  d.  Let  I  denote  the  nth  (the  last) 
term.  Then  having  in  mind  all  the  terms,  though  they  are  not 
actually  written,  let 

s  =  a+  (a-\-d)  + •  •  •  +  (l-d)  +  I; 

.- .  s  =  1  i-  U—d)     + (a-\-d)  +  a; 

where  in  the  latter  equation  the  terms  are  written  in  reverse  order. 
Then  by  addition 

2s-  =  (a  + Z) +(«+/)  +  ••  •  •  +  ia  +  l)-{-{a-{-l)  =  v(n  +  l), 
since  there  is  one  term  (a  +  I)  for  each  term  of  the  series 

n  {a  -\-  0  /  a  -{-  I 


"("I')- 
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3.   Geometrical  Series.     Consider  the  .series: 

1  +  2  +  4  +  8+  16  +  ••• 

Here  each  term  is  made  from  the  term  immediately  pre- 
ceding it,  by  multiplying  by  2,  i.  e.,  each  term  bears  to  the 
term  just  preceding  it,  the  same  ratio,  or  the  ratio  of  con- 
secutive terms  is  constant.  Thus  the  law  of  the  series  is 
known.  Such  a  series  is  called  a  g'Bometrical  series  or  a 
g-eometrical  progression.  The  factor  which  multiplied 
into  any  term,  gives  the  next  term,  is  called  the  common 
ratio. 

Any  term  of  a  given  geometrical  progression  may  be 
found  without  finding  all  the  terms  preceding  it.  Thus,  in 
the  series  considered,  it  is  readily  seen  that  the  seventeenth 
term,  the  sixteenth  in  advance  of  the  first  term,  is  1X2^* 
or2^^ 

The  sum  of  any  number  of  terms  of  a  .geometrical  series 
may  be  found  without  actual  addition. 

Ex.  1.  Find  the  sum  of  9  terms  of  the  series: 

■    3+6+12+24+ 

Here  the  commou  ratio  is  2,  and  we  have  to  find  the  sum  of 

3+6+12+24+48+96+192+384+768. 

Denote  the  sum  sought  by  s. 

.-.    s=  3+6+12+24+48+96+192+384+768. 

.-.  2s=        6+12+24+48+96+192+384+768+1536. 

The  second  equation  is  formed  from  the  first  by  multiplying 
each  term  by  2,  and  setting  it  one  place  to  the  right.  Then  by 
subti'actiiig  the  uumbei-s  in  the  fii'st  equation  fi'om  those  in  the 
second  equation  we  have 

s  =  1536  -  3  =  1533. 
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Ex.  2.  Find  the  sum  of  35  terms  of  the  series: 

2+f+|+^+ 

o 
Here  the  common  ratio  is  3,  and  the  35th  term  is  'iXd)''*  or  ^■ 

Then  having  in  mind  the  terms  not  written,  let 

s  =  2+1+1+ +|ri+|ii- 

222 

•    1   £,  —  2    I    2_l_ I  "^  I    -^ 1:^ . 

•    .^*  5   1^5^  (^  I   033    1^034      '335 

Subtracting  the  numbers  in  the  second  from  those  in  the  first 
equation,  we  have 

l<i  —  9  —  — • 
335 

••-  =  t  (3 -|r.)=  3(1 -}.,)■ 

Ex.  3.  Find  the  sum  of  n  terms  of  the  series: 

a  -\-  a  r  -\-  a  r^+ 

Here,  the  common  ratio  is  r,  the  nth  term  is  n  r"~^.     Then 
let 

s  =  a-\-ar-\-ar'^    + +0  r""^  +  a  r"~^  ; 

.'.  rs=  ar  +  n  r'^    -\- +  a  r"~^  +  «  r"~^  +  a  r". 

Then  (1),  if  r  is  greater  than  1,  we  have  by  subtraction, 

r  s  —  s    =   (7  r"  —  a ; 

.-.   sir  -  1)  =  a  {r"  -  I); 

r"  -  1 

.  .  s  =   a 

r  —  1 

and  (2).  if  r  is  less  than  1, 

s  —  r  .s     =  a  —  n  r"; 

.-.  s  (1 --»•)- a  (l-»-"); 

1  -r" 

,  .  s  =  «  • 

1  -/• 
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111  the  results  of  Ex.  3  are  to  be  found  the  rules  for 
writing  down  the  sum  of  any  number  of  terms  in  a  geomet- 
rical progression. 

Consider  now  the  series: 

1  +  i  +  i+ !  +  •  •  • 

Quoting  the  results  of  Ex.  3  we  see  that 


The  sum  of  20  terms  = 

!• 

i— 

.  1 

-        0 1  9  ■ 

The  sum  of  60  terms  = 

2     ^     . 

The  sum  of  n  terms  = 

2-^ 

'^      o''-i 

It  is  then  seen  that  however  many  terms  be  taken,  the 
sum  is  less  than  2,  but  that,  as  more  and  more  terms  are 
taken,  the  sum  becomes  nearer  in  value  to  2.     For  the  sum 

of  five  terms  is  less  than  2  by  the  number  .—   ;   the  sum  of 

six  terms  is  less  than  2  by  the  number  ^  ,  that  is  differs 

from  2  by  only  one- half  as  much  as  the  sum  of  five  terms 
differs  from  2,  and  so  with  the  addition  of  each  term  we 
diminish  the  difference  between  the  sum  and  2  by  one-half 
of  itself  and  therefore  we  can,  by  taking  a  sufScientlj*  large 
number  of  terras,  make  the  sum  to  differ  from  2  by  a 
number  which  is  less  than  any  given  number,  however 
small.  Otherwise  stated,  there  is  no  number  less  than  2 
which  the  sum  cannot  be  made  to  exceed.  It  follows  that 
the  non-terminating,  or  infinite  series, 

1  +  ^  +  ]  4 

has  2  as  the  limit  of  the  sum  of  n  of  its  terms  as  n  is 
indefinitely  increased  and  is  said  to  have  a  sum  equal  to  2. 
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The  series  may  be  looked  upou  as  a  perfectly  definite  though 
not  simple  way  of  giving  the  number  2, 

That  the  sum  of  n  terms  may,  by  increasing  n ,  be  made 
to  differ  from  2  by  as  little  as  we  please  is  rendered  very 
striking  if  we  represent  the  terms  taken  by  lengths 
measured  on  a  straight  line. 


1 ] — I — I 

Q         R    S    B 


AB  measures  2;  AP,  1;  PQ,  h;  QR,  i;  RS,  i;  etc. 
Then  AQ  measures  the  sum  of  2  terms;  AR  of  3  terms; 
AS  of  4  terms;  etc.  Not  many  terms  need  be  taken  to 
make  the  sum  practically  2,  though  the  sum  is  never 
actually  2. 

In  like  manner  if  we  had  considered  the  series, 

a  +  (tr  +  (-/>•"+••• 

where  r  is  less  than  1,  we  should  have  had  the  sum  of  w 
terms 

!->•"  a  ar" 

=  a 


Now  - —  is  the  product  of   bv  /-",  and   r   is   less 

1  — ;•  \—r    " 

than  1.  But  we  know  that  successive  powers  of  a  number 
less  than  1  are  each  smaller  than  the  preceding  ones  and 
that  by  increasing  the  exponent  sufficiently  we  can  make 
the  power  as  small  as  we  choose.  For  example,  consider 
the  powers  of  |:|,  %,  ii  •  •  -(f)'^  (=  ^I^Ht  which  is  less 
than  T(Mi);  they  diminisli  steadily  and  it  is  evident  that  if 
we  take  the  exponent  large  enough  we  can  make  the  power 
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as  small  as  we  like.     Hence  by  increasing  n  we  can  diminish 
as  much  as  we  like,  that  is  we  can  make  the  sum  of  n 


1  —  r 


terms  of  the  series  differ  from  bv  as  little  as  we  like; 

1  — /• 

hence  the  limit  of  the  sum  of  n  terras  as  n  is  increased 

indefinitely  is and  the  sum  to  infinity  is  — —  • 

1-r  1-r 

The  recurring  decimal  is  an  interesting  example  of  an 
infinite  series. 

Ex.  It  has  been  seen  that, 
1  =  0-3i  =  0-333^  =  0-33333  •  ■  •  (non-terminating). 
Now,  starting  with  the  so-called  decimal, 

0-33333  •  -  -  (non-terminating), 
we  see  that  that  it  is  nothing  otlier  than  the  infinite  series: 

3_I_3I  3  I  3  I       ,     ,     , 

To    I    TTTo    1^  T^oo  ^  irrooo    ' 

This  is  a  geometrical  progression  with  the  common  ratio  xV- 
The  sum  is  thei-efore 

To   _   =    4       IP        i 


1- 


EXERCISES 


1.  Find  the  sum  of  (1)  20  terms,  (2)  n  terms,  of  each  of  the 
following  series: 

(1)  1+    2+    3  +  4    +5  +  --- 

(2)  1  +    3  -f    5  +  7    +  9  +  •  -  • 

(3)  30  +  29  +  28  +  27  +  2,1  +  -  •  - 

(4)  8  +  17  +  26  +  35  +  -  -  - 

(5)  11  +  25  +  39  +  53  +  •  •  • 

(6)  99  +  94  +  89  +  84  +  •     - 
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2.  Find  the  sum  of  (1)  30  terms,  (2)  n  terms,  of  each  of  the 
following  series: 

(1)  1  +  3  +  9  +  27  +  •  •  • 

(2)  1  +  ^  +  i  +  ^  +  ■  •  • 

(3)  7  +  14  +  28  +  56  +  •  •  • 

(4)  5  +  15  +  45  +  135  +  •  •  • 

(5)  2  +  1+  If  +  A\  +  •  •  • 

(^)  1  +  (iToTj  +(To4p  "^  (ToiF  '^  '  '  ' 

3.  Find  the  arithmetical  mean  of  4  and  16;  of  7  and  13;  of  5 
and  18 ;  of  —  5  and  —  2 ;  of  8  and  —  8 ;  of  9  and  —  7. 

4.  Find  the  geometrical  mean  of  4  and  9:  of  6  and  24:  of  5 
and  18. 

5.  Find  the  sum  of  each  of  the  following  infinite  series: 

(1)  1  +  ^  +  ^  +  .V  +  •  •  • 

(2)  1  +  1  +^  +  ^V  +  •  •  • 

^^^  ^  ^  L05  "^  (T05p  "^  (TOSF  "^  ■  ■  ■ 

^^^  ^  "*"  LOIS  '^  (1-045)2  +  (1-045)'  +•  •  •   " 

(5)  I  -  f  +  |i  -  /A  +  •  •  • 

6.  In  the  case  of  each  series  given  in  example  5,  find  the 
sum  of  the  infinite  series  of  terms  following  the  tenth  term. 

7.  The  middle  points  of  the  sides  of  a  square  are  joined  form- 
ing a  second  square;  the  middle  points  of  the  sides  of  this  square 
are  joined  to  form  a  thii'd  squai-e,  etc.  Shew  that  the  sum  of 
the  areas  of  the  squares  that  can  be  thus  formed  can  never 
exceed  twice  the  area  of  the  original  square. 
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8.  The  first  term  of  an  arithmetical  progression  is  6,  the 
difference  is  13;  find  the  sum  of  'Jl  terms. 

9.  The  first  term  of  an  arithim'tiful  j)rofjression  is  2|,  the 
difference  is  \;  find  the  sum  of  59  terms. 

10.  Insert  (1)  seven  arithmetic  means  (2)  three  geometric 
means  between  1  and  49. 

11.  Find  the  sum  of  120  terms  of  the  arithmetical  progression 

-5  +  4  +  -  •  • 

12.  The  sum  of  20  terms  of  an  arithmetical  progression 
whose  difference  is  2,  is  equal  to  420.     Find  the  first  term. 

13.  The  sum  of  50  terms  of  an  arithmetical  pi-ogression  whose 
difference  is  5,  is  6275.     Find  the  first  term. 

14.  The  sum  of  12  terms  of  an  arithmetical  progression  whose 
first  term  is  4,  is  180.     Find  the  difference. 

15.  The  sum  of  160  terms  of  an  arithmetical  progression 
whose  first  term  is  —  159  is  equal  to  zero.     Find  the  difference. 

16.  The  sum  to  infinity  of  a  geometrical  progression  whose 
first  term  is  11,  is  22.     Find  the  ratio. 

17.  Sum  the  arithmetical  progression  whose  first  term  is  15 
and  whose  last  term  is  160,  the  number  of  terms  being  25. 

18.  Find  the  sum  of  60  terms  of  the  arithmetical  progression 
whose  twelfth  term  is  29  and  whose  twenty-third  term  is  51. 

19.  The  fourteenth,  twentieth  and  last  terms  of  an  arithmetical 
progression  are  251,  413  and  548;  find  the  first  term,  the  number 
of  terms  and  the  sum. 

20.  Find  an  arithmetical  progression  such  that  the  sum  of  the 
first  five  terms  is  one-fourth  the  sum  of  the  following  five  terms, 
the  first  term  being  unity. 

21.  Shew  that  the  sum  of  2w+l  consecutive  integers  is  divis- 
ible by  2«+l. 

22.  In  a  geometrical  progression  shew  that  the  product  of  any 
two  terms  equidistant  fi'om  a  given  term  is  the  same. 
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23.  Find  the  values  of  the  followinsf  reeiirrine'  dpoimals: 

0-4,  01).  0150,  0  rj(J4,  0-21oo,  0- 30428. 

24.  Shew  that 

1 

(to  "H  Tuo  +  •■■)=!• 

25.  Sum  to  influity  the  series, 

1  i_i_i  1 u    1 _1    _L. 

'S  'i      1^    *i  3^6^^24  105^1 

26.  Prove  that 

(4 I 4 |_   .    .    .  \  C  Ji 1_       6 L  .    .    .  \   —   296. 

VTO      I^    loo    I  J\10      i     Too      I  /   —   J95 

27.  Find  the  sum  of  50  tei-ms  of  the  series, 

5  +  55  +  555  -}-•••• 

28.  Find  a  geometrical  progression  continued  to  infinity  such 
that  each  term  is  ten  times  the  sum  of  all  which  follow  it. 

29.  Find  the  sum  of  20  terms  of  the  series, 

0-3 +  3-.3 +  33-3  + 333-3 +  •  •  •  • 

30.  In  a  circle  a  sqiiare  is  inscribed;  in  this  squai*e  a  circle 
is  inscribed;  in  this  latter  circle  a  square  is  inscribed,  etc.  Shew 
that  the  limit  to  the  sum  of  the  areas  of  the  circles  is  twice  the 
area  of  the  original  circle,  and  the  limit  to  the  sum  of  the  areas  of 
the  squares  is  twice  the  area  of  the  first  square. 

31.  In  a  circle  a  regular  hexagon  is  inscribed:  in  this  hexagon 
a  circle  is  inscribed;  in  this  latter  circle  a  regular  hexagon  is 
inscribed,  etc.  Shew  that  the  limit  to  the  sum  of  the  areas  of  the 
circles  is  four  times  the  area  of  the  original  circle,  and  the  limit 
to  the  sum  of  the  areas  of  the  regular  hexagons  is  four  times  the 
area  of  the  first  hexagon. 

32.  Employ  the  identity,  (.c+  1)^  -  x""  ^  :].c-  +  3.r  +  1,  to 
find  the  sum, 

V  -\- '2-  +  3'  +  r-  + (-  in  -  1)-  +  n\ 
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CHAPTER  III 
LOCtARITHMS 

1.  Indices.     The  laws  of  iudices  are  illustrated  by  the 
equations : 

10"'X10"  =  10'"+"  I 


i^,.=  10"'-"     {m>n) 
10'"  _    1  r     ^      ^ 

10"  ~~  io"~"'     "     ''' 


II 


(10'")'  =  10'"''  III  • 

Here  m,  n,  r  are  integers.  There  is  a  real  gaiu  in 
introducing  exponents  that  are  not  positive  integers, 
namely,  fractional,  negative  and  zero  exponents.  To 
give  such  exponents  a  meaning  we  agree  that  they  are  to 
obey  the  laws  of  indices  established  for  positive  integral 
exponents.     Then: 

(1)  By  Law  m,  (10*)' =10*'' =  10^  =  10, 

or     10^  =  ^10; 

(2)  By  Law  I,  10^  X 10"  =  10^+»  =  10"  =  10"  X 1, 

or     10"  =  1; 

(3)  By  Laws  I  and  II,  lO*' X  10-"  =  10«-"  =10^  =  10"  X  -r 

or  10-  =  ^,. 

2.  Lograrithms.  In  the  relation  10*  =  10,000  the  index 
4  is  called  the  logarithm  of  10,000  to  the  base  10.     The 
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relation  is  written  briefly  in  such  a  way  as  to  give  promin- 
ence to  the  number  4  thus : 

4  =  logio  10,000. 

In  like  manner,  the  relation  3*  =  81,  leads  to  the  state- 
ment, log381  =  4.     Hence: 

The  lofjitriilim  of  a  number  is  the  index  of  the  power  to 
wliicli  (I  (liven  ninnher  called  the  base  must  be  raised  to  yield 
that  number. 

In  what  follows  the  base  will  be  supposed  to  be  10,  in 
the  absence  of  any  statement  to  the  contrary.  Hence  log 
10,000  will  mean  logio  10,000. 

From  the  table: 

10«  =1 

10^=        10  10-^=01 

10^  =      100  10-2  ^  Q.Q3^ 

10^  =    1000  10-^  =  0001 

10*  =10,000  10-*  =  00001 
etc.  etc. 

we  derive  at  once  the  table: 

log  1  =  0 


log        10  =  1 

log  0-1         = 

-1 

log      100  ^  2 

log  0-01      = 

—  2 

log    1000  =  3 

log  0-001    = 

-3 

loglO,000  =  4 

log  0-0001  = 

-4 

etc. 

etc. 

The  logarithms  of  rational  numbers  other  than  those 
indicated  in  the  table  just  given,  are  not  rational,  /.  e., 
cannot  be  expressed  by  a  finite  number  of  figures.  We 
have  then  to  be  satisfied  with  approximations.  Thus  the 
logarithm  of  72  correct  to  seven  places  of  decimals  is  found 
to  be  1-8573325. 


I 
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Into  the  method  of  computing  the  approximate  logarithms 
we  shall  not  here  enter,  and  shall  suppose  such  logarithms 
as  will  be  employed,  to  be  given. 

The  integral  part  of  the  logarithm  of  a  number  is  called 
the  characteristic,  and  the  decimal  part  the  mantissa. 

3.  Important  Facts.  An  examination  of  the  table  in 
art.  2  leads  to  the  following  conclusions: 

{l)  The  growth  of  the  logarithm  is  not  proportionate  to  the 
growth  of  the  number. 

Thus  as  the  uumber  grows  from  1  to  10  the  logarithm  grows 
from  0  to  1,  while  a  growth  from  10  to  100  of  the  number — a 
range  ten  times  as  great — gives  only  an  ecjual  gro^vth  of  the 
logai"ithm,  uamelj"  from  1  to  2. 

(2)  The  characteristic  of  the  logarithm  of  a  number  greater  than 
unity  may  be  determined  by  inspection. 

For  example  take  the  uumber  3729-3.  This  number  lies 
between  10^  and  10*;  its  logarithm  therefore  lies  between  3  and 
4,  so  that  the  characteristic  is  3. 

It  is  thus  seeu  that,  the  characteristic  of  the  logarithm  of  a 
number  greater  than  unity  is  one  less  than  the  number  of  figures 
before  the  decimal  point. 

(5)  The  characteristic  of  the  logarithm  of  a  number  less  than 
unity  may  be  determined  by  insjjection. 

For  example,  take  the  number  0-00375.  This  number  lies 
between  10~^  and  10~^.  Its  logarithm  therefore  lies  between  —3 
and  — 2,  i.e.,  the  logarithm  is  — 3  plus  a  decimal,  or  —2  minus  a 
decimal.  We  shall  agree  to  keep  the  mantissa  positive  and  hence 
say  that  the  logarithm  is  —3  plus  a  decimal.  The  characteristic 
here  then  is  —3, 

It  is  now  easily  seen  that,  tlie  characteristic  of  the  logarithm 
of  a  number  less  than  unity  is  the  number  of  the  place  of  the  first 
significant  figure  in  that  number  expressed  as  a  decimal. 
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4.  Interpolation.  Fi-oin  the  tables  given  at  the  end  ul 
the  book,  we  have  (after  supplying  the  characteristics)  to 
six  places  of  decimals: 

log  7325  =  3-864808 
log  7326  =  3-864867 
log  7327  =  3-864926 
log  7328  =  3-864985 

For  each  advance  of  1  in  tlie  number  there  is  an  advance 
of  59  (in  the  sixth  place)  in  the  logarithm.  This  seems  to 
be  at  variance  with  one  of  the  conclusions  of  the  preceding 
article,  but  it  is  to  be  noted  that  here  the  growth  1,  2  or  3, 
relatively  to  the  number  7325,  is  small.  If  we  examine  the 
tables  further,  we  find  that  what  we  observe  here  is  general, 
and  we  can  say  that  the  growth  in  the  number  over  a 
relatively  small  range  is  always  attended  with  a  propor- 
tionate growth  in  the  logarithm.  This  fact  enables  us  to 
solve  problems  like  the  following: 

Ex.1.  Given  lo^  7325  =  3-864808,  aud  log  7326  =  3-864867, 
find  log  7325-64. 

A  growth  of  1  in  7325  gives  a  growth  of  59  (iu  the  sixth 
place)  in  the  logarithm. 

.*.  a  growth  of  0-64  iu  7325  gives  a  growth  of  y^ny  of  59 
(iu  the  sixth  place)  in  the  logarithm. 

Now  -rm  of  59  =  38,  to  the  nearest  integer. 
.-.  log  7325-64  =  3-864808  +  38  (iu  the  sixth  place), 
=  3-864846. 

Ex.  2.  Referring  to  the  logarithms  giveu  above,  fiud  what 
number  has  3-864890  as  its  logarithm. 

log  7326  =  3-864867 
log  7327  =  3-864926 

.*.  the   number   belonging  to  3-864890  lies   between    7326    aud 
7327. 

Tlie   giveu   logarithm    exceeds   the  logarithm    of   7326  bj'  23  in 
the  sixth  place. 
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Now    a   <4To\vtli   of  59  in   tli.'  lo^avitlini  means  a  gfrowlh  of  tin 
the  number. 

Therefore    a    •irowth    of  23  in    tlic    lofjarithm    means  a  growth 
of  If  in  the  number. 

Also  11  =  0-39  to  the  nearest  hundredth. 

.".  the  given  logarithm  belongs  to  7326-39. 

5.  Theorems.  We  shall  noAV  i)rove  the  following 
theorems : 

(l)  The  logarithm  of  the  product  mn  of  amj  two  numhers 
m  and  n  is  equal  to  the  sum  of  the  logarithm  of  m  and  n 

For  let  X  -=■  log  »»,  and  y  =  log  w. 

.•.  m  =  10",  and  w  =  10^ 

.-.  mn  =  10"  X  10^  =  10"+^ 

.'.  log  (m«)  —  X  -\-  y  —  log  m  +  log  n. 

It  is  now  easily  shewn  that  the  logarithm  of  the  product 
of  any  number  of  factors  is  the  sum  of  the  logarithms  of 
the  factors. 

{2)  The  logarithm  of  the  quotient  —  is  equal  to  the  differ- 
ence between  the  logarithms  of  their  dividend  and  divisor 

As  before  put  x  —  log  m,  and  y  —  log  n. 
Then  m  =  10",  and  n  =  10^ 

•      >>^    _     10^    _     -^^QX-y 

'  '   n         10^ 

.".  log  (— j  =  X  —  y  =  log  m  —  log  n. 

(3)  The  logarithm  of  the  power  m^  is  p  times  the  logar- 
ithm of  m. 

Let  X  —  log  m,  so  that  m  —  \(f . 

:.  nf  =  (10")'^  =  10^". 

.'.  log  {nf)  —  px  —  p  log  m. 
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{4)    The  loyarithni  of  \/i)i  is  ^  of  the  logarithm  ofm. 

Let  X  —  log  »i,  so  that  tn  ~  \{f . 

1  1  £ 

.'.  '^ym,  which  equals  (w) ' ,  =  (10*)'  =10'". 

.".  log  i/m  =  F  =  7  log  m. 

G.  Important  Fact.     From  the  tables  we  find, 

log  7325=  3-864808. 

Now  log  73-25  =  log  \W  =  log  7325  -  log  100 

=  3-864808  —  2,  since  2  =  log  100, 
=  1-864808. 

Again, log 732500=  log  (7325X100)  =  log  7325  +  log  100 

=  3-864808  +  2 
=  5-864808. 

Also,logO- 0007325  =  log  yoHtf  oo=log  7325-log  10000000 
=  3-864808  -  7 

=  -  4  +  0-864808,   (the  mantissa  being 
kept  positive) . 

This  last  result  is  written  4-864808,  the  notation 
indicating  that  the  minus  sign  effects  only  the  4. 

Hence  with  the  convention  that  the  mantissas  of  the 
logarithms  of  numbers  less  than  unity  are  to  be  positive, 
the  logarithms  of  the  numbers  7325,  73-25,  732500, 
0-0007325  have  the  same  mantissa. 

It  is  evident  then  that: 

Nimihers  irhirh  difer  only  in  the  position  of  the  decimal 
point  have  logarithms  with  the  same  mantissa. 

Now  the  characteristics  of  the  logarithms  are  known  by 
inspection  of  the  numbeT-s.  Therefore  in  a  table  of  logar- 
ithms it  is  sufficient  to  give  the  mantissaB. 
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7.  Applications.  We  are  now  in  a  position  to  make 
use  of  logarithms  to  simplify  and  shorten  the  work  of 
computation. 

Ex.  1.  Find  the  product,  3-217  X  0-1389  X  7-513. 

The  logai'ithm  of  the  product 

=  log  3-217  +  log  0-1389  +  log  7-513 

=  0-507451  +  i- 142702  +  0-875813,  (as  given  in  the  tables) 

=  0-525966. 

Now  from  the  tables  log  3-357  =  0-525951,  which  is  15  (in 
the  sixth  place)  less  than  the  logarithm  found.  Also  129  is  the 
difference  in  the  logarithm  for  a  growth  of  1  (in  the  fourth  signi- 
ficant place)  in  the  number.  Therefore  the  logarithm  found, 
namely  0-525966,  belongs  to  the  number  3-357  +  y^V  of  0-001, 
i.  c,  to  3-3571. 

.'.  the  product  required  is  3-3571. 

This  does  not  mean  that  the  product  is  exactly  3-3571,  but 
that  this  number  is  the  product,  correct  to  five  significant  figures. 
If  the  logarithm  had  been  given  to  a  higher  degree  of  accuracy 
the  result  would  have  been  nearer  to  the  exact  result,  or  would 
have  been  exact. 

If  we  had  only  to  make  the  computation  the  necessary  work 
would  have  been  as  follows  : 

0-507451 

1-142702 

0-875813 

0-525966 
3-357  51 
1                                129)150(1 

Ex.  2.  Find  the  quotient,  3-279  -  2-594. 

(log  3-279  =  )  0-515741 

(log  2-. ^94=)  0-413970 

(log  (quotient)  =  )  0-101771 

(log  1-204  =  )  47 

343)240(1 

.*.  quotient  =  1-2641  (approximately). 
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Ex.  3.  Find  the  value  of  (1-237)^ 

(log  1  237)  --  0-092370 
(log  (1-237)5)  =  0-461850 
(log2-89G)       =  799 

150)510(3 
.-.  (1-237)5  =2-8903,  (approximately). 

Ex.  4.  Find  the  fifth  root  of  0-9734. 
log  0-9734  =1-988291. 
.-.  log  (0-9734)^  =  ^  of  1-988291 

=  ~(i  of  5)  +  i  of  4-988291 

=  1  +  0-997658 

—  1-997658,  when  the  mantissa  is  positive. 

Now  log  0-9946  —  1-997648,  and  as  in  the  earlier  examples 
we  find  that  1-997658  belongs  to  the  number  0-99462  so  that  this 
latter  is  the  root  (approximate)  sought. 


Exercises 

1.  Find  the  numbers  whose  logarithms  are: 

1-093772;    3  701010;    2-713265;    2-113113;    4-172658;     7-423268. 

2.  Find  the  following  products: 

263X721;  2-317X7-231;  3-014X1-032X0-3789; 
7-389X15-27X0-3718;  1-795X1-237X0-3694; 
2-397X7-213X0-793X0-594. 

3.  Find  the  value  of: 

31- 37X1- 359X2- 374    .    0-3794X0-5938X0-7925 
1-379X5-293  '  0-1378X0-0739 

4.  Find  to  four  significant  figures  the  square  roots  of: 

1-37,4-39,  2,  7,  13,  0-17. 

5.  Find  to  four  significant  figures  the  eulie  roots  of: 

1-29,  73-5,  2,  3,  5,  0-13. 
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6.  Find  to  four  siguilicaiit  fig'ures  the  fifth  roots  of: 

3-29,  7-5,  3,  5,  7,  0-379. 

7.  Find  to  four  signiticaut  figures  the  values  of  the  following: 

f  .  a)  h         f  (l.>7)^(14-23)n  I 

]  27-01  (13-93)^  r    ;  1  ^ — — r^  r   " 

^  J  '-         (l(>-25)^         -' 

8.  Given  log  2,  shew  how  to  find  log  005  and  log  i/l-25. 

9.  How  many  digits  are  there  in 

3,  2^\  V,  2-5^*. 

10.  Find  the  place  of  the  first  significant  figure  in  (0-3)  ^, 

11.  Find  the  values  of: 

logsSl,  Iog2l024.  log7343. 

12.  Find  the  least  power  to  which  I  must  Ije  raised  to  give  a 
result  less  than  84500" 

13.  Find  the  values  of  x  which  satisfy  the  following  equations : 

2"  =  32;  5"  =  i;  10^  =  1; 

10"  =  23;  13"  =  117;  3'"+i  =  5"^-^ 

14.  Employing  the  formula  for  the  measure  of  the  area  of  a 
triangle  in  terms  of  its  sides,  find  the  areas  of  the  triangles  the 
lengths  of  whose  sides  are : 

(1)  15  yd.,  17  yd.,  23  yd.: 

(2)  17-35  m.,  29-47  m.,  37-38  m.; 

(3)  119-3  dm.,  275-9  dm.,  354-6  dm.; 

(4)  79-5  in.,  99-7  in,,  113-8  in. 

15.  Find  the  values  of  : 

mo{mi)\  380-50  (iii§)2  (im). 

16.  Find  the  present  worth  of  : 


196  ARITHMETIC 

(1)  $900  due  7  years  hence,  the  rate  of  interest  being  5  per  cent. 

(2)  $1200  due  11  years  hence,  the  rate  of  interest  being  5  per 
cent.,  compounded  half-yearly. 

(3)  $721-50  due  in  19  years,  the  rate  of  interest  being  31  per 
cent.,  compounded  quarterly. 

17.  Find  the  amount  of  $600  in  7  years,  3  months,  at  4^  per 
cent.,  compounded  quarterly. 

18.  If  in  7  years,  6  mouths,  $700  amounts  to  $971-03.  find  the 
rate  per  cent,  per  annum. 

19.  At  a  certain  rate  compounded  quarterly  $1200  amounts 
in  10  years  to  $1972-23.     Find  the  rate. 

20.  Find  the  volume  of  a  cj'linder  whose  height  is  32-62  cm. 
and  the  radius  of  whose  base  is  4-23  cm. 

21.  A  man  borrows  $1.5,000  at  4^  per  cent,  per  annum,  com- 
pound interest,  for  10  years,  and  loans  it  at  4^  per  cent.,  com- 
pounded quarterly.     Find  his  gain. 

22.  The  sides  of  a  ti'iangle  are  12-63  cm.,  13-74  cm.  and  17-82 
cm.  Find  the  lengths  of  the  perpendiciilar  lines  drawn  from  eacli 
angle  to  the  opposite  side. 

23.  A  borrows  $10,000  from  Bat  3|  per  cent,  per  annum  cons- 
pounded  yearly  for  7  years.  He  loans  ^  of  it  at  3^  per  cent., 
compounded  half-yearly,  ^of  it  at  3  percent.,  compounded  yearly, 
and  the  remainder  at  3  per  cent.,  compounded  quarterly.  Find 
his  gain  or  loss. 

24.  A  man  deposits  $100  in  a  savings'  bank.  At  tlie  end  of 
each  year  for  10  years  he  deposits  $25  more  than  the  preceding 
deposit.  If  interest  is  at  5  percent.,  compounded  half-yearly, 
find  what  sum  he  has  in  the  bank  at  the  end  of  the  tenth  year. 

25.  A  man  deposits  $500  in  a  savings'  bank.  At  the  end  of 
each  year  for  6  years  he  deposits  nine-tenths  of  the  preceding 
deposit.  If  interest  is  at  5  per  cent.,  compounded  quarterly,  find 
what  sum  he  has  in  the  bank  at  the  end  of  the  sixth  year. 


J 


ANNUITIES  197 

CHAPTER  IV. 
ANNUITIES. 

1.  If  A  is  under  obligation  to  pay  $500  to  B  at  the  end 
of  each  year  for  the  next  three  years,  we  have  seen  that  it 
is  possible  to  find  the  present  value  of  these  payments, 
given  the  rate  of  interest.  If  this  rate  is  5  per  cent.,  then 
the  present  value  of  these  three  payments  is  equal  to 

(rk)  «^  ^^0^  +  (rk)'  «^'  ^'^^^  +  (woY  «^  ^500. 

By  making  use  of  the  Interest  Tables  at  the  end  of  the 
book  we  find  that  the  present  value  is 

$476-19  +  $453-51  +  $431-06  =  $1360-76. 

A  payment,  like  the  above,  recuL-ring  at  stated  inter- 
vals, is  called  an  annuity;  the  annuity  in  question  is  said 
to  begin  now  and  to  run  for  three  years. 

An  annuity  is  said  to  be  deferred  for  a  number  of 
years  when  it  begins  at  the  end  of  that  number  of  years, 
i.e.,  when  the  first  payment  is  made  at  the  end  of  one  more 
than  that  number  of  years. 

The  interval  between  successive  payments  is  generally 
one  year,  but  it  may  be  any  period. 

2.  The  addition  of  the  present  value  of  the  different 
payments  may,  when  they  are  numerous,  be  a  very  tedious 
operation.  We  shall  find  a  formula  that  will  allow  the 
value  to  be  more  directly  computed. 

Suppose  that  A  is  to  pay  B  an  annuity  of  $400  begin- 
ning now  and  running  for  20  years,   the  rate  of  interest 
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beiug  5  per  cent.     Then  the  present  value  of  all  the  pay- 
inputs  IS 

This    is   a   geometrical   progression    of   20  terms,  with 
common  ratio,    tt^  or  7-7--    Its  sum  is,  therefore, 

^%f  $400  X  1-:^^ 

or$400Xipx{l-(Hf)'"}; 

or$400XoV5X{l-(Ti5)"*}- 
3.  For  the  general  case  in  which  the  annuity  is  $A  and 
the  rate  /•  on  the  unit,  the  annuity  beginning  now  and  run- 
ning for  »  years,  the  present  value  is  easily  seen  to  be 


1+r    '    (1+r)-  {1+rr 

This  is  a  geometrical  progression  whose  first  term  is 

A  1 

and  common  ratio,    — ; — ,  the  number  of  terms  being 


1+r  1+r 

H.     Its  sum  is  therefore, 


$A  (1  +  /-)" 


1  +  /- 
which  reduces  to 


1+1 


M  .  ^   I       1      ^ 


r 


i     '     (!  +  ;•)"  i 


4.  If  in  art.  3  we  suppose  the  untnber  of  payments  to 
be  increased  iiidefinitely  the  series  giving  the  present  value 
is  an  infinite  series  and  the  sum  is 

$A 
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That  this  is  the  preseut  value  is  readily  seen  otherwise 

for   ^—  put  out  at  interest,  the  rate  being  r  on  the    unit 
r 

would  continue  to  bring  in"^—  X  r,  or  $A,  every  year. 

r 

Such  an  annuity  is  called  a  perpetuity. 

5.  If  an  annuity  of  $750  is  deferred  10  years  and  is  to 
run  15  years,  the  rate  of  interest  being  4  per  cent.,  its 
present  value  is 

$750 ,      $750         ,    _  ,      $750 

ill  "T"  /1.nA^l2  ~r  ■  ■  "     1 


(1-04)11     '     (1-04)1^     '  '     (1-04)25 

There  are  here  15  terras  in  geometrical  progression  and 
the  sum  is 

$750  1-(tt^)'' 


{1-04)  1'  l-TTii 

which  reduces  to 


$750 
0-04 


^   (1-04)1°  •    I    1       (1.04)15    J 


For  the  general  case  in  which  the  annuity  is  $A, 
deferred  m  years  and  running  n  years,  the  rate  being  r  on 
the  unit,  the  result  is 


'  ^ 


(1  +  r)'"       ( 


(l  +  r)"j 


Exercises 

Note. — In  the  following  examples  the  student  is  recom- 
mended to  work  out  all  results,  employing  the  Interest  Tables 
and  the  Tables  of  Logarithms  at  the  end  of  the  hook. 

1.  Find  the  present  value  of  an  annuitj'  of  $120  to  be  paid  at 
the  end  of  each  year  for  10  year,;,  money  being  worth  4^  per  cent, 
per  annum. 


200  ARITHMETIC 

2.  An  annuity  of  $000  is  to  run  for  4  years.  If  the  rate  of 
interest  is  5  per  cent., 

(1)  Find  the  present  value  of  the  annuity. 

(2)  Find  the  value  of  each  payment   at  the  end   of  the  4   years, 
sum  these  values,  and  find  the  present  value  of  the  sum. 

3.  Treat  as  in  example  2  an  annuity  of  $500  to  run  for  3 
years,  the  rate  of  interest  being  4|  per  cent. 

4.  Write  down  the  expressions  for,  and  then  compute,  the 
present  values  of, 

(1)  An  annuity  of  $200  running  5  years,  interest  at  4  per  cent. 

(2)  An  annuity  of  $725  running  6  years,  interest  at  5  per  cent. 

(3)  An  annuity  of  $75  running  4  years,  interest  at  4^  per  cent. 

5.  A  payment  of  $84  is  to  be  made  every  half-year  for  the 
next  three  years.  If  interest  is  at  5  per  cent.,  payable  half-yearlj', 
find  the  present  value  of  all  the  payments. 

G.  Find  the  present  value  of  an  annuitj'  of  $150  to  be  paid  at 
the  end  of  each  half-year  for  the  next  7  years,  interest  being  at 
the  rate  of  6  per  cent,  per  annum. 

7.  Find  the  present  value  of  an  annuity  of  $900  for  the 
coming  11  years,  interest  being  at  the  rate  of  4  per  cent.,  pay- 
able half-yearly. 

8.  Find  the  present  value  of  an  annuity  of  $120  deferred  2 
years  and  running  3  years,  the  rate  of  interest  being  5  per  cent. 

9.  An  annuity  of  $200  deferred  2  years  is  to  run  3  years.  If 
the  rate  of  interest  is  5  per  cent., 

(1)  Find  the  present  value  of  the  annuity. 

(2)  Find  the  valuo  of  each  payment  at  the   time  of   the   last  pay- 
ment, sum  their  \alues  and  find  the  present  value  of  the  sum. 

10.  Tieat  as  in  example  9  an  annuity  of  $830  deferred  1  year 
and  running  4  years,  the  rate  of  interest  being  3|  per  cent. 

11.  Find  the  present  value  of  an  annuitj-  of  $600,  deferred  3 
years  and  running  for  11  yeairi,  interest  at  5^  per  cent,  per 
annum. 
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I'J,.  Write  down  the  expressious  for,  and  then  compute,  the 
present  values  of  : 

(1)  An  annuity  of  $72  deferred  3  years,  running  4  years, 
interest  at  3^  per  cent. 

(2)  An  annuity  of  $225  deferred  2  years,  running  3  years, 
interest  at  4|  per  cent. 

(3)  An  annuity  of  $96  deferred  4  years,  running  5  years, 
interest  at  6  per  cent. 

13.  A  man  wishes  to  purchase  an  annuity  of  $300  for  10  years. 
If  money  is  worth  6  per  cent,  per  annum,  what  sum  will  be 
required  for  the  purchase  ? 

14.  Find  what  annuity  for  the  next  12  years  can  be  bought 
for  $10,500,  the  rate  of  interest  being  4  per  cent. 

15.  If  the  rate  of  interest  is  4  per  cent,  find  the  present  value 
of  a  perpetuity  of  $90. 

16.  If  the  rate  of  interest  is  4^  per  cent,  find  the  present 
value  of  a  perpetuity  of  .$210. 

17.  Find  the  present  value  of  a  perpetuity  of  $125  deferred  5 
years,  the  rate  of  interest  being  3  per  cent. 

18.  A  perpetuity  of  $250  is  sold  for  $6250.  Find  at  what 
rate  the  interest  is  calculated. 

19.  A  school  section  borrows  $4500  to  build  a  school  house; 
this  sum  is  to  be  repaid  in  ten  equal  annual  instalments.  If 
money  is  worth  6  per  cent,  per  annum,  find  the  amount  of  the 
instalment. 

20.  A  loan  of  $5000  is  to  be  repaid  in  7  years  in  equal  half- 
yearly  instalments,  interest  at  the  nominal  rate  of  4  per  cent, 
per  annum.     Find  the  amount  of  each  instalment. 

21.  A  man  borrows  $8000  from  a  loan  company  agreeing  to 
pay  principal  and  interest  in  eight  equal  annual  instalments.  If 
money  is  worth  5  per  cent.,  find  the  annual  payment. 

22.  Twenty  years  ago  a  man  insured  his  life  for  $10,000  pay- 
ing an  annual  premium  of  2  per  cent.  During  the  first  ten  years 
money  could  have  been  invested  at  6  per  cent.,  and  at  4  per  cent, 
during  the  next  ten  years.  If  he  should  die  now  which  would 
have  been  the  more  profitable  investment  for  his  family  f 
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23.  A  mau  deposits  $600  at  the  beginning  of  each  year  for 
15  years  in  a  savings'  bank  which  allows  3  per  cent,  per  annum 
compounded  halt-yearly,  on  deposits.  What  sum  will  be  standing 
to  his  credit  at  the  end  of  the  fifteenth  year  ? 

24.  A  mortgage  on  a  farm  for  .$4000  with  interest  at  6  per 
cent,  has  4  years  to  run.  It  is  offered  for  sale;  what  sum  should 
a  man  seeking  investment  for  his  money  at  5  per  cent,  offer  for 
it? 

25.  A  town  is  under  obligation  to  pay  at  the  end  of  each  year 
for  4  years  the  interest  on  $10,000  at  6  per  cent,  and  at  the  end 
of  the  4  years  to  pay  this  sum.  What  tax  for  this  purpose  must 
be  collected  each  year  in  order  that  the  interest  may  be  paid  each 
year,  and  that  each  year  a  deposit  which  will  be  sufficient  to  meet 
the  payment  of  $10,000  may  be  made  in  a  bank  which  allows  4 
per  cent,  per  annum  interest. 

26.  A  father  buys  for  his  son  on  his  twelfth  birthday  an 
annuity  of  $520  to  be  paid  on  his  fifteenth  birthday  and  each 
successive  birthday  to  the  twenty-first  inclusive.  If  money  is 
worth  31  per  cent,  payable  half-yearly,  find  the  sum  the  father 
pays  for  the  annuity. 

27.  A  mortgage  of  $8000,  dated  Jan.  1,  1903,  paj-able  in 
four  annual  instalments  of  $2000  each,  interest  reckoned  at  6  per 
cent,  payable  half-yearly,  is  sold  on  July  1,  1903.  What  sum 
must  the  purchaser  pay  so  that  the  investment  may  be  worth  8 
per  cent.? 

28.  A  town  issues  20  year  debentures  for  $20,000  bearing 
interest  at  5  per  cent,  (i.e.,  declares  its  readiness  to  pay  5  per 
cent,  of  $20,000  each  year,  and  $20,000  at  the  end  of  20  years). 
What  should  an  investment  company  wishing  to  have  its  money 
invested  at  4^  per  cent,  offer  in  cash  for  the  debentxires  ? 

29.  A  man  deposits  in  a  bank  $100,  and  at  the  end  of  each 
year  deposits  10  per  cent,  more  than  the  previous  year.  If 
interest  is  paid  at  the  rate  of  4  per  cent,  compounded  half-yearly, 
find  what  sum  he  has  in  the  bank  when  he  has  made  his  tenth 
deposit. 

30.  A  sum  of  $2000  is  lent  to  be  repaid  with  interest  at  4  per 
cent,  beginning  with  $80  at  the  end  of  the  first  year,  and  in- 
creasing 50  per  cent,  each  year  on  the  last  preceding  payment. 
Find  when  the  debt  will  be  paid  off. 

31.  A  person  who  has  a  capital  of  $20,000  for  which  he  i-e- 
ceives  interest  at  5  percent.,  spends  every  year  $2500.  Find  in 
how  many  years  he  will  have  all  of  his  money  spent. 
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CHAPTER  V 
MENSURATION 

1.  The  Pyramid.  A  pyramid  is  a  solid  bounded  by 
plane  faces,  all  but  one  of  which  meet  iu  a  point,  called  the 
vertex  of  the  pj-ramid,  the  face  opposite  the  vertex  being 
called  its  base. 

The  length  of  the  perpendicular  from  the  vertex  to  the 
plane  of  the  base  is  called  the  altitude  of  the  p^yramid. 

A  pyramid  with  a  triangular  base  is  called  a  triangular 
pyramid,  or  a  tetrahedron. 

It  is  shewn  in  works  on  geometry  that  pyramids,  of 
equal  altitudes,  standing  on  equal  bases  are  of  the  same 
volume. 

An  expression  for  the  measure  of  the  volume  of  a 
pyramid  may  now  be  found. 

Let  ABCDEF  be  a  right  prism  on  a  triangular  base. 
If  now  the  prism  be  divided  by  the  plane  DB  C,  one  part, 
D  A  B  C,  is  a  pyramid;  if  the  other  part  be  divided  by  the 
plane  D  F  B,  the  two  parts  D  F  B  C  and  D  B  E  F  are  pyra- 
mids. Thus  the  prism  has  been  divided  into  three 
pyramids.  Now  the  p^Tamids  DABC,  BEFD  {i.e. 
DBEF)  are  equal,  having  equal  bases  and  equal  alti- 
tudes ;  for  the  same  reason  the  pyramids  D  F  B  C  and 
DBEF  are  equal .  Therefore  the  three  pyramids  into 
which  the  prism  has  been  divided  are  equal.  The  volume 
of  the  pyramid  DABC  is  then  one-third  that  of  the 
prism,  or  is  measured  by  one- third  of  the  product  of  the 
measures  of  the  area  of  the  base  ABC  and  the  altitude. 
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The  pyramid  D  A  B  C  is  special  iu  that  the  base  is  tri- 
angular, and  the  edge  DA  is  the  altitude.  But  in  the  case 
of  any  other  pyramid,  if  a  perpendicular  be  drawn  from  the 
vertex  to  the  base,  and  the  foot  of  the  perpendicular  joined 
to  the  angular  points  of  the  base,  the  pyramid  is  seen  to 


1)6  the  sum    (possibly,  too,   a  difference)  of  a  number  of 
such  pyramids.     Hence  we  have  the  following  theorem  : 

The  volume  of  a  pyramid  is  measured  by  one-third  of  the 
product  of  the  measures  of  the  area  of  its  base  and  its  altitude. 

2.  The  Cone.  Let  the  right-angled  triangle  A  O  C 
make  a  complete  revolution  about  the  side  A  O  as  axis;  the 
solid  thus  generated  is  a  rig-ht  Circular  cone. 
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lu  what  follows  the  word  cone  will  be  taken  to  mean 
right  cii-cular  cone. 

The  point  A  is  its  vertex,  and  the  length  of  A  O  its 
altitude.  The  side  A  C  of  the  triangle  has  generated  the 
curved  surface  or  mantel  of  the  cone,  and  the  side  O  C 
of  the  triangle,  the  circular  base  of  the  cone. 

Since  the  vertex  A  is  at  the  same  distance  from  every 
point  in  the  circumference  of  the  base,   it  is  plain  that  if 


the  mantel,  regarded  as  a  sheet,  be  cnt  along  the  line  AC, 
and  placed  on  a  plane,  it  will  assume  the  form  of  a  sector 
of  a  circle;  the  radius  of  this  sector  is  equal  to  the  slant 
height  of  the  cone.  Hence  if  r,  h  and  I  measure  the  radius 
of  the  base  of  the  cone,  its  altitude  and  its  slant  height,  we 
have  the  relation 

and  the  area  of  the  curved  surface  is  measured  by 
7t  rl  or  n  r\/{r'  +  Ir). 
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To  fiud  the  measure  or  the  volume  of  a  cone. 

Suppose  a  regular  polygon  inscribed  in  its  circular 
base,  and  consider  the  pyramid  with  the  same  vertex  as  the 
cone,  and  with  this  polygon  as  base. 

The  volume  of  the  pyramid  is  measured  by  one-third  of 
the  product  of  the  measures  of  its  altitude  and  the  area  of 
its  base. 

If  now,  as  in  the  case  of  the  circle,  we  suppose  the 
number  of  sides  of  the  polygon  increased,  the  area  of  the 


O 


base  of  the  pyramid  becomes  more  and  more  nearly  equal 
to  the  area  of  the  base  of  the  cone,  and  the  volume  of  the 
pyramid  becomes  more  and  more  nearly  equal  to  the  volume 
of  the  cone;  we  are  thus  led  to  suppose  that  the  volume  of 
a  cone  is  measured  by  one- third  of  the  product  of  the 
measures  of  its  altitude  and  the  area  of  its  base.  In  more 
advanced  works  this  relation  is  shewn  to  be  exact,  and  we 
have  the  formula : 

t)  =  ^7rr*  h. 
where  v  denotes  the  measure  of  the  volume. 
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A  solid  such  as  APBDQC — the  part  of  the  cone  OCQD 
remaining  after  a  conical  part  O  A  P  B  has  been  cut  oflf — is 
called  the  frustum  of  a  cone. 

Let  a,  b  be  the  measures  of  the  lengths  of  QD,  PB — 
the  radii  of  the  base  and  the  top  of  the  frustum;  let  h  and 
k  be  the  measui-es  of  the  lengths  PQ,  BD — the  altitude  and 
the  slant  height  of  the  frustum. 

To  find  the  area  of  the  curved  surface  of  the  frustum, 
we  have: 

The  measure  of  the  area  of  the  curved  surface  of  the 
cone  OCQD  equals  tt  a-OD,  and  the  measure  of  the  area 
of  the  curved  surface  of  the  cone  O  A  P  B  equals  6  tt  -O  B, 
where  OD,  OB  denote  the  measures  of  the  lengths  of  the 
lines  OD,  OB. 

.  ■ .  The  measure  of  the  area  of  the  curved  surface  of  the 
frustum=  t:  (a-OD—h-OB). 

Now,  from  the  similar  triangles  OPB,  OQD, 


OB 

.6 

OD 

a 

0B_ 

b 

BD 

a—b  ' 

whence  0B  = 

kb 
a—b 

Similarlv 

0D  = 

ka 

a — b 


Therefore,  the  measure  of  the  area  of  the  curved  surfae* 
of  the  frustum 


/ka^ kb^\ 

\a—b    a—b/ 

=   n  k  {a-{-b)=2nk-"^ 
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Thus  it  is  seen  that  : 

The  measure  of  the  area  of  the  curved  surface  of  the 
frustum  of  a  cone  is  equal  to  that  of  a  cylinder  whose  alti- 
tude is  equal  to  the  slant  height  of  the  frustum,  and  the 
7'adius  of  whose  base  is  equal  to  one-half  the  sum  of  the  radii 
of  the  ends  of  the  frustum. 

To  find  the  measure  of  the  vohime  of  the  frustum  we 
have. 

The  measure  of  the  vohime  of  the  cone  0  C  Q  D 

=  i  TT  rt^   .  o  Q. 

The  measure  of  the  volume  of  the  cone  O  A  P  B 

=  i  7r&^  •  OP. 
.  ■ .  The  measure  of  the  volume  of  the  frustum 

=  i  ;r  [a-  ■  O  Q-lr  -OP). 
Now,  as  before,  we  have 

OQ    (/  ' 

•*•  OP-    &     ■ 
PQ     a-b' 

whence         O  P  =  — —  • 
a  —  b 

Similarly     0Q  =  -^- 
a—o 

Therefore,  the  measure  of  the  volume   of  the  frustum 

ha^         hb^ 


^   '     ^a-b       a-b' 
=  Inh  {a'  -V  ab  +  b")- 
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3.  The  Sphere.  If  a  semi-circle  makes  a  complete  revo- 
lution about  its  base,  the  solid  generated  is  a  sphere.  The 
circumference  of  the  semi-circle  generates  the  surface  of 
the  sphere. 

Let  CB  be  a  quadi-ant  of  a  circle,  and  let  it  make  a 
complete  revolution  about  the  radius  OC.  The  figure 
generated  is  a  hemi-sphere  whose  curved  surface  is  gener- 
ated by  the  quadrant.  Let  B  P  Q  R  S  C  be  part  of  a  regu- 
lar polygon  supposed  circumscribed  to  the  circle  of  which 
C  B  is  a  quadrant,  B  P  and  C  S  being  half- sides. 


0 


B 


Now  consider  the  frustum  whose  curved  surface  is 
generated  by  R  Q  in  the  revolution.  The  area  of  its  mantel 
is  measured  by 

2;7-  HNR+MQ)  RQ, 

denoting  by  N  R,  M  Q,  RQ  the  measures  of  the  lengths  of 
these  lines.  Now  (NR  +  M  Q)  =2  EG.  Therefore  the 
area  of  the  mantel  in  question  is  measured  by 

2;rEG.  RQ. 

But  from  the  similar  triangles  EGO,  Q  JR,  where  E  G 
and  Q  J  are  drawn  perpendicular  to  0  C  and  R  K,  it  is  seen 
that    EG.  RQ  =  EG.  QJ  ==  EG.  HK  =  MH.  HK. 
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Therefore  the  area  of  the  mantel  generated  by  RQ  is 
measured  by 

2n  MH.   HK, 

and  is  therefore  equal  to  the  area  of  the  cylindrical  surface 
generated  by  H  K.  Similar  results  hold  for  the  mantels 
generated  by  P  Q  and  R  S.      Therefore  we  have  the  result: 

The  area  generated  by  the  partial  polygon  B  P  Q  R  S  C 
in  a  revolution  about  the  axis  O  C,  is  equal  to  the  cylind- 
rical surface  generated  by  the  rotation  of  BY  about  the 
same  axis. 

If  now  the  number  of  sides  of  the  polygon  be  increased, 
the  surface  generated  becomes  more  and  more  nearly  equal 
to  that  generated  by  the  revolution  of  the  quadrant,  *.  e., 
to  the  area  of  the  hemisphere  and  we  are  led  to  suppose 
that. 

The  area  of  the  hemisphere  generated  by  BC  in  a  revol- 
ution, is  equal  to  that  of  the  cylindrical  surface  generated 
by  BY. 

The  relation  is  shewn  to  be  exact  in  more  advanced 
treatises  on  mensuration. 

Hence  if  s  denotes  the  measure  of  the  surface  of  a  sphere, 
and  r  that  of  its  radius,  we  have  the  formula 

From  the  investigation  we  are  led  to  suppose  that  the 
area  of  the  zone  generated  by  an  arc  as  D  E  is  equal  to  that 
of  the  corresponding  part  of  the  cylindrical  surface.  This 
relation  also  is  exact  so  that  the  area  of  a  zone  is  measured 
by  the  product  of  2  7rr  and  the  height  of  the  zone. 

To  find  the  volume  of  a  sphere,  we  may  suppose  the 
surface  divided  into  a  large  number  of  parts,  and  each  part 
to  be  taken  as  the  base  of  a  sort  of  conical  or  pj'ramidal 
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solid  with  its  vertex  at  the  centre.  If  the  number  of  parts 
be  increased,  the  bases  are  more  and  more  nearly  plane, 
and  the  altitude  of  each  of  these  pyramidal  solids  more  and 
more  nearly  equal  to  the  radius  of  the  sphere.  Hence  we 
are  led  to  suppose  that  the  volume  is  measured  by  one- 
third  of  the  product  of  the  radius,  and  the  totality  of  the 
bases  (i.  e.,  the  area  of  the  surface  of  the  sphere)  or,  that, 
as  a  formula, 

This  formula  is  exact. 

Exercises 

1.  Find  the  volume  of  the  pyramid  whose  height  is  9  feet  and 
whose  base  is  a  triangle  of  sides  6  feet,  8  feet  and  10  feet. 

2.  Find  the  volume  of  the  tetrahedron  each  of  whose  edges  is 
one  inch  in  length. 

3.  By  means  of  a  drawing  shew  that  a  cube  may  be  divided 
into  three  pyramids  with  square  bases  and  equal  in  all  respects. 

4.  Shew  that  a  cube  may  be  divided  into  six  equal  pyramids 
with  vertices  at  its  centre. 

Employ  this  fact  to  verify  the  formula  for  the  volume  of  a 
pyramid. 

5.  Find  the  volume  of  the  tetrahedron  each  of  whose  faces  is 
an  equilateral  triangle  of  area  one  square  centimetre. 

6.  If  a  plane,  parallel  to  the  base  of  a  pyramid,  cut  the  pyra- 
mid ,  the  part  between  the  plane  and  the  base  is  called  the  frusUim 
of  a  pyramid.  Shew  that  the  area  of  the  sides  of  the  frustum  of 
a  pyramid  is  the  sum  of  the  areas  of  a  number  of  trapezoids. 

7.  A  regular  pyramid  whose  base  is  a  square  of  side  1  inch  and 
whose  height  is  (5  inches  is  cut  by  a  plane  which  bisects  its  height. 
Find  the  area  of  the  sides  and  the  volume  of  the  finistum  so  formed. 

8.  Find  the  volume  and  the  area  of  a  cone  whose  height  is 
12  centimetres  and  the  radius  of  whose  base  is  2  centimetres. 
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9.  Find  the  volume  and  the  area  of  a  cone  whose  slant  height 
is  10  inches  and  the  diameter  of  whose  base  is  6  inches. 

10.  A  military  tent  is  9  feet  high  ;  its  shape  is  that  of  a  cone 
standing  on  a  cylinder  whose  diameter  is  12  feet  and  height  3  feet. 
Find  the  cost  of  the  canvas,  27  inches  wide  at  15  cents  a  yard, 
allowing  3  yards  for  seams  and  waste. 

11.  What  is  the  volume  generated  by  the  revolution  about  its 
hypotenuse,  of  a  right-angled  triangle  whose  sides  are  21  feet  and 
28  feet  in  length. 

12.  The  lengths  of  the  sides  of  a  triangle  are  as  3:4:5.  Show 
tliat  the  volumes  of  the  solids  generated  by  the  revolutions  of  the 
triangle  about  the  sides  are  as  4:3:  -5-- 

13.  The  radius  of  the  base  of  a  cone  is  5  inches,  its  height  is 
12  inches;  find  the  volume  and  the  area  of  the  frustum  cut  off  ^ 
of  the  height  from  the  base. 

14.  The  height  of  a  cone  is  7  inches  and  the  area  of  its  base 
is  3  square  inclies.  Find  the  volume  and  the  area  of  the  frustum 
contained  between  the  base  raid  the  plane  which  is  parallel  to  the 
base  and  which  bisects  the  height  of  the  cone. 

15.  A  right  circular  cone  was  measured.  The  method  of 
measurement  was  such  that  it  was  known  only  that  the  diameter 
of  the  base  is  not  less  than  6-22  m.  nor  more  than  6-24  m.,  and 
the  slant  side  is  not  less  than  9-42  m.  nor  more  than  9-44  m. 
Find  the  slant  area  of  the  cone,  taking  (1)  the  lesser  dimensions, 
(2)  the  greater  dimensions. 

Express  half  the  difference  of  the  two  answers  as  a  percentage 
of  the  mean  of  the  two. 

If,  in  calculating  the  area,  the  computer  gives  10  significant 
figures  in  his  answer,  how  many  of  these  are  unnecessary  ? 

IG.  Two  buckets,  one  cylindrical  of  7  inches  diameter,  tlie 
other  a  frustum  of  a  cone  with  the  diameters  of  its  ends  G  inches 
and  8  inches,  are  of  the  same  depth,  9  inches.  Compare  their 
volumes. 

17.  Find  the  volume  and  the  area  of  a  sphere  whose  radius  is 
16-25  metres. 

18.  A  spherical  shell,  internal  diameter  14  inches,  is  filled 
with  water.  Its  contents  are  poured  into  a  cylindrical  vessel 
whose  internal  radius  is  14  inches;  find  the  depth  of  the  water  in 
the  cylinder. 
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19.  The  volume  of  a  sphere  is  found  by  multiplying'  the  cube 
of  the  radius  by  4-1888;  and  the  area  of  the  circle,  by  multiplying' 
the  square  of  the  radius  by  31416.  Find  the  area  of  a  circle 
which  by  rotating  about  a  diameter  will  describe  a  sphere  whose 
volume  is  a  cubic  foot. 

20.  A  sphere  of  radius  7  inches  is  equal  in  volume  to  a  cone 
of  height  14  inches.  Find  the  radius  of  the  base  of  the  cone, 
taking  -V-  as  the  approximation  to  the  ratio,  c:d. 

21  The  surface  of  a  sphere  is  equal  to  one-half  of  that  of  a 
right  circluar  cone ;  the  radius  of  the  base  of  the  cone  is  1  foot  and 
its  height  is  i/3  feet.     Find  the  volume  of  the  sphere. 

22.  How  manj'  cubic  inches  of  wood  are  there  in  a  hollow 
wooden  ball  10  inches  in  diameter,  the  wood  being  2^  inches  thick? 

23.  If  the  diameter  of  a  9-pound  shot  is  3  inches  find  the 
diameter  of  an  18-pound  shot. 

24.  The  base  of  a  pyramid  is  a  regular  hexagon  of  which  each 
side  is  36  feet;  find  the  height  of  the  pyramid  if  its  volume  is 
equal  to  that  of  a  sphere  of  which  the  radius   is  16-25  feet. 

25.  The  surface  of  a  sphere  is  1386  sq.  in.  and  that  of  a  cube 
is  1536  sq.  in.     Find  which  has  the  greater  volume. 

26.  A  sphere  and  a  cube  have  the  same  surface  area.  Com- 
pare the  diameter  of  the  sphere  with  an  edge  of  the  cube,  working 
correctly  to  three  decimal  places. 

27.  A  rectangle,  a  semi-circle,  and  an  isoceles  triangle  have 
equal  bases  and  equal  altitudes ;  shew  that  the  volumes  generated 
by  revolving  them  about  their  bases  are  as  3:2: 1. 

28.  Find  the  radius  of  that  sphere  the  number  of  square  cen- 
timetres of  whose  surface  equals  the  number  of  cubic  inches  of  its 
volume. 

29.  From  a  sphere  of  radius  1  inch  the  largest  possible  cube 
is  cut.     What  fraction  of  the  volume  of  the  sphere  is  cut  away  ? 

30.  A  hemisphere,  a  cylinder  and  a  cone  stand  on  the  same 
base.  If  their  heights  are  tlie  same  compare  their  volumes  and 
{heir  areas. 
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1.  CANADIAN  WEIGHTS  AND  MEASURES 


a.  Linear  Measures 

The  unit  of  linear  measure  is  the  yard.  In  the  Domin- 
ion Weights  and  Measures  Act  of  1879  it  is  defined  as 
follows : 

"The  straight  line  or  distance  between  the  centres  of 

the  two  gold  plugs  or  pins in  the  bronze  bar  by 

this  Act  declared  to  be  the  Dominion  standard  for  deter- 
mining the  Dominion  standard  yard,  measured  when  the 
bar  is  at  a  temperature  of  sixty-one  degrees  and  ninety-one 

hundredths  of  Fahrenheit's  thermometer, shall  be 

the  legal  standard  measure  of  length,  and  shall  be  called 
the  Dominion  standard  yard  and  shall  be  the  only  unit  or 
standard  measure  of  extension  from  which  all  other 
measures  of  extension,  whether  linear,  superficial  or  solid, 
shall  be  ascertained." 

The  bronze  bar  in  question  is  deposited  in  the  Depart- 
ment of  the  Interior  at  Ottawa. 

The  multiples  and  sub-multiples  of  the  yard  in  actual 
use  or  to  which  reference  is  made  from  time  to  time  are  the 
inch;  the  foot;  the  yard;  the  rod,  pole,  or  perch:  the  fur- 
long; and  the  mile.  The  relations  among  these  measures 
are  shewn  in  the  following  table: 


Inches  (in.) 

Feet  (ft.) 

Yards  (j'd. ) 

Rods(rd.) 

Furlongs 
(fur.) 

Miles  (mi.) 

12 

1 

36 

3 

1 

198 

16.. 5 

5.5 

1 

7920 

660. 

220. 

40 

1 

63360 

5280. 

1760. 

320 

8 

1 
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Otli«r  measures  are: 


The  chain    ]  _,,,,         , 

=  100  hnksj  — ^- yards. 

The  fathom  =  6  feet. 

The  hand  =4  inches. 

The  nautical  mile  =  6077  feet. 

The  league  =  3  miles. 

There  may  also  be  employed,  in  those  parts  of  Quebec 
originally  held  by  seigniorial  tenure,  the  following: 

The  French  or  Paris  foot  =  12.79  inches. 
The  arpent  (acre)  =180  French  feet. 
The  perch  =  18  French  feet. 

6.  Surface  or  Square  Measures 

The  unit  of  square  measure  is  the  square  .yard.  Its 
relations  to  the  principal  derived  measures  are  given  in  the 
table : 


Inches 

in.) 

*3 

■l5 

- 

< 

«    . 

Qi 

I"    . 

OJ   t- 

— ' 

H 

rt    y" 

1^ 

%t 

o 

cr 

cr 

cr 

cr^ 

s 

O 

re 

m 

CC 

32 

P5 

< 

144 

1 

1296 

9 

1 

272.25 

30.25 

1 

10890. 

1210. 

40 

1 

43560 . 

4840. 

160 

4 

1 

Note. — 1  square  mile  =  640  acres. 

There  may  also  be  employed,  in  those  parts  of  Quebec 
originally  held  by  seigniorial  tenure,  the  following:      ' 

The  arpent  =  32400  square  French  feet. 
The  perch  =  324  square  Freuch  feet. 
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c.  Solid  or  Cubic  Measures 

The  unit  of  solid  measure  is  the  eiilnc  yard.     Its  relations 
to  the  principal  derived  units  are  sliewu  in  the  table: 


Cubic  inches  (c.in.) 

Cubic  feet,   (eft.) 

Cubic  yards,  (c.yd. ) 

1728 
46656 

1 
27 

1 

Other  measures  of  volume  are : 

The  board-measure  foot=l  square  foot  X  1  inch  thickness, 
:=144  cubic  inches. 

The  cord  (of  wood  or  stone)  =8  feet  length  X   4  feet  breadth   X  4  feet 

height, 
=128  cubic  feet. 


d.  Measures  of  Weight 

The  unit  of  weight  or  mass  is  the  pound  avoirdupois. 
By  the  Dominion  Weights  and  Measures  Act  it  is  defined  to 
be  the  Imperial  pound,  which,  by  the  Weights  and  Meas- 
ures Act  of  1878  of  the  Parliament  of  Great  Britain  and 
Ireland,  is  declared  to  be  the  weight  or  mass  of  a  certain 
lump  of  platinum  deposited  in  the  Standards  Department 
of  the  Board  of  Trade  at  Westminster. 

The  following  table  gives  the  relations  of  the  pound  to 
the  derived  units: 


Drams  (dr.) 

Ounces  (oz. ) 

Pounds    (lb.) 

Hundred- 
weight (cwt. ) 

Tons  (T.) 

16 

1 

256 

16 

1 

1600 

100 

1 

2000 

20 

1 

CANADIAN    WEIGHTS    AND    MEASURES  219 

Tlie  grain  is  defined  l)y  tlie  relation, 
7(t()(»  i^iains^rl  pound; 

and  the  ounce  Troy  by  the  relation, 

480  grains^^l  ounce  Troj'. 

The  following  measures  are  given  though  some  of  them 
are  now  seldom  if  ever  used: 

The  long  ton =2240  pounds. 

The  quarter -25  pounds. 

The  stone ^14  pounds. 

The  pennyweight -24  grains. 

The  ounce  Troy -20  pennyweights. 

The  pound  Troy -12  ounces  (Troy). 

I3y  the  Dominion  Act  already  cited, 

"All  articles  sold  by  weight  shall  be  sold  by  avoir- 
dupois weight,  except  that  gold,  silver,  platinum,  and 
precious  stones,  and  articles  made  thereof,  may  be  sold  b)' 
the  ounce  Troy  or  by  any  decimal  part  thereof." 

e.  Measures  of  Capacity 

The  unit  of  measure  of  capacity  is  the  gallon.  It  is 
thus  defined  in  the  Act  of  1879: 

"The  unit  or  standard  measure  of  capacitj'  from  which 
all  other  measures  of  capacity,  as  well  for  liquids  as  for 
dry  goods,  shall  be  derived,  shall  be  the  gallon  containing 
ten  imperial  standard  pounds  weight  of  distilled  water 
weighed  in  air  against  brass  weights,  with  the  water  and 
the  air  at  the  temperature  of  sixty-two  degrees  of  Fahren- 
heit's thermometer,  and  with  the  barometer  at  thirty 
inches." 
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The  relations  of  tlie  gfallon  to  the  deriverl  nieasnreii    are 
shewu  in  the  table: 


Pints  (pt.) 

Quarts 

(qt.) 

Gallons 

(gal.) 

Pecks 

(pk.) 

Bushels 

(bu.) 

Barrels 
(bbl.) 

2 

1 

8 

4 

1 

16 

8 

2 

1 

64 

32 

8 

4 

1 

200 

100 

25 

1 

Note. — A  cubic  foot  of  distilled  water  at  62'  F.,  the  barometer 
standing  at  30  inches,  weighs  62.2786  pounds. 

Certain  substances  sold  nominally  by  the  bushel  are 
sold  actually  by  weight.  In  such  cases  the  Act  has  de- 
clared what  weight  shall  be  regarded  as  a  bushel.  The 
table  is  a  follows: 


Blue  grass  seed 14  lb. 

Oats 34  11). 

Malt 36  lb. 

Castor  beans 40  lb. 

Hemp  seed 44  lb. 

Barle}',  buckwheat  and 

timothj'  seed 48  lb. 


Flax  seed 50  lb. 

Indian  corn  and  rye ....  56  lb. 

Wheat,  peas,  beans  and 

clover  seed 60  lb. 

Potatoes,  turnips,  car- 
rots, parsnips,  beets 
and   onions 60  lb. 


Other  measures  are: 

The  quarter 

The  barrel  of  flour 

The  barrel  of  pork  or  of  beef 
The  pint 


^       8  bushels. 

=  196  pounds. 

=  200  pounds. 

=     20  fluid  ounces. 

" =160  fluid  drachms. 

"  =9600  fluid  minims. 

The  gill =0.25  pints. 
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2.  THE  METRIC   SYSTEM   OF  MEASURES  AND   WEIGHTS 

The  fuiidanieutal  units  in  the  Metric  System  of  measures 
and  weights  are  the  metre  and  the  kilogramme. 

The  metre,  originally  meant  to  be  the  ten-millionth  part 
of  the  distance  from  the  equator  to  the  pole  of  the  earth,  is 
now  actually  defined  by  the  standard  metre,  the  length  of  a 
platinum  bar  preserved  in  the  national  archives  of  France. 
In  countries  where  the  metric  system  has  been  adopted,  the 
virtual  material  standards  are  copies  of  the  standard  metre. 
In  a  country,  as  Canada,  where  the  metric  system  is  permis- 
sive, the  effective  definition  of  the  metre  is  the  legal  equiva- 
lent of  the  metre  in  terms  of  the  unit  iii  general  use. 

The  kilogramme  is  the  mass  or  weight  of  a  piece  of 
platinum  deposited  in  the  archives  of  France,  copies  of 
which  have  been  made  and  distributed  among  the  govern- 
ments which  have  legalized  the  metric  system.  The 
standard  of  weight  was  connected  with  the  standard  of 
length  by  being  made  as  nearly  as  possible  of  the  same 
weight  as  that  of  the  amount  of  distilled  water  at  the 
temperature  of  4°  C,  contained  in  a  cube  each  edge  of 
which  is  one-tenth  of  a  metre  in  length.  In  the  terminology 
of  the  metric  system  the  gramme,  which  is  the  thousandth 
part  of  the  kilogramme,  is  treated  as  the  unit  of  weight. 

The  metric  system  is  a  decimal  system,  the  derived 
units  being  formed  by  division  or  multiplication  by  powers 
of  ten.  The  multiple  units  are  named  by  employing  the 
Greek  numeral-prefixes,  deJca-,  hecto-,  kilo-,  myria-,  to 
denote  ten,  one-hundred,  one-tliousmid,  ten-thousand  times 
(the  associated  unit).  The  sub-multiple  units  are  named 
by  employing  the  Latin  numeral-prefixes,  deci-,  centi- ,  milli- , 
to  denote  one-tenth,  one-hundredth,  one-thousandth  of  (the 
associated  unit).  Sometimes  also  the  prefixes,  mega-,  micro-, 
are  employed  to  denote  the  millionth  multiple  and  the 
millionth  part. 


222 


ARITHJVIETIC 


Manifestly  then,  if  a  measnre  is  written  in  terms  of  one 
nnit,  it  is  possil)le  to  pass  to  any  derived  unit  simply  b^^ 
moving  the  decimal  point;  thus  537.29  metres  =  53.729 
dekametres  =  53729  centimetres. 

The  following  tables  give  the  equivalents  of  the  metric 
measures  and  weights  in  terms  of  the  measures  and  weights 
in  general  use  in  Canada: 

a.  Measures  of  Length 


Metric  Denominations 

Values  in 
Metres 

Equivalents 

in  Denominations 

in  Use 

Mj'riametre  (Mm.).      .  .            

10,000 

1000 

100 

10 

1 

0  1 

0.01 

0.001 

6.21382  miles 
0.62138  miles 
109.36331  yards 
10.  93633 yards 
j-     1.09363306  yds. 
1      3.28089917  feet 
I  39.37079  inches 
3. 93708  inches 
0.39371  inches 
0.03937  inches 

Kilometre  (Km. ) 

Hectometre  (Hm. )   

Dekametre  (Dm. )    

Decimetre   (dm. )     

Centimetre   (cm. ) 

Millimetre  (mm. )    

h.    MEASURES   OF   SURFACE 


Metric  Denominations 


Hectare  (Ha. ) 

Are  (a. ) 

Centiare  (ca. ) 

Square  Decimetre  (sq.  dm.) 
Square  Centimetre  (sq.cm.) 
Square  Millimetre  (sq.  mm. ) 


Values  in 
Square    Metres 

Equivalents  in 
Denominations  in  Use 

10,000 

2.47115  acres 

100 

119.60333  square  yards 

1 

r    1 .19603  square  yards 

1 10. 76430  .square  feet 

0.01 

1"). 50059  square  inches 

0.0001 

0.15501  .square  inches 

O.OOOOOl 

0.00155  square  inches 
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C.    MEASURES   OF   CAPACITY   OR   VOLUME 


Metric  Denomination.s  and  Values 

Equivalents 

in  Denominations 

in  Use 

Names 

No.  of 

Litres 

Cubic  Measure 

Kilolitre  (KI.)  or 
stere  (st.). .  . 

Hectolitre  (HI.).    . 

Dekalitre  (Dl.)  ... 

Litre  (1.) 

Decilitre  (dl.) 

Centilitre  (cl.).  .  .  . 
Millilitre(mL) 

1 000 

100 

10 

1 

0.1 

0.01 
0.001 

1  cubic  metre 

0.1  cubic  metre 

10  cubic  decimetres. 

1  cubic  decimetre  . 

1 1. 1  cubic  decimetres. 

10  cubic  centimetres 
1  cubic  centimetre. 

C  3.43901  quarters 
135.31658  cubic  ft. 
f  2.75121  bushels 
\  3.53166  cubic  ft. 
j-  2.20097  gallons 
i    0. .353 17  cubic  ft. 
r   1.76077  pints 
161.02705  cubic  in. 
1'  0.17608  pints 
t  G.  10270  cubic  in. 

0.61027  cubic  in. 

0.06103  cubic  in. 

(1.    MEASURES   OF   WEIGHT 


Metric  Denominations 

Values  in 
Grammes 

Equivalents  in 
Denominations  in  Use 

Millier  ortonneau  (Megagramme) 
Quintal 

1,000,000 

100,000 

10,000 

1000 

100 

10 

1 

0.1 

0.01 

0.001 

22.046211b. 

C          2.204621251b. 

\  154,32. 34874  grains 

3.52739  oz. 

5.64383  drams 

15. 43235  grains 

1.54324  giains 

0.15432  grains 

0.01543  grains 

Myriagramme  ( Mg. ) 

Kilogramme  or  Kilog  (Kg. ) 

Hectoeramme   (Hsr. ) 

Dekagramme  (Dg. ) 

Gramme  (g. )  

Decigramme  (do*. ) 

Milligramme  (mg. ) 
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3.  VALUES 
a.  Canadian  Money 

The  unit  of  Canadian  money  is  the  dollar.  The  rela- 
tions of  the  dolhir  to  its  derived  nnits  are  shewn  in  the 
table : 

1000  mills  =  100  cents  (ct.)  =  1  dollar  ($). 

The  term  mill  is  rarely  employed  for  auy  purpose  other 
than  the  quotation  of  the  rate  of  taxation. 

The  dollar  is  defined  in  terms  of  the  pound,  the  unit  of 
British  mone}'.     The  relation  between  these  units  is  : 

1  pound  =  4-86f  dollars. 

b.  United  States  Money 

The  unit  of  United  States  money  is  the  dollar.  The 
derived  units  are  as  those  of  the  Canadian  unit,  except  that 
in  the  United  States  there  are,  in  addition,  the  dime  which 
equals  ten  cents,  and  the  eagle  which  equals  ten  dollars. 

The  dollar  as  a  gold  coin  is  required  to  be  made  of  gold 
of  nine-tenths  fineness,  and  to  weigh  25-8  grains.  This 
condition  secures  that  the  United  States  dollar  and  the 
Canadian  dollar  are  of  practically  the  same  value. 

c.  British  Money 

The  unit  of  British  money  is  the  pound  sterling.  Its 
relation  to  the  derived  units  are  given  in  the  table: 

960  farthings  =  240  pence  (d.)  =  20  shillings  (s.)  or  (/-) 

=  1  pound  (£). 

The  sovereign,  as  a  gold  coin,  is  required  to  be  of  gold 
of  f^  fineness  and  to  be  such  that  1869  sovereigns  weigh 
480  ounces  Troy. 


MEASURES   OF   TIME 
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4>.  MEASURES  OF  TIME 

The  unit  of  time  is  the  mean  solar  day,  which  is  defined 
approximately  by  the  relation: 

365 '242216  mean  solar  days^l  year. 

The   relations   of  the   (mean  solar)  day  to  its  derived 
units  are  shewn  in  the  table : 


Seconds 

(sec.) 

Minutes 
(min.) 

Hours 
(hr. ) 

Days 

(da.) 

Weeks 

(wk.) 

60 

1 

3600 

60 

1 

86,400 

1440 

24 

1 

10,080 

168 

1 

1 

In  order  to  avoid  fractional  parts  of  a  day  in  the  state- 
ment for  a  year,  calendar  years  of  two  kinds  have  been 
adopted,  the  common  year  consisting  of  365  days,  and  the 
leap  year  of  366  days.  Every  year  whose  date-number  is  a 
multiple  of  4  is  a  leap  year,  except  those  whose  date- 
numbers  are  multiples  of  400. 

The  calendar  year  is  divided  into  12  months  of  unequal 
length.  The  months,  January,  March,  May,  July,  August, 
October,  December,  consist  each  of  31  days;  the  months, 
April,  June,  September,  November,  each  of  30  daj'^s; 
February,  of  28  days,  in  the  common  year,  and  of  29  days, 
in  the  leap  year. 
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5.  ANGULAR  MEASURE 

The  unit  of  angular  measure  is  the  complete  revolution 
or,  as  it  is  sometimes  called,  the  circle.  The  relations  of 
this  unit  to  the  derived  units  are  shewn  in  the  table: 


Seconds 

(") 

Minutes 

Degrees 

n 

Right 
Angles 

Circles 

60 

1 

3600 

60 

1 

5400 

90 

1 

360 

4 

1 

INTEEEST  TABLES 
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\  Per 

Cent. 

f  Per  Cent. 

t 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

t 

cS 
o 

1 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

u 

>• 

1 

1.005000 

0.995025 

1.007500 

0.992556 

1 

2 

1.010025 

0.990074 

2 

1.015056 

0.985167 

2 

3 

1.015075 

0.985149 

3 

1.022669 

0.977833 

3 

4 

1.020150 

0.980248 

4 

1.030339 

0.970554 

4 

5 

1.025251 

0.975371 

5 

1.038067 

0.963330 

5 

6 

1.030378 

0.970518 

6 

1.045852 

0.956158 

6 

7 

1.035529 

0.965690 

/ 

1.053696 

0.949040 

7 

8 

1.040707 

0.960885 

8 

1.061599 

0.941975 

8 

9 

1.045910 

0.956105 

9 

1.069561 

0.934963 

9 

10 

1.051140 

0.951348 

10 

1.077583 

0.928003 

10 

11 

1 . 056396 

9.946615 

11 

1.085664 

0.921095 

11 

12 

1.061678 

0.941905 

12 

1.093807 

0.914238 

12 

13 

1 . 066986 

0.937219 

13 

1 . 102010 

0.907432 

13 

14 

1.072321 

0.932567 

14 

1.110276 

0.900677 

14 

15 

1.077683 

0.927917 

15 

1.118603 

0.893972 

15 

16 

1.083072 

0.923301 

16 

1 . 126992 

0.887318 

16 

17 

1.088486 

0.918707 

17 

1.135445 

0.880712 

17 

18 

1.093929 

0.914136 

IS 

1 . 143960 

0.874156 

18 

19 

1.099398 

0.909588 

19 

1 . 152540 

0.867649 

19 

20 

1 . 104895 

0 . 905063 

20 

1.161184 

0.861190 

20 

21 

1.110420 

0.900560 

21 

1 . 169893 

0.854779 

21 

22 

1.115972 

0.896080 

22 

1.178667 

0.848416 

22 

23 

1.121552 

0.891622 

23 

1 . 187507 

0.842100 

23 

24 

1.127160 

0.887186 

24 

1.196414 

0.835831 

24 

25 

1.132795 

0.882772 

25 

1.205387 

0.829609 

25 

26 

1 . 138459 

0.878380 

26 

1.214427 

0.823434 

26 

27 

1 . 144152 

0.874010 

27 

1.223535 

0.817304 

27 

28 

1 . 149872 

0.869662 

28 

1.2.32712 

0.811220 

28 

29 

1 . 155622 

0.865335 

29 

1 .241957 

0.805181 

29 

30 

1.161400 

0.861030 

30 

1.251272 

0.799187 

30 

31 

1.167207 

0.856746 

31 

1.260656 

0.793238 

31 

32 

1.173043 

0.852483 

32 

1.270111 

0.787333 

32 

33 

1.178908 

0.848243 

33 

1.279637 

0.781472 

33 

34 

1.184803 

0.844023 

34 

1.289234 

0.775654 

34 

35 

1 . 1 90726 

0.839823 

35 

1.298904 

0.769880 

35 

36 

1.196680 

0.835645 

36 

1 . 308645 

0.764149 

36 

37 

1 . 202664 

0.831488 

37 

1.318460 

0.758460 

37 

38 

1.208677 

0.827351 

38 

1 . 328349 

0.752814 

38 

39 

1.214720 

0.823235 

39 

1.338311 

0.747210 

39 

40 

1.220794 

0.819139 

40 

1 . 348349 

0.741648 

40 
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1  Per 

Cent. 

li  Per  Cent. 

i 

'6 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

1 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

'6 

1 

1.010000 

0.990099 

1.012500 

0.987654 

1 

2 

1.020100 

0.980296 

2 

1.025156 

0.975461 

2 

3 

1.030301 

0.970590 

3 

1,037971 

0.963418 

3 

4 

1.040604 

0 . 960980 

4 

1 . 050945 

0.951524 

4 

5 

1.051010 

0.951466 

5 

1.064082 

0.939777 

5 

6 

1.061520 

0.942045 

6 

1.077383 

0.928175 

6 

7 

1.072135 

0.932718 

7 

1.090850 

0.916716 

7 

8 

1.082857 

0.92.3483 

8 

1 . 104486 

0.905398 

8 

9 

1.093685 

0.914340 

9 

1.118292 

0.894221 

9 

10 

1 . 104622 

0 . 905287 

10 

1.132271 

0.883181 

10 

11 

1.115668 

0.896324 

11 

1 . 146424 

0.872277 

11 

12 

1 . 126825 

0,887449 

12 

1.160755 

0.861509 

12 

13 

1 . 138093 

0.878663 

13 

1.175264 

0.850873 

13 

14 

1 . 149474 

0.869963 

14 

1.189955 

0.840368 

14 

15 

1 . 160969 

0.861349 

15 

1.204829 

0.829993 

15 

16 

1.172579 

0.852821 

16 

1.219890 

0.819746 

16 

17 

1.184304 

0.844377 

17 

1.235138 

0.809626 

17 

18 

1.196147 

0.836017 

18 

1.250577 

0.799631 

18 

19 

1.208109 

0.827740 

19 

1.266210 

0 . 789759 

19 

•20 

1.220190 

0.819544 

20 

1.282037 

0.780008 

20 

21 

1.232392 

0.811430 

21 

1.298063 

0.770379 

21 

22 

1.244716 

0.803396 

22 

1.314288 

0.760868 

22 

23 

1.257163 

0.795442 

23 

1.. 3.307 17 

0.751474 

23 

24 

1.269735 

0.787566 

24 

1.347351 

0.742197 

24 

25 

1 . 282432 

0.779768 

25 

1.. 364 193 

0.733034 

25 

26 

1.295256 

0.772048 

26 

1.381245 

0.723984 

26 

27 

1 . 308209 

0.764404 

27 

1.398511 

0.715046 

27 

2S 

1.321291 

0.756836 

28 

1.415992 

0.706218 

28 

29 

1 . 334504 

0.749342 

29 

1 . 433692 

0.697500 

29 

30 

1.347849 

0.741923 

30 

1,451613 

0.688889 

30 

31 

1.361327 

0  734577 

31 

1.469759 

0.6800.38 

31 

32 

1.374941 

0.727304 

32 

1.488131 

0.671984 

3-2 

33 

1 . 388690 

0.720103 

33 

1.506732 

0.663688 

33 

34 

1.402577 

0.712973 

34 

1.525.566 

0 . 655494 

3  + 

35 

1.416603 

0.705914 

35 

1.544636 

0.647402 

35 

36 

1.430769 

0.698925 

36 

1.563944 

0.639409 

36 

37 

1.445076 

0.692005 

37 

1.583493 

0.631515 

37 

38 

1.459527 

0.685153 

38 

1.603287 

0.623719 

38 

39 

1.474123 

0.678370 

39 

1.623328 

0.616018 

"39 

40 

1.488864 

0,671653 

40 

1.643619 

0.608413 

40 
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H  Per  Cent. 

If  Per  Cent. 

Amoiint  of 

1  dollar  at  the 

end  of  a  cei-- 

tain  number 

of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

o 
1 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

1 

1 

1.015000 

0.985222 

1.017500 

0.982801 

2 

1.030225 

0.970662 

2 

1.035306 

0.965898 

2 

S 

1.045678 

0.956317 

3 

1.053424 

0.949285 

3 

4 

1.061364 

0.942184 

4 

1.071850 

0.932958 

4 

5 

1.077284 

0.928260 

5 

1.090617 

0.916913 

5 

6 

1.093443 

0.914542 

6 

1.109702 

0.901142 

6 

7 

1 . 109845 

0.901027 

7 

1 . 129122 

0.885646 

7 

8 

1 . 126493 

0.887711 

8 

1 . 148882 

0.870413 

8 

9 

1 . 143390 

0.874592 

9 

1 . 168987 

0.855441 

9 

10 

1 . 160541 

0.861667 

10 

1 . 189444 

0.840728 

10 

11 

1.177949 

0.848933 

11 

1.210260 

0.826269 

11 

12 

1.195618 

0.836387 

12 

1.231439 

0.812058 

12 

13 

1.213552 

0.824027 

13 

1.252990 

0.798091 

13 

14 

1.231756 

0.811849 

14 

1.274917 

0.784365 

14 

15 

1.250232 

0.799851 

15 

1.297228 

0.770875 

15 

16 

1.268986 

0.788031 

16 

1.319929 

0.757616 

16 

17 

1.288020 

0.776385 

17 

1.343028 

0.744586 

17 

18 

1.307341 

0.764912 

18 

1.366531 

0.731780 

18 

19 

1.326951 

0.753607 

19 

1.390445 

0  719194 

19 

20 

1.346855 

0 . 742470 

20 

1.414778 

0.706825 

20 

21 

1.367058 

0.731498 

21 

1.439537 

0.694668 

21 

22 

1 . 387564 

0.720688 

22 

1.464729 

0.682720 

22 

23 

1 . 408377 

0.710037 

23 

1.490361 

0.670978 

23 

24 

1.429503 

0.699544 

24 

1.516443 

0.659438 

24 

25 

1 . 450945 

0.689206 

25 

1.542981 

0.648096 

25 

26 

1.472710 

0.679020 

26 

1.569983 

0.636950 

26 

27 

1.494800 

0.668986 

27 

1.597457 

0.626995 

27 

28 

1.517222 

0.659099 

28 

1.625413 

0.615228 

28 

29 

1.539981 

0.649359 

29 

1 . 653858 

0.604647 

29 

30 

1.563080 

0,639762 

30 

1.682800 

0.594248 

30 

31 

1.586526 

0.630308 

31 

1.712249 

0.584027 

31 

32 

1.610324 

0.620993 

32 

1.742213 

0.573982 

32 

33 

1.634479 

0.611816 

33 

1.772702 

0.564110 

33 

34 

1.658996 

0.602774 

34 

1 . 803725 

0.554408 

34 

35 

1 .683881 

0.593866 

35 

1.835290 

0.644873 

35 

36 

1.709140 

0.585090 

36 

1.867407 

0.635602 

36 

37 

1.734777 

0.576443 

37 

1.900087 

0.526292 

37 

38 

1.76079S 

0.567924 

38 

1.933338 

0.517240 

38 

39 

1,787210 

0.559531 

39 

1   967172 

0  508344 

39 

40 

1.81401S 

0.551262 

40 

1     2.001597 

1 

0.499601 

40 
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2  Pkr 

Cent. 

2i  Pkk  Cent. 

'i. 

I 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

i 

1 

Amount  of 

1  dollar  at  the 

end  of  accr 

tain  number 

of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

1 

1.020000 

0.980392 

1.025000 

0.975610 

1 

2 

1.040400 

0.961169 

2 

1.050625 

0.951814 

2 

3 

1.061208 

0.942322 

3 

1.076891 

0.928599 

3 

4 

1.082432 

0.923845 

A 

1.103813 

0.905951 

4 

5 

1.104081 

0.905731 

5 

1.131408 

0.883854 

5 

6 

1.126162 

0.887971 

6 

1.159693 

0.862297 

6 

7 

1.148686 

0.870560 

7 

1.188686 

0.841265 

7 

8 

1.171659 

0.853490 

8 

1.218403 

0.820747 

8 

9 

1.195093 

0.836755 

9 

1.248863 

0.800728 

9 

10 

1.218994 

0.820348 

10 

1.280085 

0.781198 

10 

11 

1.24.3374 

0.804263 

11 

1.312087 

0.762145 

11 

12 

1.268242 

0. 788493 

12 

1.344889 

0.743556 

12 

13 

1.293607 

0.773032 

13 

1.378511 

0.725420 

13 

14 

1.319479 

0.757875 

14 

1.412974 

0.707727 

14 

15 

1.345868 

0.743016 

15 

1.448298 

0.690466 

15 

16 

1.372786 

0.728446 

16 

1.484506 

0.673625 

16 

17 

1.400241 

0.714163 

17 

1.521618 

0.657195 

17 

18 

1.428246 

0.700159 

18 

1.559659 

0.641166 

18 

19 

1.456811 

0.686431 

19 

1.598650 

0.625528 

19 

20 

1.485947 

0.672971 

20 

1.638616 

0.610271 

20 

21 

1.515666 

0.6.59776 

21 

1.679582 

0.595386 

21 

22 

1.545980 

0.646839 

22 

1.721571 

0.580865 

22 

23 

1.576899 

0.6341,16 

23 

1.764611 

0.566697 

23 

24 

1.608437 

0.621721 

24 

1.808726 

0.552875 

24 

25 

1.640606 

0.609531 

25 

1.853944 

0.539391 

25 

26 

1.673418 

0.597579 

26 

1.900293 

0.526235 

26 

27 

1.706886 

0.585862 

27 

1.947800 

0.513400 

27 

28 

1.741024 

0.574375 

28 

1.996495 

0.500878 

28 

29 

1.775845 

0.  .5631 12 

29 

2.046407 

0.488661 

29 

80 

1.811362 

0.552071 

30 

2.09756S 

0.476743 

30 

31 

1.847589 

0.  .54 1246 

31 

2.150007 

0.465115 

31 

32 

1.884541 

0.5.30633 

32 

2.203757 

0.453771 

32 

33 

1.922231 

0.520229 

33 

2.258851 

0.442703 

33 

34 

1.960676 

0.510028 

34 

2.315322 

0.431905 

34 

35 

1.999890 

(1.500028 

35 

2.373205 

0.421371 

35 

36 

2.039887 

0.490223 

36 

2.432535 

0.411094 

36 

37 

2.080685 

0.480611 

37 

2.493349 

0.401067 

37 

38 

2.122-299 

0.471187 

38 

2.555682 

0.391285 

38 

39 

2.164745 

0.461948 

39 

2.619574 

0.381741 

39 

40 

2.208040 

0,452890 

40 

2.686064 

0.372431 

40 
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.  3  Per  Cent. 

2,\  Per  Cent. 

3 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

■r. 

3 

1 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

t 
t 

1 

1 

1.030000 

0.970874 

1.035000 

0.966184 

2 

1 . 060900 

0.942596 

2 

1.071225 

0.933511 

2 

3 

1.092727 

0.915142 

3 

1.108718 

0.901943 

3 

4 

1 . 125509 

0-888487 

4 

1.147523 

0.871442 

4 

a 

1 . 159274 

0.862609 

5 

1.187686 

0.841973 

5 

6 

1 . 194052 

0.837484 

6 

1.229255 

0.813501 

6 

~ 

1.229874 

0.813091 

7 

1.272279 

0.785991 

7 

8 

1.266770 

0.789409 

8 

1.316809 

0.759412 

8 

0 

1.304773 

0.766417 

9 

1.362897 

0.733731 

9 

10 

1.343916 

0.744094 

10 

1.410599 

0.708919 

10 

11 

1 . 384234 

0.722421 

11 

1.459970 

0.684946 

11 

12 

1.425761 

0.701380 

12 

1.511069 

0.661783 

12 

13 

1 . 468534 

0.680951 

13 

1 . 563956 

0.639404 

13 

14 

1.512590 

0.661118 

14 

1.618695 

0.617782 

14 

15 

1.557967 

0.641862 

15 

1.675349 

0.596891 

15 

16 

1.604706 

0.623167 

16 

1 . 733986 

0.576706 

16 

17 

1.652848 

0.605016 

17 

1 . 794676 

0 . 557204 

17 

18 

1.702433 

0.587395 

18 

1.857489 

0.538361 

18 

19 

1 . 753506 

0.570286 

19 

1.922501 

0.520156 

19 

20 

1.806111 

0.553676 

20 

1 . 989789 

0  502566 

20 

21 

1 . 860295 

0.537549 

21 

2.059431 

0.485571 

21 

22 

1.916103 

0.521892 

22 

2.131512 

0.469151 

22 

23 

1.973589 

0.506692 

23 

2.206114 

0.453286 

23 

24 

2.032794 

0.491934 

24 

2.283328 

0.437957 

24 

25 

2.093778 

0.477606 

25 

2.363245 

0.423147 

25 

26 

2.156591 

0.463695 

26 

2.445959 

0.408838 

26 

27 

2.221289 

0.450189 

27 

2.531567 

0.395012 

27 

28 

2.287928 

0.437077 

28 

2.620172 

0.381654 

28 

29 

2.356566 

0.424346 

29 

2.711878 

0.368748 

29 

30 

2.427262 

0.411987 

30 

2.806794 

0.356278 

30 

31 

2.500080 

0.399987 

31 

2.905031 

0.344230 

31 

32 

2.575083 

0.388337 

32 

3.006708 

0.332590 

32 

33 

2.652335 

0.377026 

33 

3.111942 

0.321343 

33 

34 

2.731905 

0 . 366045 

34 

3.220860 

0.310476 

34 

35 

2.813862 

0.355383 

35 

3 . 333590 

0.299977 

35 

36 

2.898278 

0.345032 

36  1 

3.450266 

0.289833 

36 

37 

2.985227 

0 . 334983 

37 

3.571025 

0.280032 

37 

38 

3.074783 

0.325226 

38 

3.696011 

0.270562 

38 

39 

3.167027 

0.315753 

39 

3.825372 

0.261412 

39 

40 

3.262038 

0.306557 

40  1 

3 . 959260 

0.252572 

40 
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4  Per  Cent. 


4i  Per  Cent. 


8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 


. 040U00 
,081600 
. 124864 
. 169859 
.216653 
.265319 
.315932 
. 368569 
.423312 
. 480244 
.539454 
.601032 
. 665074 
.731676 
.800944 
.872981 
.947900 
.025817 
. 106849 
.191123 
.278768 
.369919 
.464716 
. 563304 
. 665836 
.772470 
. 883369 
. 998703 
.118651 
.243398 
.373133 
.508059 
.648381 
.794316 
.946089 
.  10.3933 
.268090 
.438813 
.616366 
.801021 


Present  value 

of  1   dollar 

payable  at  tlie 

end  of  a  cer- 

fi 

tain  number 

of  years. 

>1 
1 

0.961538 

0.924556 

2 

0.888996 

3 

0.854804 

4 

0.821927 

5 

0.790314 

6 

0.759918 

7 

0.730690 

8 

0.702587 

9 

0.675564 

10 

0.649581 

11 

0.624597 

12 

0.600574 

13 

0.577475 

14 

0.555264 

15 

0 . 533908 

16 

0.513373 

17 

0.493628 

18 

0.474642 

19 

0.456387 

20 

0.438834 

21 

0.421955 

22 

0.405726 

23 

0.390121 

24 

0.375117 

25 

0.360689 

26 

0.346817 

27 

0.333477 

28 

0.320651 

29 

0.308319 

30 

0.296460 

31 

0.285058 

32 

0.274094 

33 

0.263552 

34 

0.253415 

35 

0.243669 

36 

0.234297 

37 

0.225285 

38 

0.216621 

39 

0.208289 

40 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 


1 . 045000 
1.092025 


.141166 
192519 
.246182 
.302260 
. 360862 
1.422101 
1.486095 
1 . 552969 
1.622853 
1.695881 
1.772196 
1.851945 
1 . 935282 
2 . 022370 
2.113377 
2 . 208479 
2.307860 
2.411714 
2.520241 
2.633652 
2.752166 
2  876014 
3 . 005434 
3.140679 
3.282010 
3 . 429700 
3 . 584036 
3.745318 
3.913857 
4.089981 
4.274030 
4.466362 
4.667348 
4.877378 
5.096860 
5.326219 
5.565899 
5.816365 


Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 


0  956938 

0.915730 

0.876297 

0.838561 

0.802451 

0.767896 

0.734828 

0.703185 

0.672904 

t » . 643928 

0.616199 

0.589664 

0.564272 

0.539973 

0.516720 

0.494469 

0.473176 

0.452800 

0.433302 

0.414643 

0.396787 

0.. 379701 

0.363350 

0.347703 

0.332731 

0.318402 

0.304691 

0.291571 

0.279015 

0.267000 

0 . 255502 

0.244500 

0.233971 

0.223896 

0.214254 

0.205028 

0.196199 

0,187750 

0.179665 

0.171929 
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5  Per  Cent. 

6  Per  Cent. 

i 

>< 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

1 

Amount  of 

1  dollar  at  the 

end  of  a  cei'- 

tain  number 

of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

® 

1 

1.050000 

0.952381 

1.060000 

0.943396 

1 

2 

1.102500 

0.907029 

2 

1 . 123600 

0.889996 

2 

3 

1 . 157625 

0.863838 

3 

1.191016 

0.839619 

3 

4 

1.215506 

0.822702 

4 

1.262477 

0.792094 

4 

5 

1.276-282 

0  783526 

5 

1.3382-26 

0.747258 

5 

6 

1.340096 

0.746215 

6 

1.418519 

0.704960 

6 

7 

1.407100 

0.710681 

/ 

1.503630 

0.665057 

7 

8 

1.477455 

0.676839 

S 

1.593848 

0.627412 

8 

9 

1.551328 

0.644609 

9 

1.689479 

0.591898 

9 

10 

1.6i28895 

0.613913 

10 

1 . 790848 

0 . 558395 

10 

11 

1.710339 

0.584679 

11 

1.898299 

0 . 526787 

11 

12 

1 . 795856 

0.556837 

12 

2.012196 

0.496969 

12 

13 

1.885649 

0.530321 

13 

2.132928 

0  468839 

13 

14 

1.979932 

0 . 505068 

14 

2.260904 

0.442301 

14 

15 

2.078928 

0.481017 

15 

2 . 396558 

0.417265 

15 

16 

2.182875 

0.458111 

16 

2.540352 

0.393646 

16 

17 

2.292018 

0. 436^297 

17 

2.692773 

0.371364 

17 

18 

2.406619 

0.415521 

18 

2.854339 

0.350344 

18 

19 

2.526950 

0.395734 

19 

3.025599 

0.330513 

19 

•20 

2.653^298 

0.376889 

20 

3.207135 

0.311805 

20 

•21 

2 . 785963 

0 . 358942 

21 

3.399564 

0.-294155 

21 

•22 

2.925261 

0.341849 

22 

3.603537 

0.-277505 

22 

23 

3. 07 15^24 

0.325571 

23 

3.819750 

0.-261797 

23 

24 

3.225100 

0.310068 

24 

4 . 048935 

0. -246978 

24 

25 

3 . 386355 

0. '295303 

25 

4.291871 

0.-232999 

25 

26 

3.555673 

0.281-241 

20 

4.549383 

0.219810 

26 

27 

3.733450 

0. -267848 

27 

4.822346 

0.-207368 

27 

28 

3.9201-29 

0.255094 

28 

5.111687 

0.195630 

28 

29 

4.116136 

0. 24^2946 

29 

5.418388 

0.184557 

29 

30 

4.321942 

0.231377 

30 

5.743491 

0.174110 

30 

31 

4 .  5381 139 

0.220359 

31 

6.088101 

0.164255 

31 

32 

4.764941 

0.209866 

32 

6.453387 

0,154957 

32 

33 

5  003189 

0.199872 

33 

6.840590 

0,146186 

33 

34 

5 . 253348 

0.190355 

34 

7.-2510-25 

0,137911 

34 

35 

5.516015 

0.181290 

35 

7.686087 

0,130105 

35 

36 

5.791816 

0.17-2657 

36 

8.147-252 

0,1-22741 

36 

37 

6.081407 

0.164436 

37 

8 . 636087 

0.115793 

37 

38 

6.385477 

0.156605 

38 

9.154-252 

0,109239 

38 

39 

6 . 70475 1 

0.149148 

39 

9.703507 

0.103055 

39 

40 

7.039989 

0.142046 

40 

10.285718 

0.097-222 

40 

INTEREST   TABLES 
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7  Per 

Cent. 

1 

H  Per 

Cent. 

>- 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

i 

ci 
1 

Amount  of 

1  dollar  at  the 

end  of  a  cer 

tain  number 

of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

a 
1 

1 

1.070000 

0.934579 

1.080000 

0.925926 

2 

1 .  1449(X) 

0.873439 

2 

1 . 166400 

0.857339 

2 

3 

1.225043 

0.816298 

3 

1.259712 

0.793832 

3 

4 

1.310796 

0.762895 

4 

1.360489 

0.735030 

4 

5 

1.402552 

0.712986 

5 

1.469328 

0.680583 

5 

6 

1.500730 

0.666342 

6 

1.586874 

0.630170 

6 

/ 

1.605781 

0.622750 

7 

1.713824 

0.583490 

7 

8 

1.718186 

0.582009 

8 

1 . 850930 

0.540269 

8 

9 

1 . 838459 

0.543934 

9 

1.999005 

0.500249 

9 

10 

1.967151 

0 . 508349 

10 

2.158925 

0.463193 

10 

11 

2.104852 

0.475093 

11 

2.331639 

0.428883 

11 

12 

2.252192 

0.444012 

12 

2.518170 

0.397114 

12 

13 

2.409845 

0.414964 

13 

2.719624 

0.367698 

13 

14 

2.578534 

0.387817 

14 

2.937194 

0.340461 

14 

15 

2.759032 

0.362446 

15 

3.172169 

0.315242 

15 

16 

2.952164 

0.338735 

16 

3 . 425943 

0.29189(j 

16 

17 

3.158815 

0.316574 

17 

3.700018 

0.270269 

17 

18 

3.379932 

0.295804 

18 

3.996019 

0.250249 

18 

19 

3.616528 

0.276508 

19 

4,315701 

0.231712 

19 

20 

3.869684 

0.258419 

20 

4.660957 

0.214548 

20 

21 

4.140562 

0.241513 

21 

5.033834 

0  198656 

21 

22 

4.430402 

0.225713 

22 

5.436540 

0.183940 

22 

23 

4.740530 

0.210947 

23 

5.871464 

0.170315 

23 

24 

5.072367 

0.197147 

24 

6.341181 

0.157699 

24 

25 

5.427433 

0.184249 

25 

6 . 848475 

0.146018 

25 

26 

5 . 807353 

0.172195 

26 

7.396.353 

0.135202 

26 

27 

6.213868 

0.160930 

27 

7.988061 

0.125187 

27 

28 

6.648838 

0.150402 

28 

8.627106 

0.115914 

28 

29 

7.114257 

0.140563 

29 

9.317275 

0.107327 

29 

30 

7.612255 

0.131367 

30 

10.062657 

0.099377 

30 

31 

8.145113 

0.122773 

31 

10.867669 

0.092016 

31 

32 

8.715271 

0.114741 

32 

1 1 . 7.37083 

0.085200 

32 

33 

9.325340 

0.107235 

33 

12.676050 

0.078889 

33 

34 

9.978114 

0.100219 

34 

13.690134 

0.073045 

34 

35 

10.676581 

0.093663 

35 

14.785344 

0.067634 

35 

36 

1 1 . 423942 

0.087535 

36 

15.968172 

0.062625 

36 

37 

12.223618 

0.081809 

37 

17.245626 

0.057986 

37 

38 

13.079271 

0.076457 

38 

18.625276 

0.053690 

38 

39 

13.994820 

0.071455 

39 

20.115298 

0.049713 

39 

40 

14.974458 

0.066780 

40 

21.724521 

0.046031 

40 
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9  Per  Cent. 

10  Per  Cent. 

>< 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

4) 

1 

Amount  of 
1  dollar  at  the 
end  of  a  cer- 
tain number 
of  years. 

Present  value 

of  1  dollar 
payable  at  the 
end  of  a  cer- 
tain number 
of  years. 

5 

0) 

1 

1.090000 

0.917431 

1 . 100000 

0.909091 

1 

2 

1.188100 

0.841680 

2 

1.210000 

0.826446 

2 

3 

1.295029 

0.772183 

3 

1.331000 

0.751315 

3 

4 

1.411582 

0.708425 

4 

1.464100 

0.683013 

4 

5 

1.538624 

0.649931 

5 

1.610510 

0.620921 

5 

6 

1.677100 

0.596267 

6 

1.771561 

0.564474 

6 

7 

1.828039 

0.547034 

7 

1.948717 

0.513158 

/ 

8 

1.992563 

0.501866 

8 

2.143589 

0.466507 

8 

9 

2.171893 

0.460428 

9 

2.357948 

0.424098 

9 

10 

2.367364 

0.422411 

10 

2.593742 

0 . 385543 

10 

11 

2.580426 

0.387533 

11 

2.853117 

0.350494 

11 

12 

2.812665 

0.355535 

12 

3.138428 

0.318631 

12 

13 

3.065805 

0.326179 

13 

3.452271 

0.289664 

13 

14 

3.341727 

0.299246 

14 

3 . 797498 

0.263331 

14 

15 

3.642482 

0.274538 

15 

4.177248 

0.239392 

15 

16 

3.970306 

0.251870 

16 

4 . 594973 

0.217629 

16 

17 

4.327633 

0.231073 

17 

5 . 054470 

0.197845 

17 

18 

4.717120 

0.211994 

18 

5.559917 

0.179859 

18 

19 

5.141661 

0.194490 

19 

6.115909 

0.163508 

19 

20 

5.604411 

0.178431 

20 

6 . 727500 

0.148644 

20 

21 

6.108808 

0.163698 

21 

7 . 400250 

0.135131 

21 

22 

6.658600 

0.150182 

22 

8.140275 

0.122846 

22 

23 

7.257874 

0.137781 

23 

8 . 954302 

0.111678 

23 

24 

7.911083 

0.126405 

24 

9.849733 

0.101526 

24 

25 

8.623081 

0.115968 

25 

10.8347(»6 

0.092296 

25 

26 

9.399158 

0.106393 

26 

11.918177 

0.083905 

26 

27 

10.245082 

0.097608 

27 

13.109994 

0.076278 

27 

28 

11.167140 

0.089548 

28 

14.420994 

0.069343 

28 

29 

12.172182 

0.082155 

29 

15.863093 

0.063039 

29 

30 

13.267678 

0.075371 

30 

17.449402 

0.057308 

30 

31 

14.461770 

0.069148 

31 

19.194342 

0 . 052099 

31 

32 

15.763329 

0,063438 

32 

21.113777 

0.047362 

32 

33 

17.182028 

0.058200 

33 

23.225154 

0  043057 

33 

34 

18.728411 

0.053395 

34 

25.547670 

0.039142 

34 

35 

20.413968 

0.048986 

35 

28.102437 

0 . 035584 

35 

36 

22.251225 

0.044941 

36 

30.912681 

(».  032349 

36 

37 

24.253835 

0.041231 

37 

34.003949 

0.029408 

37 

38 

26.436680 

0.037826 

38 

37.404343 

0.026735 

38 

39 

28.815982 

0.034703 

39 

41.144778 

0.024304 

39 

40 

31.409420 

0.031838 

40 

45.259256 

0.022095 

40 

TABLES 

OF 

LOGARITHMS  OF   NUMBERS 

FROM  1  TO  10,000 
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LOGAKITHMS  OF  NUMBERS 

FROM  1  TO  10,000. 


LOGARITHMS  I— 100. 


No. 

Log 

No. 
26 

Log 

No. 

Lo.   ' 

No. 

Log 

1 

0.000000 

1.414973 

51 

1.707570 

76 

1.880814 

2 

0.301030 

27 

1.431364 

52 

1.716003 

77 

1.886491 

3 

0.477121 

28 

1.447158 

53 

1 . 724276 

78 

1.892095 

4 

0.602060 

29 

1 . 462398 

54 

1 . 732394 

79 

1 . 897627 

5 

0.698970 

30 

1.477121 

55 

1.740363 

80 

1.903090 

6 

0.778151 

31 

1.491362 

56 

1.748188 

81 

1.908485 

7 

0.845098 

32 

1.505150 

57 

1 . 755875 

82 

1.913814 

8 

0.903090 

33 

1.518514 

58 

1 . 763428 

83 

1.919078 

9 

0.954243 

34 

1.531479 

59 

1.770852 

84 

1.924279 

10 

1.000000 

35 

1.544068 

60 

1.778151 

85 

1.929419 

11 

1.041393 

36 

1.556303 

61 

1 . 785330 

86 

1 . 934498 

12 

1.079181 

37 

1.568202 

62 

1.792392 

87 

1.939519 

13 

1.113943 

38 

1.579784 

63 

1.799341 

88 

1 . 944483 

14 

1 . 146128 

39 

1.591065 

64 

1.806180 

89 

1.949390 

15 

1 . 176091 

40 

1.602060 

65 

1.812913 

90 

1.954243 

16 

1.204120 

41 

1.612784 

66 

1.819544 

91 

1.959041 

17 

1.230449 

42 

1.623249 

67 

1 . 826075 

92 

1.963788 

18 

1.255273 

43 

1.63.3468 

68 

1 . 832509 

93 

1.968483 

19 

1.278754 

44 

1.643453 

69 

1.838849 

94 

1.973128 

20 

1.301030 

45 

1.653213 

70 

1 . 845098 

95 

1.977724 

21 

1.322219 

46 

1.662758 

71 

1.8512.^8 

96 

1.982271 

22 

1.342423 

47 

1.672098 

72 

1 . 857332 

97 

1.986772 

23 

1.361728 

48 

1.681241 

73 

1 . 863323 

98 

1,991226 

24 

1.380211 

49 

1.690196 

74 

1.869232 

99 

1.995635 

25 

1.397940 

50 

1.698970 

75 

1.875061 

100 

2.(X)0000 

LOGARITHMS — 100  to  139. 
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100 
101 
102 
103 
104 

105 

106 

10 

108 

109 

110 
111 
112 
113 
114 

115 

116 

11 

118 

119 

120 
121 
122 
123 
124 

125 
126 
127 
128 
129 

130 
131 
132 
133 
134 

135 
136 
137 
138 
139 


0434  0868 

4751  5181 

9026  9451 

3259  3680 

7451  7868 

1603  2016 

5715  6125 

9789  *0195 

3826  4227 

7825  8223 


2428  2841  3252  3664  4075  4486  4896 
6533  6942  7350  7757  8164  8571  8978 
"0600  *1004  *1408  *1812  *2216  *2619  *3021 
4628  5029  5430  5830  6230  6629  7028 


8620  9017  9414  9811  *0207  *0602  *0998  396 

393 

389 
386 
382 
379 


000000 

4321 

8600 
012837 

7033 

021189 

5306 

9384 
033424 

7426 

041393  1787  2182  2576  2969  3362  3755  4148  4540  4932 

5323  5714  6105  6495  6885  7275  7664  8053  8442  8830 

9218  9606  9993  *0380  *0766  *1153  *1538  *1924  *2309  *2694 

053078  3463  3846  4230  4613  4996  5378  5760  6142  6524 

6905  7286  7666  8046  8426  8805  9185  9563  9942  *0320 

060698 

4458 

8186 
071882 

5547 

9181 

082785 

6360 

9905 
093422 

6910 
100371 

3804 

7210 
110590 


1301  1734  2166  2598  3029  3461  3891 

5609  6038  6466  6894  7321  7748  8174  428 

9876  *0300  *0724  *1147  *1570  *1993  *2415i  424 

4100  4521  4940  5360  5779  6197  6616  419 

8284  8700  9116  9532  9947  *0361  *0775.  416 


1075  1452  1829  2206  2582  2958  3333  3709  4083 

4832  5206  5580  5953  6326  6699  7071  7443  7815 

8557  8928  9298  9668  *0038  *0407  *0776  *1145  *1514 

2250  2617  2985  3352  3718  4085  4451  4816  5182 

5912  6276  6640  7004  7368  7731  8094  8457  8819 


9543  9904  *0266  *0626  *0987 

3144  3503  3861  4219  4576 

6716  7071  7426  7781  8136 

^^0258  *0611  *0963  *1315  *1667 

3772  4122  4471  4820  5169 


*1347  *1707  *2(t67  *2426 

4934  5291  5647  6004 

8490  8845  9198  9552 

*2018  *2370  *2721  *3071 

5518  5866  6215  6562 


7257  7604  7951  8298  8644  8990  9335  9681  *0026 

0715  1059  1403  1747  2091  2434  2777  3119  3462 

4146  4487  4828  5169  5510  5851  6191  6531  6871 

7549  7888  8227  8565  8903  9241  9579  9916  *0253 

0926  1263  1599  1934  2270  2605  2940  3275  3609 

3943  4277  4611  4944  5278  5611  5943  6276  6608  6940 

7271  7603  7934  8265  8595  8926  9256  9586  9915  *0245 

120574  0903  1231  1560  1888  2216  2544  2871  3198  3525 

3852  4178  4504  4830  5156  5481  5806  6131  6456  6781 

7105  7429  7753  8076  8399  8722  9045  9368  9690  *0012 

130334  0655  0977  1298  1619  1939  2260  2580  2900  3219 

3539  3858  4177  4496  4814  5133  5451  5769  6086  6403 

6721  7037  7354  7671  7987  8303  8618  8934  9249  9564 

9879  *0194  *0508  *0822  *1136  *1450  *1763  *2076  *2389  *2702 

143015  3327 


412 
408 
404 
400 


376 
373 
369 
366 
363 

360 
358 
355 
352 
349 

346 
343 
341 
338 
335 

333 
330 
328 
325 
323 

321 
318 
315 
314 


3951  4263  4574  4885  5196  5507  5818  311 
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LOGARITHMS — 140  tO  179 


No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

140 

146128 

6438 

6748 

7058 

7367 

7676 

7985 

8294 

8603 

8911 

309 

Ul 

9219 

9527 

9835 

*0142 

*0449 

*0756 

*1063 

*1370 

*1676 

*1982 

307 

142 

152288 

2594 

2900 

3205 

3510 

3815 

4120 

4424 

4728 

5032 

305 

143 

5336 

5640 

5943 

6246 

6549 

6852 

7154 

7457 

7759 

8061 

303 

144 

8362 

8664 

8965 

9266 

9567 

9868 

*0168  *0469  *0769 

*1068 

301 

145 

161368 

1667 

1967 

2266 

2564 

2863 

3161 

3460 

3758 

4055 

299 

146 

4353 

4650 

4947 

5244 

5541 

5838 

6134 

6430 

6726 

7022 

297 

147 

7317 

7613 

7908 

8203 

8497 

8792 

9086 

9380 

9674 

9968 

295 

148 

170262 

0555 

0848 

1141 

1434 

1726 

2019 

2311 

2603 

2895 

293 

149 

3186 

3478 

3769 

4060 

4351 

4641 

4932 

5222 

5512 

5802 

291 

150 

176091 

6381 

6670 

6959 

7248 

7536 

7825 

8113 

8401 

8689 

289 

151 

8977 

9264 

9552 

9839 

*0126 

*0413 

*0699  *0985 

*1272 

*lo58 

287 

152 

181844 

2129 

2415 

2700 

2985 

3270 

3555 

3839 

4123 

4407 

285 

153 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

6956 

7239 

283 

154 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9490 

9771 

*0051 

281 

155 

190332 

0612 

0892 

1171 

1451 

1730 

2010 

2289 

2567 

2846 

279 

156 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

278 

157 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

276 

158 

8657 

8932 

9206 

9481 

9755 

*0029  *0303  *0577 

*0850 

*1124 

274 

159 

201397 

1670 

1943 

2216 

2488 

2761 

3033 

3305 

3577 

3848 

272 

160 

4120 

4391 

4663 

4934 

5204 

5475 

5746 

6016 

6286 

6556 

271 

161 

6826 

7096 

7365 

7634 

7904 

8173 

8441 

8710 

8979 

9247 

269 

162 

9515 

9783  *0051 

*0319 

*0586 

*0853 

*1121 

*1388 

*1654  *1921 

267 

163 

212188 

2454 

2720 

2986 

3252 

3518 

3783 

4049 

4314 

4579 

266 

164 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6694 

6957 

7221 

264 

165 

7484 

7747 

8010 

8273 

8536 

S79S 

9060 

9323 

9585 

9846 

262 

166 

220108 

0370 

0631 

0892 

1153 

1414 

1675 

1936 

2196 

2456 

261 

167 

2716 

2976 

3236 

3496 

3755 

4015 

4274 

4533 

4792 

5051 

259 

168 

5309 

5568 

5826 

6084 

6342 

6600 

6858 

7115 

7372 

7630 

258 

169 

7887 

8144 

8400 

8657 

8913 

9170 

9426 

9682 

9938  *0193 

256 

170 

230449 

0704 

0960 

1215 

1470 

1724 

1979 

2234 

2488 

2742 

254 

171 

2996 

3250 

3504 

3757 

4011 

4264 

4517 

4770 

5023 

5276 

253 

172 

5528 

5781 

6033 

6285 

6537 

6789 

7041 

7292 

7544 

7795 

252 

173 

8046 

8297 

8548 

8799 

9049 

9299 

9550 

9800  *0050  *0300 

250 

174 

240549 

0799 

1048 

1297 

1546 

1795 

2044 

2293 

2541 

2790 

249 

175 

3038 

3286 

3534 

3782 

4030 

4277 

4525 

4772 

5019 

5266 

248 

176 

5513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

246 

177 

7973 

8219 

8464 

8709 

8954 

9198 

9443 

9687 

9932 

*0176 

245 

178 

250420 

0664 

0908 

1151 

1395 

1638 

1881 

2125 

2368 

2610 

243 

179 

2853 

3096 

3338 

3580 

3822 

4064 

4306 

4548 

4790 

5031 

242 

No 


8        D 


LOGARITHMS— 180  to  219.  241 


No 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

0 

180 

255273 

5514 

5755 

5996 

6237 

6477 

6718 

6958 

7198 

7439 

241 

181 

7679 

7918 

8158 

8398 

8637 

8877 

9116 

9355 

9594 

9833 

239 

182 

260071 

0310 

0548 

0787 

1025 

1263 

1501 

1739 

1976 

2214 

238 

183 

2451 

2688 

2925 

3162 

3399 

3636 

3873 

4109 

4346 

4582 

237 

184 

4818 

5054 

5290 

5525 

5761 

5996 

6232 

6467 

6702 

6937 

235 

185 

7172 

7406 

7641 

7875 

8110 

8344 

8578 

8812 

9046 

9279 

234 

186 

9513 

9746 

9980 

*0213 

*0446 

*0679 

*0912 

*1144 

*1377 

*1609 

233 

187 

271842 

2074 

2306 

2538 

2770 

3001 

3233 

3464 

3696 

3927 

232 

188 

4158 

4389 

4620 

4850 

5081 

5311 

5542 

5772 

6002 

6232 

230 

189 

6462 

6692 

6921 

7151 

7380 

7609 

7838 

8067 

8296 

8525 

229 

190 

8754 

8982 

9211 

9439 

9667 

9895  *0123  *035] 

*0578  *0806 

228 

191 

281033 

1261 

1488 

1715 

1942 

2169 

2396 

2622 

2849 

3075 

227 

192 

3301 

3527 

3753 

3979 

4205 

4431 

4656 

4882 

5107 

5332 

226 

193 

5557 

5782 

6007 

6232 

6456 

6681 

6905 

7130 

7354 

7578 

225 

194 

7802 

8026 

8249 

8473 

8696 

8920 

9143 

9366 

9589 

9812 

223 

195 

290035 

0257 

0480 

0702 

0925 

1147 

1369 

1591 

1813 

2034 

222 

196 

2256 

2478 

2699 

2920 

3141 

3363 

3584 

3804 

4025 

4246 

221 

197 

4466 

4687 

4907 

5127 

5347 

5567 

5787 

6007 

6226 

6446 

220 

198 

6665 

6884 

7104 

7323 

7542 

7761 

7979 

8198 

8416 

8635 

219 

199 

8853 

9071 

9289 

9507 

9725 

9943  *0161 

*0378  *0595  *0813 

218 

200 

301030 

1247 

1464 

1681 

1898 

2114 

2331 

2547 

2764 

2980 

217 

201 

3196 

3412 

3628 

3844 

4059 

4275 

4491 

4706 

4921 

5136 

216 

202 

5351 

5566 

5781 

5996 

6211 

6425 

6639 

6854 

7068 

7282 

215 

203 

7496 

7710 

7924 

8137 

8351 

8564 

8778 

8991 

9204 

9417 

213 

204 

9630 

9843 

*0056 

*0268 

*0481 

*0693  *0906  *1118 

*1330 

*1542 

212 

205 

311754 

1966 

2177 

2389 

2600 

2812 

3023 

3234 

3445 

3656 

211 

206 

3867 

4078 

4289 

4499 

4710 

4920 

5130 

5340 

5551 

5760 

210 

207 

5970 

6180 

6390 

6599 

6809 

7018 

7227 

7436 

7646 

7854 

209 

208 

8063 

8272 

8481 

8689 

8898 

9106 

9314 

9522 

9730 

9938 

208 

209 

320146 

0354 

0562 

0769 

0977 

1184 

1391 

1598 

1805 

2012 

207 

210 

2219 

2426 

2633 

2839 

3046 

3252 

3458 

3665 

3871 

4077 

206 

211 

4282 

4488 

4694 

4899 

5105 

5310 

5516 

5721 

5926 

6131 

205 

212 

6336 

6541 

6745 

6950 

7155 

7359 

7563 

7767 

7972 

8176 

204 

213 

8380 

8583 

8787 

8991 

9194 

9398 

9601 

9805 

*0008 

*0211 

203 

214 

330414 

0617 

0819 

1022 

1225 

1427 

1630 

1832 

2034 

2236 

202 

215 

2438 

2640 

2842 

3044 

3246 

3447 

3649 

3850 

4051 

4253 

202 

216 

4454 

4655 

4856 

5057 

5257 

5458 

5658 

5859 

6059 

6260 

201 

217 

6460 

6660 

6860 

7060 

7260 

7459 

7659 

7858 

8058 

8257 

200 

218 

8456 

8656 

8855 

9054 

9253 

9451 

9650 

9849 

*0047 

*0246 

199 

219 

340444 

0642 

0841 

1039 

1237 

1435 

1632 

1830 

2028 

2225 

198 

No 

O 

1 

2 

3 

4 

6 

6 

I 

8 

9 

D 

24-2  LOGARITHMS— 220  to  259 


No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D 

220 

342423 

2620 

2817 

3014 

3212 

3409 

3606 

3802 

3999 

4196 

197 

221 

4392 

4589 

4785 

4981 

5178 

5374 

5570 

5766 

5962 

6157 

196 

222 

6353 

6549 

6744 

6939 

7135 

7330 

7525 

7720 

7915 

8110 

195 

223 

8305 

8500 

8694 

8889 

9083 

9278 

9472 

9666 

9860  *0054 

194 

224 

350248 

0442 

0636 

0829 

1023 

1216 

1410 

1603 

1796 

1989 

193 

225 

2183 

2375 

2568 

2761 

2954 

3147 

3339 

3532 

3724 

3916 

193 

226 

4108 

4301 

4493 

4685 

4876 

5068 

5260 

5452 

5643 

5834 

192 

227 

6026 

6217 

6408 

6599 

6790 

6981 

7172 

7363 

7554 

7744 

191 

228 

7935 

8125 

8316 

8506 

8696 

8886 

9076 

9260 

9456 

9646 

190 

229 

9835  *0025  *02I5  *0404  *0593  *0783  *0972 

*1161 

*1350 

*1539 

189 

230 
231 
232 
233 
234 

235 
236 
237 
238 
239 

240 
241 
242 
243 
244 

245 
246 
247 
248 
249 

250 
251 
252 
253 
254 

255 
256 
257 
258 
259 


361728  1917  2105  2294  2482  2671  2859  3048  3236  3424  188 

3612  3800  3988  4176  4363  4551  4739  4926  5113  5301  188 

5488  5675  5862  6049  6236  6423  6610  6796  6983  7169  187 

7356  7542  7729  7915  8101  8287  8473  8659  8845  9030  186 

9216  9401  9587  9772  9958  *0143  *0328  *0513  *0698  *0883l  185 

371068  1253  1437  1622  1806  1991  2175  2360  2544  2728  184 

2912  3096  3280  3464  3647  3831  4015  4198  4382  4565  184 

4748  4932  5115  5298  5481  5664  5846  6029  6212  6394  183 


6577  6759  6942  7124  7306  7488  7670  7852  8034  8216 
8398  8580  8761  8943  9124  9306  9487  9668  9849  *0030 


380211  0392  0573  0754  0934  1115  1296  1476  1656  1837  181 


182 
181 


2017  2197  2377  2557  2737  2917  3097  3277  3456  3636 

3815  3995  4174  4353  4533  4712  4891  5070  5249  5428 

5606  5785  5964  6142  6321  6499  6677  6856  7034  721 

7390  7568  7746  7923  8101  8279  8456  8634  8811  8989 

9166  9343  9520  9698  9875  *005l  *0228  *0405  *0582  *0759 

390935  1112  1288  1464  1641  1817  1993  2169  2345  2521 

2697  2873  3048  3224  3400  3575  3751  3926  4101  4277 

4452  4627  4802  4977  5152  5326  5501  5676  5850  6025 

6199  6374  6548  6722  6896  7071  7245  7419  7592  7766 

7940  8114  8287  8461  8634  8808  8981  9154  9328  9501 

9674  9847  *0020  *0192  *0365  *0538  *0711  *0883  *1056  *1228 

401401  1573  1745  1917  2089  2261  2433  2605  2777  2949 

3121  3292  3464  3635  3807  3978  4149  4320  4492  4663 

4834  5005  5176  5346  5517  5".88  5858  6029  6199  6370 

6540  6710  6881  7051  7221  7391  7561  7731  7901  8070 

8240  8410  8579  8749  8918  9087  9257  9426  9595  9764 

9933  *0102  *0271  *0440  *0609  *0777  *0946  *1114  *1283  *1451 

411620  1788  1956  2124  2293  2461  2629  2796  2964  3132 

3300  3467  3635  3803  3970  4137  4305  4472  4639  4806 


180 
179 
178 
178 

177 
176 
176 
175 
174 

173 
173 
172 
171 
171 

170 
169 
169 
168 
167 


LOGARITHMS— 260  tO  299 


243 


260 
261 
262 
263 
264 

265 
266 
267 
268 
269 


414973  5140  5307  5474  5641  5808  5974  6141  6308  6474 

6641  6807  6973  7139  7306  7472  7638  7804  7970  8135 

8301  8467  8633  8798  8964  6129  9295  9460  9625  9791 

9956  *0121  *0286  *0451  *0616  *0781  *0945  *1110  *1275  *1439 

421604  1768  1933  2097  2261  2426  2590  2754  2918  3082 

3246  3410  3574  3737  3901  4065  4228  4392  4555  4718 

4882  5045  5208  5371  5534  5697  5860  6023  6186  6349 

6511  6674  6836  6999  7161  7324  7486  7648  7811  7973 

8135  8297  8459  8621  8783  8944  9106  9268  9429  9591 

9752  9914  *0075  *0236  *0398  *0559  *0720  *0881  *1042  1203 


167 

166 
165 
165 
164 

164 
163 
162 
162 
161 


270 

431364 

1525 

1685 

1846 

2007 

2167 

2328 

2488 

2649 

2809 

161 

271 

2969 

3130 

3290 

3450 

3610 

3770 

3930 

4090 

4249 

4409 

160 

272 

4569 

4729 

4888 

5048 

5207 

5367 

5526 

5685 

5844 

6(J04 

159 

273 

6163 

6322 

6481 

6640 

6799 

6957 

7116 

7275 

7433 

7592 

159 

274 

7751 

7909 

8067 

8226 

8384 

8542 

8701 

8859 

9017 

9175 

158 

275 

9333 

9491 

9648 

9806 

9964 

*0122 

*0279  *0437  *0594  *0752 

158 

276 

440909 

1066 

1224 

1381 

1538 

1695 

1852 

2009 

2166 

2323 

157 

277 

2480 

2637 

2793 

2950 

3106 

3263 

3419 

3576 

3732 

3889 

157 

278 

4045 

4201 

4357 

4513 

4669 

4825 

4981 

5137 

5293 

5449 

156 

279 

5604 

5760 

5915 

6071 

6226 

6382 

6537 

6692 

6848 

7003 

155 

280 

7158 

7313 

7468 

7623 

7778 

7933 

8088 

8242 

8397 

8552 

155 

281 

8706 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

*0095 

154 

282 

450249 

0403 

0557 

0711 

0865 

1018 

1172 

1326 

1479 

1633 

154 

283 

1786 

1940 

2093 

2247 

2400 

2553 

2706 

2859 

3012 

3165 

153 

284 

3318 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

153 

285 

4845 

4997 

5150 

5302 

5454 

5606 

5758 

5910 

6062 

6214 

152 

286 

6366 

6518 

6670 

6821 

6973 

7125 

7276 

7428 

7579 

7731 

152 

287 

7882 

8033 

8184 

8336 

8487 

8638 

8789 

8940 

9091 

9242 

151 

288 

9392 

9543 

9694 

9845 

9995 

*0146 

*0296 

*0447 

*0597 

*0748 

151 

289 

460898 

1048 

1198 

1348 

1499 

1649 

1799 

1948 

2098 

2248 

150 

290 

2398 

2548 

2697 

2847 

2997 

3146 

3296 

3445 

3594 

3744 

150 

291 

3893 

4042 

4191 

4340 

4490 

4639 

4788 

4936 

5085 

5234 

149 

292 

5383 

5532 

5680 

5829 

5977 

6126 

6274 

6423 

6571 

6719 

149 

293 

6868 

7016 

7164 

7312 

7460 

7608 

775G 

7904 

8052 

8200 

148 

294 

8347 

8495 

8643 

8790 

8938 

9085 

9233 

9380 

9527 

9675 

148 

295 

9822 

9969 

*0116 

*0263 

*0410 

*0557 

*0704  *0851 

*0998 

*1145 

147 

296 

471292 

1438 

1585 

1732 

1878 

2025 

2171 

2318 

2464 

2610 

146 

297 

2756 

2903 

3049 

3195 

3341 

3487 

3633 

3779 

3925 

4071 

146 

298 

4216 

4362 

4508 

4653 

4799 

4944 

5090 

5235 

5381 

5526 

146 

299 

5671 

5816 

5962 

6107 

6252 

6397 

6542 

6687 

6832 

6976 

145 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

O 

244  LOGARITHMS— 300  to  339 


No 

0 

1 

2 

3 

4 

6 

6 

7 

a 

9 

D 

300 

477121 

7266 

7411 

7555 

7700 

7844 

7989 

8133 

8278 

8422 

145 

301 

8566 

8711 

8855 

8999 

9143 

9287 

9431 

9575 

9719 

9863 

144 

302 

480007 

0151 

0294 

0438 

0582 

0725 

0869 

1012 

1156 

1299 

144 

303 

1443 

1586 

1729 

1872 

2016 

2159 

2302 

2445 

2588 

2731 

143 

304 

2874 

3016 

3159 

3302 

3445 

3587 

3730 

3872 

4015 

4157 

143 

305 

4300 

4442 

4585 

4727 

4869 

5011 

5153 

5295 

5437 

5579 

142 

306 

5721 

5863 

6005 

6147 

6289 

6430 

6572 

6714 

6855 

6997 

142 

307 

7138 

7280 

7421 

7563 

7704 

7845 

7986 

8127 

8269 

8410 

141 

308 

8-^51 

8692 

8833 

8974 

9114 

9255 

9396 

9537 

9677 

9818 

141 

309 

9958  *009!) 

*0239  *0380  *0520  *0661  *0801 

*0941 

*1081 

*1222 

140 

310 

491362 

1502 

1642 

1782 

1922 

2062 

2201 

2341 

2481 

2621 

140 

311 

2760 

2900 

3040 

3179 

3319 

3458 

3597 

3737 

3876 

4015 

139 

312 

4155 

4294 

4433 

4572 

4711 

4850 

4989 

5128 

5267 

5406 

139 

313 

5544 

5683 

5822 

5960 

6099 

6238 

6376 

6515 

6653 

6791 

139 

314 

6930 

7068 

7206 

7344 

7483 

7621 

7759 

7897 

8035 

8173 

138 

315 

8311 

8448 

8586 

8724 

8862 

8999 

9137 

9275 

9412 

9550 

138 

316 

9687 

9824 

9962 

*0099  *0236  *0374  *0511 

*0648  *0785  *0922 

137 

317 

501059 

1196 

1333 

1470 

1607 

1744 

1880 

2017 

2154 

2291 

137 

318 

2427 

2564 

2700 

2837 

2973 

3109 

3246 

3382 

3518 

3655 

136 

319 

3791 

3927 

4063 

4199 

4335 

4471 

4607 

4743 

4878 

5014 

136 

320 

5150 

5286 

5421 

5557 

5693 

5828 

5964 

6099 

6234 

6370 

136 

321 

6505 

6640 

6776 

6911 

7046 

7181 

7316 

7451 

7586 

7721 

135 

322 

7856 

7991 

8126 

8260 

8395 

8530 

8664 

8799 

8934 

9068 

135 

323 

9203 

9337 

9471 

9606 

9740 

9874  *0009  *0143  *0277  *0411 

134 

324 

510545 

0679 

0813 

0947 

1081 

1215 

1349 

1482 

1616 

1750 

134 

325 

1883 

2017 

2151 

2284 

2418 

2551 

2684 

2818 

2951 

3084 

133 

326 

3218 

3351 

3484 

3617 

3750 

3883 

4016 

4149 

4282 

4415 

133 

327 

4548 

4681 

4813 

4946 

5079 

5211 

5344 

5476 

5609 

5741 

133 

328 

5874 

6006 

6139 

6271 

6403 

6535 

6668 

6800 

6932 

7064 

132 

329 

7196 

7328 

7460 

7592 

7724 

7855 

7987 

8119 

8251 

8382 

132 

330 

8514 

8646 

8777 

8909 

9040 

9171 

9303 

9434 

9566 

9697 

131 

331 

9828 

9959  *0090  *0221 

*0353  *0484  *0615  *0745  *0876 

*1007 

131 

332 

521138 

1269 

1400 

1530 

1661 

1792 

1922 

2053 

2183 

2314 

131 

333 

2444 

2575 

2705 

2835 

2966 

3096 

3226 

3356 

3486 

3616 

130 

334 

3746 

3876 

4006 

4136 

4266 

4396 

4526 

4656 

4785 

4915 

130 

335 

5045 

5174 

5304 

5434 

5563 

5693 

5822 

5951 

6081 

6210 

129 

336 

6339 

6469 

6598 

6727 

6856 

6985 

7114 

7243 

7372 

7501 

129 

337 

7630 

7759 

7888 

8016 

8145 

8274 

8402 

8531 

8660 

8788 

129 

338 

8917 

9045 

9174 

9302 

9430 

9559 

9687 

9815 

9943  *0072 

128 

339 

530200 

0328 

0456 

0584 

0712 

(1840 

(»968 
6 

1096 

1223 

1351 

128 

No 

0 

1 

2 

3 

4 

6 

7 

8 

9 

D 

LOGARITHMS— 340  to  379  245 


No    O 

1 

2 

3 

4 

5 

6 

7 

8 

8 

D 

340  531479 

341  2754 

342  4()2H 

1607 
2882 
4153 

1734 
3009 
4280 

1862 
3136 

4407 

1990 
3264 
4534 

2117 
3391 
4661 

2245 
3518 

4787 

2372 
3645 
4914 

2500 
3772 
5041 

2627 
3899 
5167 

128 
127 
127 

343 
344 

345 
346 
347 
348 
349 

350 
351 
352 
353 
354 

355 

356 

35 

358 

359 

360 
361 
362 
363 
364 

365 
366 
367 
368 
369 


5294  5421  5547  5674  5800  5927  6053  6180  6306  6432  126 
6558  6685  6811  6937  7063  7189  7315  7441  7567  7693  126 


7819  7945  8071  8197  8322  8448  8574  8699  8825  8951 

9076  9202  9327  9452  9578  9703  9829  9954  *0079  *0204 

540329  0455  0580  0705  0830  0955  1080  1205  1330  1454 

1579  1704  1829  1953  2078  2203  2327  2452  2576  2701 

2825  2950  3074  3199  3323  3447  3571  3696  3820  3944 

4068  4192  4316  4440  4564  4688  4812  4936  5060  5183 

5307  5431  5555  5678  5802  5925  6049  6172  6296  6419 

6543  6666  6789  6913  7036  7159  7282  7405  7529  7652 

7775  7898  8021  8144  8267  8389  8512  8635  8758  8881 

9003  9126  9249  9371  9494  9616  9739  9861  9984  *0106 

550228  0351  0473  0595  0717  0840  0962  1084  1206  1328 

1450  1572  1694  1816  1938  2060  2181  2303  2425  2547 

2668  2790  2911  3033  3155  3276  3398  3519  3640  3762 

3883  4004  4126  4247  4368  4489  4610  4731  4852  4973 

5094  5215  5336  5457  5578  5699  5820  5940  6061  6182 

6303  6423  6544  6664  6785  6905  7026  7146  7267  7387 

7507  7627  7748  7868  7988  8108  8228  8349  8469  8589 

8709  8829  8948  9068  9188  9308  9428  9548  9667  9787 

9907  *0026  *0146  *0265  *0385  *0504  *0624  *0743  *0863  *0982 

561101  1221  1340  1459  1578  1698  1817  1936  2055  2174 

2293  2412  2531  2650  2769  2887  3006  3125  3244  3362 

3481  3600  3718  3837  3955  4074  4192  4311  4429  4548 

4666  4784  4903  5021  5139  5257  5376  5494  5612  5730 

5S48  5966  6084  6202  6320  6437  6555  6673  6791  6909 

7026  7144  7262  7379  7497  7614  7732  7849  7967  8084 


370 

8202 

8319 

8436 

8554 

8671 

8788 

8905 

9023 

9140 

9257 

117 

371 

9374 

9491 

9608 

0725 

9842 

9959  *O076  *0193  *0309  *0426 

117 

372 

570543 

0660 

0776 

OS03 

1010 

1126 

1243 

1359 

1476 

1592 

117 

373 

1709 

1825 

1942 

2058 

2174 

2291 

2407 

2523 

2639 

2755 

116 

374 

2872 

2988 

3104 

3220 

3336 

3452 

3568 

3684 

3800 

3915 

116 

375 

4031 

4147 

4263 

4379 

4494 

4610 

4726 

4841 

4957 

5072 

116 

376 

5188 

5303 

5419 

5534 

5650 

5765 

5880 

5996 

6111 

6226 

1)5 

377 

6341 

6457 

6572 

6687 

6802 

6917 

7032 

7147 

7262 

7377 

115 

378 

7492 

7607 

7722 

7836 

7951 

8066 

8181 

8295 

8410 

8525 

115 

379 

8639 

8754 

8868 

8983 

9097 

9212 

9326 

9441 

9555 

9669 

114 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

8 

D 

126 
125 
125 
125 
124' 

124 
124 
123 
123 
123 

122 
122 
121 
121 
121 

120 
120 
120 
119 
119 

119 
119 

118 
118 
118 


246  LOGARITHMS— 380  to  419 


No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

380 

579784 

9898  *00r2 

*0r26  *0241 

*0355 

*0469  *0583 

*0697 

*0811 

114 

381 

580925 

1039 

1153 

1267 

1381 

1495 

1608 

1722 

1836 

1950 

114 

382 

2063 

2177 

2291 

2404 

2518 

2631 

2745 

2858 

2972 

3085 

114 

383 

3199 

3312 

3426 

3539 

3652 

3765 

3879 

3992 

4105 

4218 

113 

384 

4331 

4444 

4557 

4670 

4783 

4896 

5009 

5122 

5235 

5348 

113 

385 

5461 

5574 

5686 

5799 

5912 

6024 

6137 

6250 

6362 

6475 

113 

386 

6587 

6700 

6812 

6925 

7037 

7149 

7262 

7374 

7486 

7599 

112 

387 

7711 

7823 

7935 

8047 

8160 

8272 

8384 

8496 

8608 

8720 

112 

388 

8832 

8944 

9056 

9167 

9279 

9391 

9503 

9615 

9726 

9838 

112 

389 

9950  *0061 

*0173  *0284  *0396  *0507 

*0619 

*0730 

*0842 

*0953 

112 

390 

591065 

1176 

1287 

1399 

1510 

1621 

1732 

1843 

1955 

2066 

111 

391 

2177 

2288 

2399 

2510 

2621 

2732 

2843 

2954 

3064 

3175 

111 

392 

3286 

3397 

3508 

3618 

3729 

3840 

3950 

4061 

4171 

4282 

111 

393 

4393 

4503 

4614 

4724 

4834 

4945 

5055 

5165 

5276 

5386 

110 

394 

5496 

5606 

5717 

5827 

5937 

6047 

6157 

6267 

6377 

6487 

110 

395 

6597 

6707 

6817 

6927 

7037 

7146 

7256 

7366 

7476 

7586 

110 

396 

7695 

7805 

7914 

8024 

8134 

8243 

8353 

8462 

8572 

8681 

110 

397 

8791 

8900 

9009 

9119 

9228 

9337 

9446 

9556 

9665 

9774 

109 

398 

9883 

9992 

*0101 

*0210 

*0319  *0428  *0537 

*0646 

*0755 

*0864 

109 

399 

600973 

1082 

1191 

1299 

1408 

1517 

1625 

1734 

1843 

1951 

109 

400 

2060 

2169 

2277 

2386 

2494 

2603 

2711 

2819 

2928 

3036 

108 

401 

3144 

3253 

3361 

3469 

3577 

3686 

3794 

3902 

4010 

4118 

108 

402 

4226 

4334 

4442 

4550 

4658 

4766 

4874 

4982 

5089 

5197 

108 

403 

5305 

5413 

5521 

5628 

5736 

5844 

5951 

6059 

6166 

6274 

108 

404 

6381 

6489 

6596 

6704 

6811 

6919 

7026 

7133 

7241 

7348 

107 

405 

7455 

7562 

7669 

7777 

7884 

7991 

8098 

8205 

8312 

8419 

107 

406 

8526 

8633 

8740 

8847 

8954 

9061 

9167 

9274 

9381 

9488 

107 

407 

9594 

9701 

9808 

9914 

*0021 

*012S 

*0234 

*0341 

*0447 

*0554 

107 

408 

610660 

0767 

0873 

0979 

1086 

1192 

1298 

1405 

1511 

1617 

106 

409 

1723 

1829 

1936 

2042 

2148 

2254 

2360 

2466 

2572 

2678 

106 

410 

2784 

2890 

2996 

3102 

3207 

3313 

3419 

3525 

3630 

3736 

106 

411 

3842 

3947 

4053 

4159 

4264 

4370 

4475 

4581 

4686 

4792 

106 

412 

4897 

5003 

5108 

5213 

5319 

5424 

5529 

5634 

5740 

5845 

105 

413 

5950 

6055 

6160 

6265 

6370 

6476 

6581 

6686 

6790 

6895 

105 

414 

7000 

7105 

7210 

7315 

7420 

7525 

7629 

7734 

7839 

7943 

105 

415 

8048 

8153 

8257 

8362 

8466 

8571 

8676 

8780 

8884 

8989 

105 

416 

9093 

9198 

9302 

9406 

9511 

9615 

9719 

9824 

9928  *0032 

104 

417 

620136 

0240 

0344 

0448 

0552 

0656 

0760 

0864 

0968 

1072 

104 

418 

1176 

1280 

1384 

1488 

1592 

1695 

1799 

1903 

2007 

2110 

104 

419 

2214 

2318 

2421 

2525 

2628 

2732 

2835 

2939 

3042 

3146 

104 

No 

0 

1 

2 

3 

4 

& 

6 

7 

8 

8 

D 

LOGARITHMS— 420  to  459  24' 


No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

a 

0 

420 

623249 

3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 

103 

421 

4282 

4385 

4488 

4591 

4695 

4798 

4901 

5004 

5107 

5210 

103 

422 

5312 

5415 

5518 

5621 

5724 

5827 

5929 

6032 

6135 

6238 

103 

423 

6340 

6443 

6546 

6648 

6751 

6853 

6956 

7058 

7161 

7263 

103 

424 

7366 

7468 

7571 

7673 

7775 

7878 

7980 

8082 

8185 

8287 

102 

425 

8389 

8491 

8593 

8695 

8797 

8900 

9002 

9104 

9206 

9308 

102 

426 

9410 

9512 

9613 

9715 

9817 

9919  *0021 

*0123 

*0224  *0326 

102 

427 

630428 

0530 

0631 

0733 

0835 

0936 

1038 

1139 

1241 

1342 

102 

428 

1444 

1545 

1647 

1748 

1849 

1951 

2052 

2153 

2255 

2356 

101 

429 

2457 

2559 

2660 

2761 

2862 

2963 

3064 

3165 

3266 

3367 

101 

430 

3468 

3569 

3670 

3771 

3872 

3973 

4074 

4175 

4276 

4376 

101 

431 

4477 

4578 

4679 

4779 

4880 

4981 

5081 

5182 

5283 

5383 

100 

432 

5484 

5584 

5685 

5785 

5886 

5986 

6087 

6187 

6287 

6388 

100 

433 

6488 

6588 

6688 

6789 

6889 

6989 

7089 

7189 

7290 

7390 

100 

434 

7490 

7590 

7690 

7790 

7890 

7990 

8090 

8190 

8290 

8389 

100 

435 

8489 

8589 

8689 

8789 

8888 

8988 

9088 

9188 

9287 

9387 

99 

436 

9486 

9586 

9686 

9785 

9885 

9984  *0084  *0183  *0283  *0382 

99 

437 

640481 

0581 

0680 

0779 

0879 

0978 

1077 

1177 

1276 

1375 

99 

438 

1474 

1573 

1672 

1771 

1871 

1970 

2069 

2168 

2267 

2366 

99 

439 

2465 

2563 

2662 

2761 

2860 

2959 

3058 

3156 

3255 

3354 

99 

440 

3453 

3551 

3650 

3749 

3847 

3946 

4044 

4143 

4242 

4340 

98 

441 

4439 

4537 

4636 

4734 

4832 

4931 

5029 

5127 

5226 

5324 

98 

442 

5422 

5521 

5619 

5717 

5815 

5913 

6011 

6110 

6208 

6306 

98 

443 

6404 

6502 

6600 

6698 

6796 

6894 

6992 

7089 

7187 

7285 

98 

444 

7383 

7481 

7579 

7676 

7774 

7872 

7969 

8067 

8165 

8262 

98 

445 

8360 

8458 

8555 

8653 

8750 

8848 

8945 

9043 

9140 

9237 

97 

446 

9335 

9432 

9530 

9627 

9724 

9821 

9919  *0016  *01i3  *0210 

97 

447 

650308 

0405 

0502 

0599 

0696 

0793 

0890 

0987 

1084 

1181 

97 

448 

1278 

1375 

1472 

1569 

1666 

1762 

1859 

1956 

2053 

2150 

97 

449 

2246 

2343 

2440 

2536 

2633 

2730 

2826 

2923 

3019 

3116 

97 

450 

3213 

3309 

3405 

3502 

3598 

3695 

3791 

3888 

3984 

4080 

96 

451 

4177 

4273 

4369 

4465 

4562 

4658 

4754 

4850 

4946 

5042 

96 

452 

5138 

5235 

5331 

5427 

5523 

5619 

5715 

5810 

5906 

6002 

96 

453 

6098 

6194 

6290 

6386 

6482 

6577 

6673 

6769 

6864 

6960 

96 

454 

7056 

7152 

7247 

7343 

7438 

7534 

7629 

7725 

7820 

7916 

96 

455 

8011 

8107 

8202 

8f:98 

8393 

8488 

8584 

8679 

8774 

8870 

95 

456 

8965 

9060 

9155 

9250 

9346 

9441 

9536 

9631 

9726 

9821 

95 

457 

9916  *0011 

*0106  *0201 

*0296  *0391 

*0486  *0581 

*0676  *0771 

95 

458 

660865 

0960 

1055 

1150 

1245 

1339 

1434 

1529 

1623 

1718 

95 

459 

1813 

1907 

2002 

2096 

2191 

2286 

2380 

2475 

2569 

2663 

95 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

8 

D 

248 


LOGARITHMS — 460  to  499 


No 

0 

1 

2 

3 

4  . 

6 

6 

7 

8 

8 

O 

460 

662758 

2852 

2947 

3041 

3135 

3230 

3324 

3418 

3512 

3607 

94 

461 

3701 

3795 

3889 

3983 

4078 

4172 

4266 

4360 

4454 

4548 

94 

462 

4642 

4736 

4830 

4924 

5018 

5112 

5206 

5299 

5393 

5487 

94 

463 

5581 

5675 

5769 

5862 

5956 

6050 

6143 

6237 

6331 

6424 

94 

464 

6518 

6612 

6705 

6799 

6892 

6986 

7079 

7173 

7266 

7360 

94 

465 

7453 

7546 

7640 

7733 

7826 

7920 

8013 

8106 

8199 

8293 

93 

466 

8386 

8479 

8572 

8665 

8759 

8852 

8945 

9038 

9131 

9224 i  93 

467 

9317 

9410 

9503 

9596 

9689 

9782 

9875 

9967 

*0060  *0153 

93 

468 

670246 

0339 

0431 

0524 

0617 

0710 

0802 

0895 

0988 

1080 

93 

469 

1173 

1265 

1358 

1451 

1543 

1636 

1728 

1821 

1913 

2005 

93 

470 

2098 

2190 

2283 

2375 

2467 

2560 

2652 

2744 

2836 

2929 

92 

471 

3021 

3113 

3205 

3297 

3390 

3482 

3574 

3666 

3758 

3850 

92 

472 

3942- 

4034 

4126 

4218 

4310 

4402 

4494 

4586 

4677 

4769 

92 

473 

4861 

4953 

5045 

5137 

5228 

5320 

5412 

5503 

5595 

5687 

92 

474 

5778 

5870 

5962 

6053 

6145 

6236 

6328 

6419 

6511 

6602 

92 

475 

6694 

6785 

6876 

6968 

7059 

7151 

7242 

7333 

7424 

7516 

91 

476 

7607 

7698 

7789 

7881 

7972 

8063 

8154 

8245 

8336 

8427 

91 

477 

8518 

8609 

8700 

8791 

8882 

8973 

9064 

9155 

9246 

9337 

91 

478 

9428 

9519 

9610 

9700 

9791 

9882 

9973  *0063  *0154  *0245 

91 

479 

680336 

0426 

0517 

0607 

0698 

0789 

0879 

0970 

1060 

1151 

91 

480 

1241 

1332 

1422 

1513 

1603 

1693 

1784 

1874 

1964 

2055 

90 

481 

2145 

2235 

2326 

2416 

2506 

2596 

2686 

2777 

2867 

2957 

90 

482 

3047 

3137 

3227 

3317 

3407 

3497 

3587 

3677 

3767 

3857 

90 

483 

3947 

4037 

4127 

4217 

4307 

4396 

4486 

4576 

4666 

4756 

90 

484 

4845 

4935 

5025 

5114 

5204 

5294 

5383 

5473 

5563 

5652 

90 

485 

5742 

5831 

5921 

6010 

6100 

6189 

6279 

6368 

6458 

6547 

89 

486 

6636 

6726 

6815 

69©4 

6994 

7083 

7172 

7261 

7351 

7440 

89 

487 

7529 

7618 

7707 

7796 

7886 

7975 

8064 

8153 

8242 

8331 

89 

488 

8420 

8509 

8598 

8687 

8776 

8865 

8953 

9042 

9131 

9220 

89 

489 

9309 

9398 

9486 

9575 

9664 

9753 

9841 

9930  *0019  *0107 

89 

490 

690196 

0285 

0373 

0462 

0550 

0639 

0728 

0816 

0905 

0993 

89 

491 

lOSl 

1170 

1258 

1347 

1435 

1524 

1612 

1700 

1789 

1877 

88 

492 

1965 

2053 

2142 

2230 

2318 

2406 

2494 

2583 

2671 

2759 

88 

493 

2847 

2935 

3023 

3111 

3199 

3287 

3375 

3463 

3551 

3639 

88 

494 

3727 

3815 

3903 

3991 

4078 

4166 

4254 

4342 

4430 

4517 

88 

495 

4605 

4693 

4781 

4868 

4956 

5044 

5131 

5219 

5307 

5394 

88 

496 

5482 

5569 

5657 

5744 

5832 

5919 

6007 

6094 

6182 

6269 

87 

497 

6356 

6444 

6531 

6618 

6706 

6793 

6880 

6968 

7055 

7142 

87 

498 

7229 

7317 

7404 

7491 

7578 

7665 

7752 

7839 

7926 

8014 

87 

499 

8101 

8188 

8275 

8362 

8449 

8535 

8622 

8709 

8796 

8883 

87 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

LOGARITHMS — oOO  to  539  24!) 


No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D 

5(X> 

698970 

9057 

9144 

9231 

9317 

9404 

9491 

9578 

9664 

9751 

87 

501 

9838 

9924  *0011  *0098  *0184  *0271  *0358  *0444  *0531  *0617 

87 

502 

700704 

0790 

0877 

0963 

1050 

1136 

1222 

1309 

1395 

1482 

86 

503 

1568 

1654 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 

86 

504 

2431 

2517 

2603 

2689 

2775 

2861 

2947 

3033 

3119 

3205 

86 

505 

3291 

3377 

3463 

3549 

3635 

3721 

3807 

3893 

3979 

4065 

8(5 

506 

4151 

4236 

4322 

4408 

4494 

4579 

4665 

4751 

4837 

4922 

86 

507 

5008 

5094 

5179 

5265 

5350 

5436 

6522 

5607 

5693 

5778 

S6 

508 

5864 

5949 

6035 

6120 

6206 

6291 

6376 

6462 

6547 

6632 

85 

509 

6718 

6803 

6888 

6974 

7059 

7144 

7229 

7315 

7400 

7485 

85 

510 

7570 

7655 

7740 

7826 

7911 

7996 

8081 

8166 

8251 

8336 

85 

511 

8421 

8506 

8591 

8676 

8761 

8846 

8931 

9015 

9100 

9185 

85 

512 

9270 

9355 

9440 

9524 

9609 

9694 

9779 

9863 

9948  *0033 

85 

513 

710117 

0202 

0287 

0371 

0456 

0540 

0625 

0710 

0794 

0879 

85 

514 

0963 

1048 

1132 

1217 

1301 

1385 

1470 

1554 

1639 

1723 

84 

515 

1807 

1892 

1976 

2060 

2144 

2229 

2313 

2397 

2481 

2566 

84 

516 

2650 

2734 

2818 

2902 

2986 

3070 

3154 

3238 

3323 

3407 

84 

517 

3491 

3575 

3659 

3742 

3826 

3910 

3994 

4078 

4162 

4246 

84 

518 

4330 

4414 

4497 

4581 

4665 

4749 

4833 

4916 

5000 

5084 

84 

519 

5167 

5251 

5335 

5418 

5502 

5586 

5669 

5753 

5836 

5920 

84 

520 

6003 

6087 

6170 

6254 

6337 

6421 

6504 

6588 

6671 

6754 

83 

521 

6838 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7587 

83 

522 

7671 

7754 

7837 

7920 

8003 

8086 

8169 

8253 

8336 

8419 

83 

523 

8502 

8585 

8668 

8751 

8834 

8917 

9000 

9083 

9165 

9248 

83 

524 

9331 

9414 

9497 

9580 

9663 

9745 

9828 

9911 

9994  *0077 

83 

525 

720159 

0242 

0325 

0407 

0490 

0573 

0655 

0738 

0821 

0903 

83 

526 

0986 

1068 

1151 

1233 

1316 

1398 

1481 

1563 

1646 

1728 

82 

527 

1811 

1893 

1975 

2058 

2140 

2222 

2305 

2387 

2469 

2552 

82 

528 

2634 

2716 

2798 

2881 

2963 

3045 

3127 

3209 

3291 

3374 

82 

529 

3456 

3538 

3620 

3702 

3784 

3866 

3948 

4030 

4112 

4194 

82 

530 

4276 

4358 

4440 

4522 

4604 

4685 

4767 

4849 

4931 

5013 

82 

531 

5095 

5176 

5258 

5340 

5422 

5503 

5585 

5667 

5748 

5830 

82 

532 

5912 

5993 

6075 

6156 

6238 

6320 

6401 

6483 

6564 

6646 

82 

533 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 

81 

534 

7541 

7623 

7704 

7785 

7866 

7948 

8029 

8110 

8191 

8273 

81 

535 

8354 

8435 

8516 

8597 

8678 

8759 

8841 

8922 

9003 

9084 

81 

536 

9165 

9246 

9327 

9408 

9489 

9570 

9651 

9732 

9813 

9893 

81 

537 

9974  *0055 

*0136 

*0217 

*0298  *0378  *0459  *0540  *0621 

*0702 

81 

538 

730782 

0863 

0944 

1024 

1105 

1186 

1266 

1347 

1428 

1508 

81 

539 

1589 

1669 

1750 

1830 

1911 

1991 

2072 

2152 

2233 

2313 

81 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D 

250  LOGARITHMS— 540  to  579" 


."",40 
.-)41 

r)42 

543 
544 

545 

546 

54 

548 

549 

550 
551 
552 
553 
554 

555 
556 
557 
558 
559 

560 
561 
562 
563 
564 

565 
566 
567 
568 
569 

570 
571 
572 
573 
574 

575 
576 
577 
578 


732394  2474  2555  2635  2715  2796  2876  2956  3037  3117 

3197  3278  3358  3438  3518  3598  3679  3759  3839  3919 

3999  4079  4160  4240  4320  4400  4480  4560  4640  4720 

4800  4880  4960  5040  5120  5200  5279  5359  5439  5519 

5599  5679  5759  5838  5918  5998  6078  6157  6237  6317 

6397  6476  6556  6635  6715  6795  6874  6954  7034  7113 

7193  7272  7352  7431  7511  7590  7670  7749  7829  7908 

7987  8067  8146  8225  8305  8384  8463  8543  8622  8701 

8781  8860  8939  9018  9097  9177  9256  9335  9414  9493 

9572  9651  9731  9810  9889  9968  *0047  *0126  *0205  *0284 

740363  0442  0521  0600  0678  0757  0836  0915  0994  1073 

1152  1230  1309  1388  1467  1546  1624  1703  1782  1860 

1939  2018  2096  2175  2254  2332  2411  2489  2568  2647 

2725  2804  2882  2961  3039  3118  3196  3275  3353  3431 

3510  3588  3667  3745  3823  3902  3980  4058  4136  4215 

4293  4371  4449  4528  4606  4684  4762  4840  4919  4997 

5075  5153  5231  5309  5387  5465  5543  5621  5699  5777 

5855  5933  6011  6089  6167  6245  6323  6401  6479  6556 

6634  6712  6790  6868  6945  7023  7101  7179  7256  7334 

7412  7489  7567  7645  7722  7800  7878  7955  8033  8110 

8188  8266  8343  8421  8498  8576  8653  8731  8808  8885 

8963  9040  9118  9195  9272  9350  9427  9504  9582  9659 

9736  9814  9891  9968  *0045  *0123  *0200  *0277  *0354  *0431 

750508  0586  0663  0740  0817  0894  0971  1048  1125  1202 

1279  1356  1433  1510  1587  1664  1741  1818  1895  1972 

2048  2125  2202  2279  2356  2433  2509  2586  2663  2740 

2816  2893  2970  3047  3123  3200  3277  3353  3430  3506 

3583  3660  3736  3813  3889  3966  4042  4119  4195  4272 

4348  4425  4501  4578  4654  4730  4807  4883  4960  5036 

5112  5189  5265  5341  5417  5494  5570  5646  5722  5799 

5875  5951  6027  6103  6180  6256  6332  6408  6484  6560 

6636  6712  6788  6864  6940  7016  7092  7168  7244  7320 

7396  7472  7548  7624  7700  7775  7851  7927  8003  8079 

8155  8230  8306  8382  8458  8533  8609  8685  8761  8836 

8912  8988  9063  9139  9214  9290  9366  9441  9517  9592 

9668  9743  9819  9894  9970  *0045  *0121  *0196  *0272  *0347 

760422  0498  0573  0649  0724  0799  0875  0950  1025  1101 

1176  1251  1326  1402  1477  1552  1627  1702  1778  1853 

1928  2003  2078  2153  2228  2303  2378  2453  2529  2604 


579 

2679 

2754 

2829 

2904 

2978 

3053 

3128 

3203 

3278 

3353   75 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9    D 

LOGARITHMS — 580  tO  619 


251 


No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

8 

0 

580 

763428 

3503 

3578 

3653 

3727 

3802 

3877 

3952 

4027 

4101 

75 

581 

4176 

4251 

4326 

4400 

4475 

4550 

4624 

4699 

4774 

4848 

75 

582 

4923 

4998 

5072 

5147 

5221 

5296 

5370 

5445 

5520 

5594 

75 

583 

5669 

5743 

5818 

5892 

5966 

6041 

6115 

6190 

6264 

6338 

74 

584 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

6933 

7007 

7082 

74 

585 

7156 

7230 

7304 

7379 

7453 

7527 

7601 

7675 

7749 

7823 

74 

586 

7898 

7972 

8046 

8120 

8194 

8268 

8342 

8416 

8490 

8564 

74 

587 

8638 

8712 

8786 

8860 

8934 

9008 

9082 

9156 

9230 

9303 

74 

588 

9377 

9451 

9525 

9599 

9673 

9746- 

9820 

9894 

9968  *0042 

74 

589 

770115 

0189 

0263 

0336 

0410 

0484 

0557 

0631 

0705 

0778 

74 

590 

0852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

1514 

74 

591 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

73 

592 

2322 

2395 

2468 

2542 

2615 

2688 

2762 

2835 

2908 

2981 

73 

693 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 

73 

594 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

4444 

73 

595 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

5173 

73 

596 

5246 

5319 

5392 

5465 

5538 

5610 

5683 

5756 

5829 

5902 

73 

597 

5974 

6047 

6120 

6193 

6265 

6338 

6411 

6483 

6556 

6629 

73 

598 

6701 

6774 

6846 

6919 

6992 

7064 

7137 

7209 

7282 

7354 

73 

599 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

8079 

72 

600 

8151 

8224 

8296 

8368 

8441 

8513 

8585 

8658 

8730 

8802 

72 

601 

S874 

8947 

9019 

9091 

9163 

9236 

9308 

9380 

9452 

9524 

72 

602 

9596 

9669 

9741 

9813 

9885 

9957 

*0029  *0101 

*0173  *0245 

72 

603 

780317 

0389 

0461 

0533 

0605 

0677 

0749 

0821 

0893 

0965 

72 

604 

1037 

1109 

1181 

1253 

1324 

1396 

1468 

1540 

1612 

1684 

72 

605 

1755 

1827 

1899 

1971 

2042 

2114 

2186 

2258 

2329 

2401 

72 

606 

2473 

2544 

2616 

2688 

2759 

2831 

2902 

2974 

3046 

3117 

72 

607 

3189 

3260 

3332 

3403 

3475 

3546 

3618 

3689 

3761 

3832 

71 

608 

3904 

3975 

4046 

4118 

4189 

4261 

4332 

4403 

4475 

4546 

71 

609 

4617 

4689 

4760 

4831 

4902 

4974 

5045 

5116 

5187 

5259 

71 

610 

5330 

5401 

5472 

5543 

5615 

5686 

5757 

5828 

5899 

5970 

71 

611 

6041 

6112 

6183 

6254 

6325 

6396 

6467 

6538 

6609 

6680 

71 

612 

6751 

6822 

6893 

6964 

7035 

7106 

7177 

7248 

7319 

7390 

71 

613 

7460 

7531 

7602 

7673 

7744 

7815 

7885 

7956 

8027 

8098 

71 

614 

8168 

8239 

8310 

8381 

8451 

8522 

8593 

8663 

8734 

8804 

71 

615 

8875 

8946 

9016 

9087 

9157 

9228 

9299 

9369 

9440 

9510 

71 

616 

9581 

9651 

9722 

9792 

9863 

9933  *0004  *0074  *0144  *0215 

70 

617 

790285 

0356 

0426 

0496 

0567 

(1637 

0707 

0778 

0848 

0918 

70 

618 

0988 

1059 

1129 

1199 

1269 

1340 

1410 

1480 

1550 

1620 

70 

619 

1691 

1761 

1831 

1901 

1971 

2041 

2111 

2181 

2252 

2322 

70 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

8 

D 

''n-^ 


LOGARITHMS— 620  to  659 


No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

620 

792392 

2462 

2532 

2602 

2672 

2742 

2812 

2882 

2952 

3022 

70 

621 

3092 

3162 

3231 

3301 

3371 

3441 

3511 

3581 

3651 

3721 

70 

622 

3790 

3860 

3930 

'4000 

4070 

4139 

4209 

4279 

4349 

4418 

70 

623 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976 

5045 

5115 

70 

624 

5185 

5254 

5324 

5393 

5463 

5532 

5602 

5672 

5741 

5811 

70 

625 

5880 

5949 

6019 

6088 

6158 

6227 

6297 

6366 

6436 

6505 

69 

626 

6574 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7129 

7198 

69 

627 

7268 

7337 

7406 

7475 

7545 

7614 

7683 

7752 

7821 

7890 

69 

628 

7960 

8029 

8098 

8167 

8236 

8305 

8374 

8443 

8513 

8582 

69 

629 

8651 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 

69 

630 

9341 

9409 

9478 

9547 

9616 

9685 

9754 

9823 

9892 

9961 

69 

631 

800029 

0098 

0167 

0236 

0305 

0373 

0442 

0511 

0580 

0648 

69 

632 

0717 

0786 

0854 

0923 

0992 

1061 

1129 

1198 

1266 

1335 

69 

633 

1404 

1472 

1541 

1609 

1678 

1747 

1815 

1884 

1952 

2021 

69 

634 

2089 

2158 

2226 

2295 

2363 

2432 

2500 

2568 

2637 

2705 

69 

635 

2774 

2842 

2910 

2979 

3047 

3116 

3184 

3252 

3321 

3389 

68 

636 

3457 

3525 

3594 

3662 

3730 

3798 

3867 

3935 

4003 

4071 

68 

637 

4139 

4208 

4276 

4344 

4412 

4480 

4548 

4616 

4685 

4753 

68 

638 

4821 

4889 

4957 

5025 

5093 

5161 

5229 

5297 

5365 

5433 

68 

639 

5501 

5569 

5637 

5705 

5773 

5841 

5908 

5976 

6044 

6112 

68 

640 

6180 

6248 

6316 

6384 

6451 

6519 

6587 

6655 

6723 

6790 

68 

641 

6858 

6926 

6994 

7061 

7129 

7197 

7264 

7332 

7400 

7467 

68 

642 

7535 

7603 

7670 

7738 

7806 

7873 

7941 

8008 

8076 

8143 

68 

643 

8211 

8279 

8346 

8414 

8481 

8549 

8616 

8684 

8751 

8818 

67 

644 

8886 

8953 

9021 

9088 

9156 

9223 

9290 

9358 

9425 

9492 

67 

645 

9560 

9627 

9694 

9762 

9829 

9896 

9964 

*0031 

*0098  *0165 

67 

646 

810233 

0300 

0367 

0434 

0501 

0569 

0636 

0703 

0770 

0837 

67 

647 

0904 

0971 

1039 

1106 

1173 

1240 

1307 

1374 

1441 

1508 

67 

648 

1575 

1642 

1709 

1776 

1843 

1910 

1977 

2044 

2111 

2178 

67 

649 

2245 

2312 

2379 

2445 

2512 

2579 

2646 

2713 

2780 

2847 

67 

650 

2913 

2980 

3047 

3114 

3181 

3247 

3314 

3381 

3448 

3514 

67 

651 

3581 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 

67 

652 

4248 

4314 

4381 

4447 

4514 

4581 

4647 

4714 

4780 

4847 

67 

653 

4913 

4980 

5046 

5113 

5179 

5246 

5312 

5378 

5445 

5511 

66 

654 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6175 

66 

655 

6241 

6308 

6374 

6440 

6506 

6573 

6639 

6705 

6771 

6838 

66 

656 

6904 

6970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 

66 

657 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

8028 

8094 

8160 

66 

658 

8226 

8292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 

66 

659 

8885 

8951 

9017 

9083 

9149 

9215 

9281 

9346 

9412 

9478 

66 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D 

LOGARITHMS — 6C)()  to  (JDH 


660  819544  9610  9676  9741 

661  820201  0267  0333  0399 

662  0858  0924  0989  1055 

663  1514  1579  1045  1710 

664  2168  2233  2299  2364 


665 
666 
667 
668 
669 

670 
671 
672 
673 
674 

675 
676 
677 
678 
679 

680 
681 
682 
683 
684 

685 
686 

687 
688 
689 

690 
691 
692 
698 
694 

695 

696 

69 

698 

699 


2822  2887  2952  3018 

3474  3539  3605  3670 

4126  4191  4256  4321 

4776  4841  4906  4971 

5426  5491  5556  5621 

6075  6140  6204  6269 

6723  6787  6852  6917 

7369  7434  7499  7563 

8015  8080  8144  8209 

8660  8724  8789  8853 

9304  9368  9432  9497 

9947  *0011  5^0075  *0139 

830589  0653  0717  0781 

1230  1294  1358  1422 

1870  1934  1998  2062 

2509  2573  2637  2700 

3147  3211  3275  3338 

3784  3848  3912  3975 

4421  4484  4548  4611 

5056  5120  5183  5247 


5691 
6324 
6957 
7588 
8219 

8849 
9478 
840106 
0733 
1359 

1985 
2609 
3233 
3855 
4477 


5754 

6387 
7020 
7652 
8282 

8912 
9541 
0169 
0796 
1422 

2047 
2672 
3295 
3918 
4539 


5817 
6451 
7083 
7715 
8345 

8975 
9604 
0232 
0859 
1485 

2110 
2734 
3357 
3980 
4601 


5881 
6514 
7146 

7778 
8408 

9038 
9667 
0294 
0921 
1547 

2172 
2796 
3420 
4042 
4664 


9807  9873  9939  *0004  *0070  *0136 

0464  0530  0595  0661  0727  0792 

1120  1186  1251  1317  1382  1448 

1775  1841  1906  1972  2037  2103 

2430  2495  2560  2626  2691  2756 

3083  3148'  3213  3279  3344  3409 

3735  3800  3865  3930  3996  4061 

4386  4451  4516  4581  4646  4711 

5036  5101  5166  5231  5296  5361 

5686  5751  5815  5880  5945  6010 

6334  6399  6464  6528  6593  6658 

6981  7046  7111  7175  7240  7305 

7628  7692  7757  7821  7886  7951 

8273  8338  8402  8467  8531  8595 

8918  8982  9046  9111  9175  9239 

9561  9625  9690  9754  9818  9882 

*0204  *0268  *0332  *0396  *0460  *0525 

0845  0909  0973  1037  1102  1166 

1486  1550  1614  1678  1742  1806 

2126  2189  2253  2317  2381  2445 

2764  2828  2892  2956  3020  3083 

3402  3466  3530  3593  3657  3721 

4039  4103  4166  4230  4294  4357 

4675  4739  4802  4866  4929  4993 

5310  5373  5437  5500  5564  5627 

5944  6007  6071  6134  6197  6261 

6577  6641  6704  6767  6830  6894 

7210  7273  7336  7399  7462  7525 

7841  7904  7967  8030  8093  8156 

8471  8534  8597  8660  8723  8786 

9101  9164  9227  9289  9352  9415 

9729  9792  9855  9918  9981  *0043 

0357  0420  0482  0545  0608  0671 

0984  1046  1109  1172  1234  1297 

1610  1672  1735  1797  1860  1922 

2235  2297  2360  2422  2484  2547 

2859  2921  2983  3046  3108  3170 

3482  3.144  3606  3669  3731  3793 

4104  4166  4229  4291  4353  4415 

4726  4788  4850  4912  4974  5036 


254  LOGARITHMS— 700  to  739 


No 

0 

' 

2 

3 

4 

6 

6 

7 

8 

9 

0 

700 

845098 

5160 

5222 

5284 

5346 

5408 

5470 

5532 

5594 

5656 

62 

701 

5718 

5780 

5842 

5904 

5966 

6028 

6090 

6151 

6213 

6275 

62 

702 

6337 

6.S99 

6461 

6523 

6585 

6646 

6708 

6770 

6832 

6894 

62 

703 

6955 

7017 

7079 

7141 

7202 

7264 

7326 

7388 

7449 

7511 

62 

704 

7573 

7634 

7696 

7758 

7819 

7881 

7943 

8004 

8066 

8128 

62 

705 

8189 

8251 

8312 

8374' 

8435 

8497 

8559 

8620 

8682 

8743 

62 

706 

8805 

8866 

8928 

8989 

9051 

9112 

9174 

9235 

9297 

9358 

61 

707 

9419 

9481 

9542 

9604 

9665 

9726 

9788 

9849 

9911 

9972 

61 

708 

850033 

0095 

0156 

0217 

0279 

0340 

0401 

0462 

0524 

0585 

61 

709 

0646 

0707 

0769 

0830 

0891 

0952 

1014 

1075 

1136 

1197 

61 

710 

1258 

1320 

1381 

1442 

1503 

1564 

1625 

1686 

1747 

1809 

61 

711 

1870 

1931 

1992 

2053 

2114 

2175 

2236 

2297 

2358 

2419 

61 

712 

2480 

2541 

2602 

2663 

2724 

2785 

2846 

2907 

2968 

3029 

61 

713 

3090 

3150 

3211 

3272 

3333 

3394 

3455 

3516 

3577 

3G37 

61 

714 

3698 

3759 

3820 

3881 

3941 

4002 

4063 

4124 

4185 

4245 

61 

715 

4306 

4367 

4428 

4488 

4549 

4610 

4670 

4731 

4792 

4852 

61 

716 

4913 

4974 

5034 

5095 

5156 

5216 

5277 

5337 

5398 

5459 

61 

717 

5519 

5580 

5640 

5701 

5761 

5822 

5882 

5943 

6003 

6064 

61 

718 

6124 

6185 

6245 

6306 

6366 

6427 

6487 

6548 

6608 

6668 

60 

719 

6729 

6789 

6850 

6910 

6970 

7031 

7091 

7152 

7212 

7272 

60 

720 

7332 

7393 

7453 

7513 

7574 

7634 

7694 

7755 

7815 

7875 

60 

721 

7935 

7995 

8056 

8116 

8176 

8236 

8297 

8357 

8417 

8477 

60 

722 

8537 

8597 

8657 

8718 

8778 

8838 

8898 

8958 

9018 

9078 

60 

723 

9138 

9198 

9258 

9318 

9379 

9439 

9499 

9559 

9619 

9679 

60 

724 

9739 

9799 

9859 

9918 

9978 

*0038  *0098  *0158  *0218  *0278 

60 

725 

860338 

0398 

0458 

0518 

0578 

0637 

0697 

0757 

0817 

0877 

60 

726 

0937 

0996 

1056 

1116 

1176 

1236 

1295 

1355 

1415 

1475 

60 

727 

1534 

1594 

1654 

1714 

1773 

1833 

1893 

1952 

2012 

2072 

60 

728 

2131 

2191 

2251 

2310 

2370 

2430 

2489 

2549 

2608 

2668 

60 

729 

2728 

2787 

2847 

2906 

2966 

3025 

3085 

3144 

3204 

3263 

60 

730 

3323 

3382 

3442 

3501 

3561 

3620 

3680 

3739 

3799 

3858 

59 

731 

3917 

3977 

4036 

4096 

4155 

4214 

4274 

4333 

4392 

4452 

59 

732 

4511 

4570 

4630 

4689 

4748 

4808 

4867 

4926 

4985 

5045 

59 

733 

5104 

5163 

5222 

5282 

5341 

5400 

5459 

5519 

5578 

5637 

59 

734 

5696 

5755 

5814 

5874 

5933 

5992 

6051 

6110 

6169 

6228 

59 

735 

6287 

6346 

6405 

6465 

6524 

6583 

6642 

6701 

6760 

6819 

59 

736 

6878 

6937 

6996 

7055 

7114 

7173 

7232 

7291 

7350 

7409 

59 

737 

7467 

7526 

7585 

7644 

7703 

7762 

7821 

7880 

7939 

7998 

59 

738 

8056 

8115 

8174 

8233 

8292 

8350 

8409 

8468 

8527 

8586 

59 

739 

8644 

8703 

8762 

8821 

8879 

8938 

8997 

9056 

9114 

9173 

59 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

LOGARITHMS— 740  to  779 


No 

0 

1 

2 

a 

4 

6 

e 

7 

8 

8 

D 

740 

869232 

9290 

9349 

9408 

9466 

9525 

9584 

9642 

9701 

9760 

59 

741 

9818 

9877 

9935 

9994  *0053  *0111  *0170  *0228  *0287 

*0345 

59 

742 

870404 

0462 

0521 

0579 

063S 

0()96 

0755 

0813 

0872 

0930 

58 

743 

0989 

1047 

1106 

1164 

1223 

1281 

1339 

1398 

1456 

1515 

58 

744 

1573 

1631 

1690 

1748 

1806 

1865 

1923 

1981 

2040 

2098 

58 

745 

2156 

2215 

2273 

2331 

2389 

2448 

2506 

2564 

2622 

2681 

58 

746 

2739 

2797 

2855 

2913 

2972 

3030 

3088 

3146 

3204 

3262 

58 

747 

3321 

3379 

3437 

3495 

3553 

3611 

3669 

3727 

3785 

3844 

58 

748 

3902 

3960 

4018 

4076 

4134 

4192 

4250 

4308 

4366 

4424 

58 

749 

4482 

4540 

4598 

4656 

4714 

4772 

4830 

4888 

4945 

5003 

58 

750 

5061 

51)9 

5177 

5235 

5293 

5351 

5409 

5466 

5524 

5582 

58 

751 

5640 

5698 

5756 

5813 

5871 

5929 

5987 

6045 

6102 

6160 

58 

752 

6218 

6276 

6333 

6391 

6449 

6507 

6564 

6622 

6680 

6737 

58 

753 

6795 

6853 

6910 

6968 

7026 

7083 

7141 

7199 

7256 

7314 

58 

754 

7371 

7429 

7487 

7544 

7602 

7659 

7717 

7774 

7832 

7889 

58 

755 

7947 

8004 

8062 

8119 

8177 

8234 

8292 

8349 

8407 

8464 

57 

756 

8522 

8579 

8637 

8694 

8752 

8809 

8866 

8924 

8981 

9039 

57 

757 

9096 

9153 

9211 

9268 

9325 

9383 

9440 

9497 

9555 

9612 

57 

758 

9669 

9726 

9784 

9841 

9898 

9956  *0013  *0070  *0127 

*0185 

57 

759 

880242 

0299 

0356 

0413 

0471 

0528 

0585 

0642 

0699 

0756 

57 

760 

0814 

0871 

0928 

0985 

1042 

1099 

1156 

1213 

1271 

1328 

57 

761 

1385 

1442 

1499 

1556 

1613 

1670 

1727 

1784 

1841 

1898 

57 

762 

1955 

2012 

2069 

2126 

2183 

2240 

2297 

2354 

2411 

2468 

57 

763 

2525 

2581 

2638 

2695 

2752 

2809 

2866 

2923 

2980 

3037 

57 

764 

3093 

3150 

3207 

3264 

3321 

3377 

3434 

3491 

3548 

3605 

57 

765 

3661 

3718 

3775 

3832 

3888 

3945 

4002 

4059 

4115 

4172 

57 

766 

4229 

4285 

4342 

4399 

4455 

4512 

4569 

4625 

4682 

4739 

57 

767 

4795 

4852 

4909 

4965 

5022 

5078 

5135 

5192 

5248 

5305 

57 

768 

5361 

5418 

5474 

5531 

5587 

5644 

5700 

5757 

5813 

5870 

57 

769 

5926 

5983 

6039 

6096 

6152 

6209 

6265 

6321 

6378 

6434 

56 

770 

6491 

6547 

6604 

6660 

6716 

6773 

6829 

6885 

6942 

6998 

56 

771 

7054 

7111 

7167 

7223 

7280 

7336 

7392 

7449 

7505 

7561 

56 

772 

7617 

7674 

7730 

7786 

7842 

7898 

7955 

8011 

8067 

8123 

56 

773 

8179 

8236 

8292 

8348 

8404 

8460 

8516 

8573 

8629 

8685 

56 

774 

8741 

8797 

8853 

8909 

8965 

9021 

9077 

9134 

9190 

9246 

56 

775 

9302 

9358 

9414 

9470 

9526 

9582 

9638 

9694 

9750 

9806 

56 

776 

9862 

9918 

9974  *0030  *0086  *0141 

*0197 

*0253  *0309  *0365 

56 

777 

890421 

0477 

0533 

0589 

0645 

0700 

0756 

0812 

0868 

0924 

56 

778 

0980 

1035 

1091 

1147 

1203 

1259 

1314 

1370 

1426 

1482 

56 

779 

1537 

1593 

1649 

1705 

1760 

1816 

1872 

1928 

1983 

2039 

56 

No 

O 

1 

2 

3 

4 

5 

6 

7 

8 

8 

D 

256 


LOGARITHMS — 780  tO  819 


No 

0 

1 

2 

3 

4 

6 

6 

1 

8 

8 

D 

780 

892095 

2150 

2206 

2262 

2317 

2373 

2429 

2484 

2540 

2595 

56 

781 

-2651 

2707 

2762 

2818 

2873 

2929 

2985 

3040 

3096 

3151 

56 

782 

3207 

3262 

3318 

3373 

3429 

3484 

3540 

3595 

3651 

3706 

56 

783 

3762 

3817 

3873 

3928 

3984 

4039 

4094 

4150 

4205 

4261 

55 

784 

4316 

4371 

4427 

4482 

4538 

4593 

4648 

4704 

4759 

4814 

55 

785 

4870 

4925 

4980 

5036 

5091 

5146 

5201 

5257 

5312 

5367 

55 

786 

5423 

5478 

5533 

5588 

5644 

5699 

5754 

5809 

5864 

5920 

55 

787 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

6471 

55 

788 

6526 

6581 

6636 

6692 

6747 

6802 

6857 

6912 

6967 

7022 

55 

789 

7077 

7132 

7187 

7242 

7297 

7352 

7407 

7462 

7517 

7572 

55 

790 

7627 

7682 

7737 

7792 

7847 

7902 

7957 

8012 

8067 

8122 

55 

791 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8561 

8615 

8670 

55 

792 

8725 

8780 

8835 

8890 

8944 

8999 

9054 

9109 

9164 

9218 

55 

793 

9273 

9328 

9383 

9437 

9492 

9547 

9602 

9656 

9711 

9766 

55 

794 

9821 

9875 

9930 

9985  *0039  *0094  *0149  *0203  *0258  *0312 

55 

795 

900367 

0422 

0476 

0531 

0586 

0640 

0695 

0749 

0804 

0859 

55 

796 

0913 

0968 

1022 

1077 

1131 

1186 

1240 

1295 

1349 

1404 

55 

797 

1458 

1513 

1567 

1622 

1676 

1731 

1785 

1840 

1894 

1948 

54 

798 

2003 

2057 

2112 

2168 

2221 

2275 

2329 

2384 

2438 

2492 

54 

799 

2547 

2601 

2655 

2710 

2764 

2818 

2873 

2927 

2981 

3036 

54 

800 

3090 

3144 

3199 

3253 

3307 

3361 

3416 

3470 

3524 

3578 

54 

801 

3633 

3687 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 

54 

802 

4174 

4229 

4283 

4337 

4391 

4445 

4499 

4553 

4607 

4661 

54 

803 

4716 

4770 

4824 

4878 

4932 

4986 

5040 

5094 

5148 

5202 

54 

804 

5256 

5310 

5364 

5418 

5472 

5526 

5580 

5634 

5688 

5742 

54 

805 

5796 

5850 

5904 

5958 

6012 

6066 

6119 

6173 

6227 

6281 

54 

806 

6335 

6389 

6443 

6497 

6551 

6604 

6658 

6712 

6766 

6820 

54 

807 

6874 

6927 

6981 

7035 

7089 

7143 

7196 

7250 

7304 

7358 

54 

808 

7411 

7465 

7519 

7573 

7626 

7680 

7734 

7787 

7841 

7895 

54 

809 

7949 

8002 

8056 

8110 

8163 

8217 

8270 

8324 

8378 

8431 

54 

810 

8485 

8539 

8592 

8646 

8699 

8753 

8807 

8860 

8914 

8967 

54 

811 

9021 

9074 

9128 

9181 

9235 

928a 

9342 

9396 

9449 

9503 

54 

812 

9556 

9610 

9663 

9716 

9770 

9823 

9877 

9930 

9984  *0037 

53 

813 

910091 

0144 

0197 

0251 

0304 

0358 

0411 

0464 

0518 

0571 

53 

814 

0624 

0678 

0731 

0784 

0838 

0891 

0944 

0998 

1051 

1104 

53 

815 

1158 

1211 

1264 

1317 

1371 

1424 

1477 

1530 

1584 

1637 

53 

816 

1690 

1743 

1797 

1850 

1903 

1956 

2009 

2063 

2116 

2169 

53 

817 

2222 

2275 

2328 

2381 

2435 

2488 

2541 

2594 

2647 

2700 

53 

818 

2753 

2806 

2859 

2913 

2966 

3019 

3072 

3125 

3178 

3231 

53 

819 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3708 

3761 

53 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

' 

D 

LOGARlTHiMS— 820  to  859 


No 

0 

1 

2 

8 

4 

6 

e 

7 

B 

0 

D 

820 

913814 

3867 

3920 

3973 

4026 

4079 

4132 

4184 

4237 

4290 

53 

821 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 

53 

822 

4872 

4925 

4977 

5030 

5083 

5136 

5189 

5241 

5294 

5347 

53 

823 

5400 

5453 

5505 

5558 

5611 

5664 

5716 

5769 

5822 

5875 

53 

824 

5927 

5980 

6033 

6085 

6138 

6191 

6243 

6296 

6349 

6401 

53 

825 

6454 

6507 

6559 

6612 

6664 

6717 

6770 

6822 

6875 

6927 

53 

826 

6980 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7458 

53 

827 

7506 

7558 

7611 

7663 

7716 

7768 

7820 

7873 

7925 

7978 

52 

828 

8030 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

52 

829 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

9026 

52 

830  9078  9130  9183  9235  9287  9340  9392  9444  9496  9549 

831  9601  9653  9706  9758  9810  9862  9914  9967  *0019  *0071 

832  920123  0176  0228  0280  0332  0384  0436  0489  0541  0593 

833  0645  0697  0749  0801  0853  0906  0958  1010  1062  1114 

834  1166  1218  1270  1322  1374  1426  1478  1530  1582  1634 

835  1686  1738  1790  1842  1894  1946  1998  2050  2102  2154 

836  2206  2258  2310  2362  2414  2466  2518  2570  2622  2674 

837  2725  2777  2829  2881  2933  2985  3037  3089  3140  3192 

838  3244  3296  3348  3399  3451  3503  3555  3607  3658  3710 

839  3762  3814  3865  3917  3969  4021  4072  4124  4176  4228 

840  4279  4331  4383  4434  4486  4538  4589  4641  4693  4744 

841  4796  4848  4899  4951  5003  5054  5106  5157  5209  5261 

842  5312  5364  5415  5467  5518  5570  5621  5673  5725  5776 

843  5828  5879  5931  5982  6034  6085  6137  6188  6240  6291 

844  6342  6394  6445  6497  6548  6600  6651  6702  6754  6805 

845  6857  6908  6959  7011  7062  7114  7165  7216  7268  7319 

846  7370  7422  7473  7524  7576  7627  7678  7730  7781  7832 

847  7883  7935  7986  8037  8088  8140  8191  8242  8293  8345 

848  8396  8447  8498  8549  8601  8652  8703  8754  8805  8857 

849  8908  8959  9010  9061  9112  9163  9215  9266  9317  9368 

850  9419  9470  9521  9572  9623  9674  9725  9776  9827  9879 

851  9930  9981  *0032  *0083  *0134  *0185  *0236  *0287  *0338  *0389 

852  930440  0491  0542  0592  0643  0694  0745  0796  0847  0698 

853  0949  1000  1051  1102  1153  1204  1254  1305  1356  1407 

854  1458  1509  1560  1610  1661  1712  1763  1814  1865  1915 

855  1966  2017  2068  2118  2169  2220  2271  2322  2372  2423 

856  2474  2524  2575  2626  2677  2727  2778  2829  2879  2930 

857  2981  3031  3082  3133  3183  3234  3285  3335  3386  3437 

858  3487  3538  3589  3639  3690  3740  3791  3841  3892  3943 

859  3993  4044  4094  4145  4195  4246  4296  4347  4397  4448 


258 


LOGARITHMS — 860  to  899 


No 

0 

1 

2 

3 

4 

6 

e 

1 

8 

9 

D 

860 

934498 

4549 

4599 

4650 

4700 

4751 

4801 

4852 

4902 

4953 

50 

861 

5003 

5054 

5104 

5154 

5205 

5255 

5306 

5356 

5406 

5457 

50 

862 

5507 

5558 

5608 

5658 

5709 

5759 

5809 

5860 

5910 

5960 

50 

863 

6011 

6061 

6111 

6162 

6212 

6262 

6313 

6363 

6413 

6463 

50 

864 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

6916 

6966 

50 

865 

7016 

7066 

7117 

7167 

7217 

7267 

7317 

7367 

7418 

7468 

50 

866 

7518 

7568 

7618 

7668 

7718 

7769 

7819 

7869 

7919 

7969 

50 

867 

8019 

8069 

8119 

8169 

8219 

8269 

8320 

8370 

8420 

8470 

50 

868 

8520 

8570 

8620 

8670 

8720 

8770 

8820 

8870 

8920 

8970 

50 

869 

9020 

9070 

9120 

9170 

9220 

9270 

9320 

9369 

9419 

9469 

50 

870 

9519 

9569 

9619 

9669 

9719 

9769 

9819 

9869 

9918 

9968 

50 

871 

940018 

0068 

0118 

0168 

0218 

0267 

0317 

0367 

0417 

0467 

50 

872 

0516 

0566 

0616 

0666 

0716 

0765 

0815 

0865 

0915 

0964 

50 

873 

1014 

1064 

1114 

1163 

1213 

1263 

1313 

1362 

1412 

1462 

50 

874 

1511 

1561 

1611 

1660 

1710 

1760 

1809 

1859 

1909 

1958 

50 

875 

2008 

2058 

2107 

2157 

2207 

2256 

2306 

2355 

2405 

2455 

50 

876 

2504 

2554 

2603 

2653 

2702 

2752 

2801 

2851 

2901 

2950 

50 

877 

3000 

3049 

3099 

3148 

3198 

3247 

3297 

3346 

3396 

3445 

49 

878 

3495 

3544 

3593 

3643 

3692 

3742 

3791 

3841 

3890 

3939 

49 

879 

3989 

4038 

4088 

4137 

4186 

4236 

4285 

4335 

4384 

4433 

49 

880 

4483 

4532 

4581 

4631 

4680 

4729 

4779 

4828 

4877 

4927 

49 

881 

4976 

5025 

5074 

5124 

5173 

5222 

5272 

5321 

5370 

5419 

49 

882 

5469 

5518 

5567 

5616 

5665 

5715 

5764 

5813 

5862 

5912 

49 

883 

5961 

6010 

6059 

6108 

6157 

6207 

6256 

6305 

6354 

6403 

49 

884 

6452 

6501 

6551 

6600 

6649 

6698 

6747 

6796 

6845 

6894 

49 

885 

6943 

6992 

7041 

7090 

7140 

7189 

7238 

7287 

7336 

7385 

49 

886 

7434 

7483 

7532 

7581 

7630 

7679 

7728 

7777 

7826 

7876 

49 

887 

7924 

7973 

8022 

8070 

8119 

8168 

8217 

8266 

8315 

8364 

49 

888 

8413 

8462 

8511 

8560 

8609 

8657 

8706 

8755 

8804 

8853 

49 

889 

8902 

8951 

8999 

9048 

9097 

9146 

9195 

9244 

9292 

9341 

49 

890 

9390 

9439 

9488 

9536 

9585 

9634 

9683 

9731 

9780 

9829 

49 

891 

9878 

9926 

9975 

*0024  *0073  *0121 

»0170  *0219  *0267  *0316 

49 

892 

950365 

0414 

0462 

0511 

0560 

0608 

0657 

0706 

0754 

0803 

49 

893 

0851 

0900 

0949 

0997 

1046 

1095 

1143 

1192 

1240 

1289 

49 

894 

1338 

1386 

1435 

1483 

1532 

1580 

1629 

1677 

1726 

1775 

49 

895 

1823 

1872 

1920 

1969 

2017 

2066 

2114 

2163 

2211 

2260 

48 

896 

2308 

2356 

2405 

2453 

2502 

2550 

2599 

2647 

2696 

2744 

48 

897 

2792 

2841 

2889 

2938 

2986 

3034 

3083 

3131 

3180 

3228 

48 

898 

3276 

3325 

3373 

3421 

3470 

3518 

3566 

3615 

3663 

3711 

48 

899 

3760 

3808 

3856 

3905 

3953 

4001 

4049 

4098 

4146 

4194 

48 

No 

0 

1 

2 

3 

4 

B 

6 

7 

8 

9 

D 

LOGAUiTHMs— 900  to  939  259 


No 

0 

1 

2 

3 

4 

5 

e 

? 

8 

a 

D 

900 

954243 

4291 

4339 

4387 

4435 

4484 

4532 

4580 

4628 

4677 

48 

901 

4725 

4773 

4821 

4869 

4918 

4966 

5014 

5062 

5110 

5158 

48 

902 

5207 

5255 

5303 

5351 

5399 

5447 

5495 

5543 

5592 

5640 

48 

903 

5688 

5736 

5784 

5832 

5880 

5928 

5976 

6024 

6072 

6120 

48 

904 

6168 

6216 

6265 

6313 

6361 

6409 

6457 

6505 

6553 

6601 

48 

905 

6649 

6697 

6745 

6793 

6840 

6888 

6936 

6984 

7032 

7080 

48 

906 

7128 

7176 

7224 

7272 

7320 

7308 

7416 

7464 

7512 

7559 

48 

907 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 

48 

908 

8086 

8134 

8181 

8229 

8277 

8325 

8373 

8421 

8468 

8516 

48 

909 

8564 

8612 

8659 

8707 

8755 

8803 

8850 

8898 

8946 

8994 

48 

910 

9041 

9089 

9137 

9185 

9232 

9280 

9328 

9375 

9423 

9471 

48 

911 

9518 

9566 

9614 

9661 

9709 

9757 

9804 

9852 

9900 

9947 

48 

912 

9995  *0042 

*0090 

*0138 

*0185 

*0233 

*0280 

*0328  *0376  *0423 

48 

913 

960471 

0518 

0566 

0613 

0661 

0709 

0756 

0804 

0851 

0899 

48 

914 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 

47 

915 

1421 

1469 

1516 

1563 

1611 

1658 

1706 

1753 

1801 

1848 

47 

916 

1895 

1943 

1990 

2038 

2085 

2132 

2180 

2227 

2275 

2322 

47 

917 

2369 

2417 

2464 

2511 

2559 

2606 

2653 

2701 

2748 

2795 

47 

918 

2843 

2890 

2937 

2985 

3032 

3079 

3126 

3174 

3221 

3208 

47 

919 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3693 

3741 

47 

920 

3788 

3835 

3882 

3929 

3977 

4024 

4071 

4118 

4165 

4212 

47 

921 

4260 

4307 

4354 

4401 

4448 

4495 

4542 

4590 

4637 

4684 

47 

922 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

5108 

5155 

47 

923 

5202 

5249 

5296 

5343 

5390 

5437 

5484 

5531 

5578 

5625 

47 

924 

5672 

5719 

5766 

5813 

5860 

5907 

5954 

6001 

6()48 

6095 

47 

925 

6142 

6189 

6236 

6283 

6329 

6376 

6423 

6470 

6517 

6564 

47 

926 

0611 

6658 

6705 

6752 

6799 

6845 

6892 

6939 

6986 

7033 

47 

927 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 

47 

928 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

7969 

47 

929 

8016 

8062 

8109 

8156 

8203 

8249 

8296 

8343 

8390 

8436 

47 

930 

8483 

8530 

8576 

8623 

8670 

8716 

8763 

8810 

8856 

8903 

47 

931 

8950 

8996 

9043 

9090 

9136 

9183 

9229 

9276 

9323 

9369 

47 

932 

9416 

9463 

9509 

9556 

9602 

9049 

9695 

9742 

9789 

9835 

47 

933 

9882 

9928 

9975 

*0021 

*0068 

*0114  *0161  *0207  *0254  *0300 

47 

934 

970347 

0393 

0440 

0486 

0533 

0579 

0626 

0672 

0719 

0765 

46 

935 

0812 

0858 

0904 

0951 

0997 

1044 

1090 

1137 

1183 

1229 

46 

936 

1276 

1322 

1369 

1415 

1461 

1508 

1554 

1601 

1647 

1693 

46 

937 

1740 

1786 

1S32 

1879 

1925 

1971 

2018 

2064 

2110 

2157 

46 

938 

2203 

2249 

2295 

2342 

2388 

2434 

2481 

2527 

2573 

2619 

46 

939 

2666 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 

46 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

8 

1  D 

260  LOGARITHMS— 940  to  979 


940 
941 
942 
943 
944 

945 

946 

94 

948 

949 

950 
951 
952 
953 
954 

955 
956 
957 
958 
959 

960 
961 
962 
963 
964 

965 
966 
967 
968 
969 

970 
971 
972 
973 
974 

975 
976 
977 
978 
979 


No 


973128  3174  3220  3266  3313  3359  3405  3451  3497  3543 

3590  3636  3682  8728  3774  3820  3866  3913  3959  4005 

4051  4097  4143  4189  4235  4281  4327  4374  4420  4466 

4512  4558  4604  4650  4696  4742  4788  4834  4880  4920 

4972  5018  5064  5110  5156  5202  5248  5294  5340  5386 

5432  5478  5524  5570  5616  5662  5707  5753  5799  5845 

5891  5937  5983  6029  6075  6121  6167  6212  6258  6304 

6350  6396  6442  6488  6533  6579  6625  6671  6717  6763 

6808  6854  6900  6946  6992  7037  7083  7129  7175  7220 

7266  7312  7358  7403  7449  7495  7541  7586  7632  7678 

7724  7769  7815  7861  7906  7952  7998  8043  8089  8135 

8181  8226  8272  8317  8363  8409  8454  8500  8546  8591 

8637  8683  8728  8774  8819  8865  8911  8956  9002  9047 

9093  9138  9184  9230  9275  9321  9366  9412  9457  9503 

9548  9594  9639  9685  9730  9776  9821  9867  9912  99581 

980003  0049  0094  0140  0185  0231  0276  0322  0367  0412] 

0458  0503  0549  0594  0640  0685  0730  0776  0821  0867 

0912  0957  1003  1048  1093  1139  1184  1229  1275  1320 

1366  1411  1456  1501  1547  1592  1637  1683  1728  1773 

1819  1864  1909  1954  2000  2045  2090  2135  2181  2226 

2271  2316  2362  2407  2452  2497  2543  2588  2633  2678 

2723  2769  2814  2859  2904  2949  2994  3040  3085  313(^ 

3175  3220  3265  3310  3356  3401  3446  3491  3536  3581 

3626  3671  3716  3762  3807  3852  3897  3942  3987  4032 

4077  4122  4167  4212  4257  4302  4347  4392  4437  4482 

4527  4572  4617  4662  4707  4752  4797  4842  4887  4932 

4977  5022  5067  5112  5157  5202  5247  5292  5337  5382 

5426  5471  5516  5561  5606  5651  5696  5741  5786  5830 

5875  5920  5965  6010  6055  6100  6144  6189  6234  6279 

6324  6369  6413  6458  6503  6548  6593  6637  6682  6727 

6772  6817  6861  6906  6951  6996  7040  7085  7130  7175 

7219  7264  7309  7353  7398  7443  7488  7532  7577  7622 

7666  7711  7756  7800  7845  7890  7934  7979  8024  8068 

8113  8157  8202  8247  8291  8336  8381  8425  8470  8514 

8559  8604  8648  8693  8737  8782  8826  8871  8916  8960 

9005  9049  9094  9138  9183  9227  9272  9316  9361  9405 

9450  9494  9539  9583  9628  9672  9717  9761  9806  9850 

9895  9939  9983  *0028  *0072  *0117  *0161  *0206  *0250  *0294 

990339  0383  0428  0472  0516  0561  0605  0650  0694  0738 

0783  0827  0871  0916  0960  1004  1049  1093  1137  1182 


LOGARITHMS— 980  to  1019  261 


No 

0 

1 

2 

8 

4 

6 

6 

7 

8 

8 

D 

980 

991226 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

44 

981 

1G69 

1713 

1758 

1802 

1846 

1890 

1935 

1979 

2023 

2067 

44 

982 

2111 

2156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 

44 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 

44 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

44 

985 

3436 

3480 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 

44 

986 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 

44 

987 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

44 

988 

4757 

4801 

4845 

4889 

4933 

4977 

5021 

5065 

5108 

5152 

44 

989 

5196 

5240 

5284 

5328 

5372 

5416 

5460 

5504 

5547 

5591 

44 

990 

5635 

5679 

5723 

5767 

5811 

5854 

5898 

5942 

5986 

6030 

44 

991 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

44 

992 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 

44 

993 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

44 

994 

7386 

7430 

7474 

7517 

7561 

7605 

7648 

7692 

7736 

7779 

44 

995 

7823 

7867 

7910 

7954 

.7998 

8041 

8085 

8129 

8172 

8216 

44 

996 

8259 

8303 

8347 

8390 

8434 

8477 

8521 

8564 

8608 

8652 

44 

997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9000 

9043 

9087 

44 

998 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

9435 

9479 

9522 

44 

999 

9565 

9609 

9652 

9696 

9739 

9783 

9826 

9870 

9913 

9957 

43 

1000 

000000 

0043 

0087 

0130 

0174 

0217 

0260 

0304 

0347 

0391 

43 

lOni 

0434 

0477 

0521 

0564 

0608 

0651 

0694 

0738 

0781 

0824 

43 

1002 

0868 

0911 

0954 

0998 

1041 

1084 

1128 

1171 

1214 

1258 

43 

1003 

1301 

1344 

1388 

1431 

1474 

1517 

1561 

1604 

1647 

1690 

43 

1004 

1734 

1777 

1820 

1863 

1907 

1950 

1993 

2036 

2080 

2123 

43 

1005 
1006 
1007 
1008 


2166  2209  2252  2296  2339  2382  2425  2468  2512  2555 

2598  2641  2684  2727  2771  2814  2857  2900  2943  2986 

3029  3073  3116  3159  3202  3245  3288  3331  3374  3417 

3461  3504  3547  3590  3633  3676  3719  3762  3805  3848 


1009 

3891 

3934 

39/7 

4020 

4063 

4106 

4149 

4192 

4235 

4278 

43 

1010 

4321 

4364 

4407 

4450 

4493 

4536 

4579 

4622 

4665 

4708 

43 

1011 

4751 

4794 

4837 

4880 

4923 

4966 

5009 

5052 

5095 

5138 

43 

1012 

5181 

5223 

5266 

5309 

5352 

5395 

5438 

5481 

5524 

5567 

43 

1013 

5609 

5652 

5695 

5738 

5781 

5824 

5867 

5909 

5952 

6995 

43 

1014 

6038 

6081 

6124 

6166 

6209 

6252 

6295 

6338 

6380 

6423 

43 

1015 

6466 

6509 

6552 

6594 

6637 

6680 

6723 

6765 

6808 

6851 

43 

1016 

6894 

6936 

6979 

7022 

7065 

7107 

7150 

7193 

7236 

7278 

43 

1017 

7321 

7364 

7406 

7449 

7492 

7534 

7577 

7620 

7662 

7705 

43 

1018 

7748 

7790 

7833 

7876 

7918 

7961 

8004 

8046 

8089 

8132 

43 

1019 

8174 

8217 

8259 

8302 

8345 

8387 

8430 

8472 

8515 

8558 

43 

No 

0 

1 

2 

3 

4 

6 

6 

7 

8 

8 

D 

262  LOGARITHMS— 1020  to  1059 


No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

1 0-20 

008600 

8643 

8685 

8728 

8770 

8813 

8856 

8898 

8941 

8983 

43 

1021 

9026 

9068 

9111 

9153 

9196 

9238 

9281 

9323 

9366 

9408 

42 

1022 

9451 

9493 

9536 

9578 

9621 

9663 

9706 

9748 

9791 

9833 

42 

1 023 

9876 

9918 

9961 

*0003  *0045 

*0088  *0130  *0173  *0215 

*0258 

42 

1024 

010300 

0342 

0385 

0427 

0470 

0512 

0554 

0597 

0639 

0681 

42 

1025 

0724 

0766 

0809 

0851 

0893 

0936 

0978 

1020 

1063 

1105 

42 

1026 

1147 

1190 

1232 

1274 

1317 

1359 

1401 

1444 

1486 

1528 

42 

1027 

1570 

1613 

1655 

1697 

1740 

1782 

1824 

1866 

1909 

1951 

42 

1028 

1993 

2035 

2078 

2120 

2162 

2204 

2247 

2289 

2331 

2373 

42 

1029 

2415 

2458 

2500 

2542 

2584 

2626 

2669 

2711 

2753 

2795 

42 

1030 

2837 

2879 

2922 

2964 

3006 

3048 

3090 

3132 

3174 

3217 

42 

1031 

3259 

3301 

3343 

3385 

3427 

3469 

3511 

3553 

3596 

3638 

42 

1032 

3680 

3722 

3764 

3806 

3848 

3890 

3932 

3974 

4016 

4058 

42 

1033 

4100 

4142 

4184 

4226 

4268 

4310 

4353 

4395 

4437 

4479 

42 

1034 

4521 

4563 

4605 

4647 

4689 

4730 

4772 

4814 

4856 

4898 

42 

1035 

4940 

4982 

5024 

5066 

5108 

5150 

5192 

5234 

5276 

5318 

42 

1036 

5360 

5402 

5444 

5485 

5527 

5569 

5611 

5653 

5695 

5737 

42 

1037 

5779 

5821 

5863 

5904 

5946 

5988 

6030 

6072 

6114 

6156 

42 

1038 

6197 

6239 

6281 

6323 

6365 

6407 

6448 

6490 

6532 

6574 

42 

1039 

6616 

6657 

6699 

6741 

6783 

6824 

6866 

6908 

6950 

6992 

42 

1040 

7033 

7075 

7117 

7159 

7200 

7242 

7284 

7326 

7367 

7409 

42 

1041 

7451 

7492 

7534 

7576 

7618 

7659 

7701 

7743 

7784 

7826 

42 

1042 

7868 

7909 

7951 

7993 

8034 

8076 

8118 

8159 

8201 

8243 

42 

1043 

8284 

8326 

8368 

8409 

8451 

8492 

8534 

8576 

8617 

8659 

42 

1044 

8700 

8742 

8784 

8825 

8867 

8908 

8950 

8992 

9033 

9075 

42 

1045 

9116 

9158 

9199 

9241 

9282 

9324 

9366 

9407 

9449 

9490 

42 

1046 

9532 

9573 

9615 

9656 

9698 

9739 

9781 

9822 

9864 

9905 

42 

1047 

9947 

9988  *0030  *0071  *0113  *0154  *0195  *0237 

*0278  *0320 

41 

1048 

020361 

0403 

0444 

0486 

0527 

0568 

0610 

0651 

0693 

0734 

41 

1049 

0775 

0817 

0858 

0900 

0941 

0982 

1024 

1065 

1107 

1148 

41 

1050 

1189 

1231 

1272 

1313 

1355 

1396 

1437 

1479 

1520 

1561 

41 

1051 

1603 

1644 

1685 

1727 

1768 

1809 

1851 

1892 

1933 

1974 

41 

1052 

2016 

2057 

2098 

2140 

2181 

2222 

2263 

2305 

2346 

2387 

41 

1053 

2428 

2470 

2511 

2552 

2593 

2635 

2676 

2717 

2758 

2799 

41 

1054 

2841 

2882 

2923 

2964 

3005 

3047 

3088 

3129 

3170 

3211 

41 

1055 

3252 

3294 

8335 

3376 

3417 

3458 

3499 

3541 

3582 

3623 

41 

Hio6 

3664 

3705 

3746 

378^ 

3828 

3870 

3911 

3952 

3993 

4034 

41 

1057 

4075 

4116 

4157 

4198 

4239 

4280 

4321 

4363 

4404 

4445 

41 

1058 

4486 

4527 

4568 

4609 

4650 

4691 

4732 

4773 

4814 

4855 

41 

1059 

4896 

4937 

4978 

5019 

5060 

5101 

5142 

5183 

5224 

5265 

41 

No 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

a 

LOGARITHMS— 1060  to  1099  263 


1060 


025306  5347  5388  5429  5470  5511  5552  5593  5634  5674 


1061  5715  5766  5797  5838  5879  5920  5961  6002  6043  6084 

1062  6125  6165  6206  6247  6288  6329  6370  6411  6452  6492 

1063  6533  6574  6615  6656  6697  6737  6778  6819  6860  6901 

1064  6942  6982  7023  7064  7105  7146  7186  7227  7268  7309 

1065  7350  7390  7431  7472  7513  7553  7594  7635  7676  7716 

1066  7757  7798  7839  7879  7920  7961  8002  8042  8083  8124 

1067  8164  8205  8246  8287  8327  8368  8409  8449  8490  8531 

1068  8571  8612  8653  8693  8734  8775  8815  8856  8896  8935 

1069  8978  9018  9059  9100  9140  9181  9221  9262  9303  9343 

1070  9384  9424  9465  9506  9546  9587  9627  9668  9708  9749 

1071  9789  9830  9871  9911  9952  9992  *0033  *0073  *0114  *0154 

1072  030195  0235  0276  0316  0357  0397  0438  0478  0519  0559 

1073  0600  0640  0681  0721  0762  0802  0843  0883  0923  0964 

1074  1004  1045  1085  1126  1166  1206  1247  1287  1328  1368 

1075  1408  1449  1489  1530  1570  1610  1651  1691  1732  1772 

1076  1812  1853  1893  1933  1974  2014  2054  2095  2135  2175 

1077  2216  2256  2296  2337  2377  2417  2458  2498  2538  2578 

1078  2619  2659  2699  2740  2780  2820  2860  2901  2941  2981 

1079  3021  3062  3102  3142  3182  3223  3263  3303  3343  3384 

1080  3424  3464  3504  3544  3585  3625  3665  3705  3745  3786 

1081  3826  3866  3906  3946  3986  4027  4067  4107  4147  4187 

1082  4227  4267  4308  4348  4388  4428  4468  4508  4548  4588 

1083  4628  4669  4709  4749  4789  4829  4869  4909  4949  49891 

1084  5029  5069  5109  5149  5190  5230  5270  5310  5350  5390 

1085  5430  5470  5510  5550  5590  5630  5670  5710  5750  5790 

1086  5830  5870  5910  5950  5990  6030  6070  6110  6150  6190 

1087  6230  6269  6309  6349  6389  6429  6469  6509  6549  6589 

1088  6629  6669  6709  6749  6789  6828  6868  6908  6948  6988 

1089  7028  7068  7108  7148  7187  7227  7267  7307  7347  7387 

1090  7426  7466  7506  7546  7586  7626  7665  7705  7745  7785 

1091  7825  7865  7904  7944  7984  8024  8064  8103  8143  8183 

1092  8223  8262  8302  8342  8382  8421  8461  8501  8541  8580 

1093  8620  8660  8700  8739  8779  8819  8859  8898  8938  8978 

1094  9017  9057  9097  9136  9176  9216  9255  9295  9335  9374 

1095  9414  9454  9493  9533  9573  9612  9652  9692  9731  9771 

1096  9811  9850  9890  9929  9969  *0009  *0048  *0088  *0127  *016 

1097  040207  0246  0286  0325  0365  0405  0444  0484  0523  0563 

1098  0602  0642  0681  0721  0761  0800  0840  0879  0919  0058 

1099  0998  1037  1077  1116  1156  1195  1235  1274  1314  1353 


